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Introduction

gauge/gravity duality

D-brane Supergravity solution
N { §_‘,——~. :_'\- \-'t I — _@@%ﬁ‘—@;;—

—

U(N.) gauge theory

Conjecture
The information of the gauge theory on the D-brane
IS somehow encoded in the supergravity solution.




Typical example AdS/CFT correspondence
[Maldacena 1997]

D3-brane AdSs x S°

= —

N =a SU(N.) 948 [ Type IB string theory

Super Yang-Mills p— on AdSg X S
NC_2 GNewton
(g\z(l\/lNC)_l/4 — [ (iNnR =1 unit)

SUGRA is good when 1 « ¢g&nN. < N;

mmp | The (strongly coupled) gauge theory can be
analyzed via (classical) SUGRA !



Today, I’d like to discuss
an attempt to analyze

QCD

using this technique.



building blocks
QCD = YM + quarks

® Yang-Mills
Witten’s construction  [witten 1998]

® quarks

“probe approximation”  [Karch-Katz 2002]

[cf) Kruczenski-Mateos-Mayers-Winter 2003]
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Construction of Yang-Mills theory
[Witten 1998]

® Consider D4-brane on R!> x st 35 (a#,7)
_1
===) Mmassless modes are T T 2mMic

gauge field scalar fermion

A}’JA A’Ty ¢X5, >\X4

\

unwanted
® Impose | A(zH, 7 4 27 ML) = —A(zH,T)

=== A\ become massive ( SUSY is broken)
== Ar, ¢ also acquire mass via 1-loop effect

low energy _ _
4 dim pure Yang-Mills theory



SUGRA description of YM

Fortunately, corresponding SUGRA solution is known.

gRU ¢St
4 3/2 Wy 2
ds? o gMKKu (murdxtdx” + f(u)dr=)

du?
+ u3/2 ( | u2dQ2)
FaoY % o

where radial direction
flu)=1-1/u3 restricted to v >~ 1
D4 solution
74/% / ||~ / /
ASs =y =7

O 00 - 00

D4



Comments

4D pure Yang-Mills can be analysed
by USing th|S D4 S()lution [Witten 1998, Gross-Ooguri 1998,

Csaki-Ooguri-Oz-Terning 1998,
Koch-Jevicki-Mihailescu-Nunes 1998,
A.Hashimoto-0Oz 1998, etc etc]

® Wilson loop —— area law
® finite temp. ——— conf./deconf. transition
® glueball spectrum

o ctri . |
string tension __, in good agreement

® gluon condensate with lattice results
® topological susceptibility



Comments (difficulty)

® Asymptotic freedom

Mk ~ cut off scale

g\%MNc ~ 't Hooft coupling at Mkk

We should in principle take Mk — oo, g&pNe — 0 limit,

keeping Aaco ~ f(g9m: Ne)Mk finite.

But, then we have to go beyond the SUGRA approx.
® Kaluza-Klein modes

There are many unwanted KK-modes at the scale Mkk
which are charged under (7(1)7¥sl so(5) ¥s*.

Optimistically, they are expected to decouple in the
above limit. But, there is no proof for this yet.



Construction of QCD

0 1 2

3

5 ,6 .7 .8 .9

Xr xXr I Xr T I Xr xr Xr Xr
D4 XNc O O O O O — — — — —
D8-D—8><NfOOOO—OOOOO
Yr_ YL, 5~ [cf) S.S.-Takahashi 2004]
'5 > T
O 00
: f T
D4 ",
D4 D8 D8
U(Nc) |U(Ns), U(Ng)R : :
A Tadjoint T ! o 4 dim U(N:) QCD with
Y| Ne Ny 1 N massless quarks
YR Ne 1 Nf




SUGRA description of QCD

“Probe approximation”  karch-Katz 2002]

We assume  Ne > Ny

Only D4-brane is replaced with the SUGRA solution.
D8-D8 pairs are treated as probes.

cf)
light ° — ¢ :
heavy probe




Chiral symmetry breaking
As before, we replace D4 with the SUGRA sol.

ﬁﬁ. —- -y

D} P o —— —
D8 and D8 must be connected
In the D4 background.

== Interpreted as the chiral symmetry breaking !
U(Nt) X UINg)p = U(Nyg)y
! ! !

D3 8 connected DS



Where are mesons?
closed string — glueballs

. flavor indices
open string —> =) MESONS

/ The low energy effective theory on the D8-brane
Isa9dim U(N,) gauge theory. s

\ Gauge field: Au(a#,z2,6), A.(a",2,0%), A;(a*, 20"

N A L
=1 Recall : SO(5)7 S

Today, we only consider the SO(5) singlet
states, for simplicity.
(mesons in realistic QCD live in this sector)

2= —o0 =% reduced to 5 dimU(N,) gauge theory
(u3=1+y2+22) A,U,(ZULL, Z), AZ(wﬂvz)



D8-brane action

Spg ~ —T/dgxe_(b\/— det(gpsn + Fyyn)

~ /dgxe MN QFMPFNQ_I_

Insert the SUGRA solution f K(z) =1+ 22

- Spg ~ /d4ajdzTr(%K(z)—lfi’)ﬁfy—I—MKKK(z)FiZ) 4 ...

This 5 dim Yang-Mills theory is considered as
the effective theory of mesons.

[cf) Son-Stephanov 2003]



mode expansion (first we consdier Ny =1 case)
Au(at,2) =7 B (@")ibn (2)
Aueh,2) = 3 o™ (@) b (2)

® To diagonalizenkinetic & mass terms of B, (™)
choose {¥n}n>1 as eigen functions satisfying

_KYB0,(Ko.) = Nbn | eigen value
/dZ K_1/3¢n¢m — 57’&77’& K(Z) — 1 —|— 22

choose {Pn}n>18S | ¢,(2) = 8.0n(2)

/ dz K ¢ndm = Anbnm

some
complete
sets

® In addition, we have one more normalizable mode

bo(2) = —° ( [ dz Koogn o [ dzo. =0 )

K(Z) /de¢%<oo




Using these, we obtain

‘/e%ten
2
Spg ~ /d4m[%F£3)2+AnMP%K (B,gn)_awm ]
n>1
+ / d*z 8,,p(0)? X— massive vector meson
A
In summary, massless scalar meson
Az(ah,2) = O (@)po(z) + D (@M)e1(z) + P (@)ga(z) + -
1 eaten 1 eaten
Aulat,z) = B (@)y1(z) + B (@)a(z) + -
n P aj
T, p,a1, -+ are unified in the 5 dim gauge field !

(77 is consistent with this interpretation.)



Comments on j¢
® Parity : (z!,2%,23,2) = (—2t, —22, —2>,—2)

® Charge conjugation : A, - —AY, and » — —=z

¢o(z) is even func. »© is pseudo-scalar JPC = o+
Yodd(2) are even func. B are vector JPC = 1--
Yeven(z) are odd func. Bgeve”) are axial-vector jF¢ = 1++

Consistent with our interpretation.
T~ cp(o), p ~ B(l), ay ~ B(Q), etc.

Prediction: vector and axial-vector mesons
appear alternately.

17— | p(770) p(1450) p(1700) p(1900)2 p(2150)4
1T+t | a1(1260) a1(1640)4

(4 ... not established)



mass spectrum
The mass of the n-th meson is given by

(mass)? = A M2
where A, Is the eigen value of the equation

_KY/38,(K8,n) = Mthn
/dz K=Y3¢m = 6nm

Let us solve this numerically,
to see if our model Is too bad or not.

We should not be too serious, <Nc > Ny~ 0(1) )
. . . . F L MKK? etc.
since the approximation is very crude.



Results : )\,

>~

2
A1

IZ
IZ

e )

m2 _ (1230MeV)

1 ~ 251
m2 (7T76MeV)?2
A3 -
A1 : ﬁ
2(1450) (1465I\/IeV)2
m2 — (7T76MeV)2 —

)

Not ad!

~ 0.67, 1.6,

2.0,

(our model)

(experiment)

(our model)

(experiment)



"’ Chiral Lagrangian



generalization to Ny > 1

We partially fix the gauge
S.t.

Apr(x*,z) = 0, (z = +o0)
"M =0n~3,z

Residual gauge symmetry
g(z",z) € U(Ny)

st. g(z",2) =g+, (2 — £o0)

"
This is interpreted as ~_ Co o™t @DS
(94,9-) € U(Ny)L x U(Ny)R D8




® Define  UH) = Pexp{—/oo dz'Az(:c‘“’,z’)}

== {transforms as
U(z*) = g1U(@")gZht (9= lim g(a,2) )

== Interpreted as the pion field
U(zh) = e2im(@")/ fr



A, = 0 gauge

We can move to A. =0 gauge by

the gauge tr.  Apr — gArg™ " + gOnrg™ "
with ¢~ (", 2) = Pexp {_ / ZOO d2' A, (2", z’)}

The pion field appears in the boundary condition.

-1 xH z OO
Ap(x?, z) — {U aﬁé)U( g Ez:i—oo))

Then, mode exp. is given by

Au(zh2) = UTL0UE)ps () + Y BS (@) pn(2)

n>1

where ¥4 is defined by

024 < ¢o and ¢+_>{(1) ((z:_fz))



effective action
Inserting the mode exp. into the D8-brane action

1
Spg ~ /d4a:dz Tr (EK(Z)—1/3F§V + MKKK(Z)F§Z> NI

we obtain the effective action for the mesons
written in terms of {7 and B,

e If we turn off vector mesons B for simplicity,
we obtain

1
Triu—toU, U~ 18,U]?

f2 _1 2
S ~ /d4 I (v, U
D8 CU[ 4 ( H ) _I_ 3262

1 27777 1
2 2 2 2

= NAYN-M e = b~ 15.25...
f 2774 (QYI\/I c) “TRK 4b (g%MNC)NC

This is the Skyrme model !



® Turning on Pmeson (Pp = Bp(bl)),
we can calculate the couplings of 1T and P.

In particular, the 3 pt coupling

S [drt| 4 200 Tr(pul, 07]) + -+

C

— (Q%MNC)NC c~ 570

is calculated as g2~

4 2 2
gmgf” ~ 1.3 (our model)
P

m

>0 (experiment, KSFR relation)

12



"’ Baryon



Baryon as Skyrmion

® Skyrme proposed [Skyrme 1961]

Baryon ~  Soliton in Skyrme model
( Skyrmion )
c$1~3
The pion field U(@) : 3 — U(Ny)
defines the winding number

ra(U(Np) ~Z 5> n= /53 Tr(udu—1)3

D472

This is interpreted as the baryon number charge.



Baryon as wrapped D-brane

Baryons in the AdS/CFT context

IS constructed by wrapped D-branes
[Witten 1998]

In our case, the baryon is a D4-brane
wrapped on the $% . 1

[ ar foados =)

D4
SD4=/ O/\GF /QWN_N/ AD4
¢S R x S4 “Jr

source of — N, electric charge on D4

== F-string xN. should be attached.
== Bound state of N, quarks
==) Baryon



® |n our model, the wrapped D4 can be embedded in D8.

D4 within D8 2=~ Instanton on D8
[Douglas 1995]

“ D8 D8
\ f\\

D‘4 N #/TrF2:1

2

, p1~3

USlng TrEF? = dwz(A), w3z(A) =TTr <AF — %Ag’)

and the boundary condition A, =) - { UT10,U (2 = +00)

0 (z = —00)

1
s=to0 2472

1 > 1 _143
a2 /S3><RTrF =32 /S3w3 /53 Tr(UdU ™)

x1N3) SE [Son-Stephanov 2003]

Wrapped D4 =~ instanton on D8 =~ Skyrmion | g




&’ Chiral Anomaly



CS-term
® CS-term of the Dp-brane Is given by

SSh = [ CATre/2m
Dp

where C=C;+ C3+--- Is asum of RR-fields

® In the D4 solution, we have — / dC3 = N

N,
SD8 — C / A
CS ™ 24n2 M4><Rw“}( )+

2"~ 2z CS 5-form dws(A) = Tr F3

1 1
ws(A4) = Tr (AF2 — 5A3F + 1—0A5>

We should add this term In the effective action.



Chiral anomaly

® Consider the infinitesimal gauge tr. dpA = dA + [A, A]
The descent relation

5/\w5(A) — dw}L(A, A) wi(A,A) = Tr (/\d (AdA+%A3>>

N,
D8 __ C 1
) OASpE = 247?2/ 4de(.u,gr(/\,A)
Ne

~ 242 /M4 (w3 A= oo — 2N A) =0

® We interprete  A:(z") = lim A(z",z)
as the external gauge fields of U(Ng) L x U(Ng)R SYym.

Ne

D8 __ 1 1
= 0\SHS = 5o /M4 (w3(Ap, Ap) — wh(A—, AD))

Reproduces chiral anomaly in QCD !




WZW term
Let us move to the A, = 0 gauge.

Al =gApmg t + 9009t mmy A =0

|

[ g (x*, 2) = Pexp {— /_ZOO dz'AZ(x”,z’)}]

Useful formula .
ws(AY) = ws(A) + E"Fr(gclg_l)5 + dag(dg™1g, A)

1 1
as(V,A) = —5Tr (V(AdA + dAA+ A3) — SVAVA - V3A>

N
D8 __ c _1
— Sgs = —247T2/M4a4(dUU ,Ay)
+ e / (ws(Ag)——l Tr(gdg_1)5>
24712 JM4<R 10

This 1s the WZW term.



Now, the boundary condition of A, is
AUTY (z = +o0)
Ag(xﬁbaz) — { —I_M -1 Z = T00
H A_, (2= —) <9—>{U1 (== + )>

(z = —00)
Then, the mode expansion is

Ay = ALy + AL+ Y BMy,
n>1

Turning off ij”’) for simplicity, we obtain

N N
S8 = .5 Aot [, Trgdg™h
s 2272 s Z T 22072 Jaraxr 11999

Z = Trl(A-dA-+dA-A-+ AU AU+ U NdU) - p.cﬂA+ o A ]
+Tr[dA_dU YA U — p.c]+ Tr[A_(dU1U)3 - p.c]] U < U

1
+§Tr[(A_dU—1U)2 —p.c]+ TrlUA_U 1A, dUdU — p.c]

_ _ 1 _
—Tr[A_dUTIUA_U 1A_|_U—p.c.]—|—§Tr[(A_U 1A, U)?]

This agrees with the well-known expression !



o
T meSon mass



axial U(1) 4 anomaly
® axial U(1), symmetry is anomalous

wf_>€’ia”)/5¢f (f:17277Nf>

D1y — Dy exp —t /TrF
812

® Note that the anomaly is compensated by

60— 64 2Nfa (Se—ternggig/_rrFQ)

Q. How can we understand this anomaly
In the SUGRA description?



® The theta parameter is realized in SUGRA as

6 =

Cy =

Sl

I ds!

R2

[Witten 1998]

( Fr=dCq )

1 0
S~ 5 [, CIATI(FPN2~ = [ Tr(PP)?
CS = gn2 Jaraxst L ( ) 8m2 J M4 ( )

® Anomaly cancellation requires

f 5/\01 = —¢ TN\ 5(y)dy
[Green-Harvey-Moore 1996]

gauge tr. on D8
- 5/\9 = —¢ [rA\

z=—+0o0

+ 2 TrA

Z——00

— 2Nfa

r

A

=:|:ioz- 1Nf

z==00

for U(1) 4

~\




N’ mass
n’ meson is the NG boson associated with U(1) 4.

Since U(1) 41s anomalous, it can be massless
only at the large N, limit (8 . (9aNe) TrFQNO(Nl))
©Y A Nc c

Let us estimate the effect of the U(1) 4 anomaly.

® Gauge inv. field strength is defined as
F>=dCi 4 ¢TrA A §(y)dy

- 00 2N
F2:(9—|—’L dZTrAz:9+ 77/
R?2 — 00

v

® Sugra solution with this boundary condition is known

> [Witten 1998]
~ C A/ f
F2=—4 0 + n' | dU A dr 4 3.4 .6

U fﬂ' C — 35—7T(9Y|\/INC) MKKZS




Plugging these into the SUGRA action, we obtain

: 1 -
Sé = _4w(2wzs)6/dl%\/__g|F2’2
2
— _Xg 4 \/2Nf /
= 5 /d x (9—|— i 77)
where Topological susceptibility
1 2 374 1 - .
= NY’Mi, = ——_ [ d*(TrFF(2)TrFF(0
Xg 4(37T)6<gYM c) KK 7 (167r2)2/ r(TrFF(z) TrFF(0))
[A.Hashimoto-Oz 1998]
2N 1 N
2 __ < Vf — f.2 23 2
T T 52 X0 = gy, WymNe) T Mik |

]

Witten-Veneziano formula



Summary

® QCD is realized In string theory by using
D4 and D8-branes. — &

® Chiral symmetry breaking
IS understood geometrically.

D8,i —
T — O

® Mesons are unified in the 5 dim gauge field.

A, = U 90y, + 3 B,
n>1

® Masses and couplings of the mesons seem to be
consistent with the experlmental data.

A
)\—2 ~ 2.4 (our model) al

1 mp

~ 2.51 (exp.)



Summary (continued)

® The baryon is constructed as
Wrapped D4 = instanton on D8 =~ Skyrmion

® WZW term is obtained from CS-term on the D8

Ne

N, N,
S8 =, A= 2= s [ Trledg™h®
CS = 542 Jaraxr 5 = 7525 Jua D T 22002 Japaxr 9% )

® The Witten-Veneziano formula is derived

2N
2 _ f
77,_ 2X.g
s

m



Conclusion

® Though the approximation is still very crude,
our model catches various qualitative
features of QCD and provides new Insights
In the low energy hadron physics.

® The numerical results are also encouraging.



