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Introduction and summary

It is important to make detailed investigations of nonperturbative formulations for
string theory. Several formulations such as string field theories or matrix theories
have been proposed.

It is preferable to understand relations among them to develop them correctly.

Dijkgraaf and Motl suggested that there is a correspondence between

Green-Schwarz-Brink’s light-cone superstring field theory (1983)
and
Dijkgraaf-Verlinde-Verlinde’s matrix string theory (1997) .

We concentrate on their interaction term:
LCSFT MST
3-string vertex twist/spin field
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If the above correspondence is true, we expect that the OPE of the
twist field in MST is reproduced by the 3-string vertex in LCSFT.
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We have explicitly evaluated it in bosonic LCSFT as:
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The result is consistent with the correspondence if we identify
IR) < 1

and T ~ |0 — oint| ~ |2] .



Similarly, we have evaluated the fermionic sector as:
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Our results on the contractions are consistent with the correspondence:
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which are given by

In our computations in LCSFT, we found a simple expression of the prefactor
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Comment

In , we evaluated the coefficients of
the idempotency relation for the boundary states as
T/2

IB)ay *7 |B)ay ~ |a123| T7° |B)ag+as , v

in the HIKKO closed SFT (d=26) . 3

Therefore, in the case of

(R(2,5)[(R(1,4)[e a1 "0 L0 a0 2001y (1, 124, 800) [V E—ay5-as6—ay))

we expected that the coefficient behaves as ~ (T °)* = 7"
for bosonic LCSFT.
This estimation is consistent with the conformal dimension of the twist field:

1 1 ) . - -
(E = E) (conf. dim. of o6) X 2 (06 -005) X (26 — 2) (transverse) = 6.
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* Brief review of light-cone superstring field
theory (GSB: SO(8) formalism)

Green-Schwarz formalism — light-cone gauge
String field &: functional of z=+,2— and

— N

X'(o) =" +1 Z E( ; ml“' +a lﬂl) ; [‘1 f’-"gn] = Np4m,007,- -
n#[ﬁl
= 9% + Z (n Q%E mlﬂ[ + T?Q e l“]) s {Qn Q?u} — ﬂaner,ﬂ‘suba e
n-—,é{]
(n=eT, n* =eF)
bra-ket representation
_ i1ng e fimyeeeaglyebyky e i ~ ] a ~b ;
|(I'}_Zf$l+’:;hp!_l)h 1 141 171 a_lnl...a_lml...Q_lh...Q_lkl-..|ajptj)\a}

(a, p*y A?) : conjugate momentum of (z~, x*, %)
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Free Hamiltonian and super charge

H(]. = CE_I(L(] -|- .E/ﬂ — 1),
| : : 1
Ly = Ep*p* =~ Z a'  a) + Z (n/a)Q2,. Q5 + 2
n>1 n>1
r 1 i1 ~q ~q qa o 1
Lo = Sp'p'+ ) al,a,+ ) (n/0)Q2,Q5 + 3,
n>1 n>1
QG = V2aT' ) 700,
nes
Qi = V2a') ~i,Q%,.a.
ne?

They satisfy the SUSY algebra:
{Q%,Q5} = 2He6% + 201 (Lo — Lo)5%,
{Q4,Q%} = 2He0* — 207 (Lo — Lo)0*,
Q4. Hol =0, [Q§,Hol=0, {Q},Q5}=0,
up to the level matching condition Lo — Lo = O .
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Connection condition for 3 closed strings

I

Delta functional

3

a3

d(ar + az + a3)d®(X®) — @, X' — 9, X42)§% (93 — 9,9 — ©,9?)
= (a1, X*M), 92D |(ap, X ¥, 923 | (a5, X3, 92C) |V (1, 2, 3)) .

}

3-string vertex
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Oscillator representation

V(1,2,3)) = (2m)°6(a1 + az + a3)d®(p] + 5 + )% (AT + A3 + AF)
w3 NI (@ a®) +60) &) +5 N (") +a0))p— Toop?
II(r) —1_ ngrs l(s) _ a—nNT oM™
X Qo ar nN QID —VEA S ol nNRQED gy
where
P’ = a1py — capi, A® = aad§ — a2)g, QYV) = L(nFQe, +n*E1Qe,)

and the Neumann coefficients are explicitly given by

—1
_ (8 7% Qg — _
rs __ L s
Nmn — — Q123 (m I n ) NmNn’
NT 1 I‘(_map_l_l/ar-) TH-T{)/CE,.

™ a,m!T(1 —m(l+ ary1/ar)) !
3
X123 — (X1 X2(x3, (CE.:; = ﬂf]_), To = Z (0 lng |£an| y
r=1
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Interaction terms of Hamiltonian and super charges are

constructed from SUSY algebra:
H =Ho+g.H,+g?Hz+ -+~ ,
Q% =Qf+9.Qt +92Q5+ -+, Q*=0QF+9.Q5 +92Q5+ -+,
{@% @} = {Q*, Q% = 2H4*, [Q* H]=[Q* H]={Q"Q"} =0.

The first nontr|V|aI terms Hl, Q“ should satisfy

Z Q"\@by + Z QM |Qdy = Z Q““ Q% + Z GY"|Q%) = 2| Hy) 6%,

T—l

Z QL"|@by + Z G Qdy = o

r=1 r=1

up to the level matching condition L

They are given by the following form:
|H(1,2,3)) = Z'ZI0Y(Y)|V(1,2,3)),
Q1(1,2,3)) = Z's'%(Y)|V(1,2,3)),
Q§(1,2,3)) = Z'5'%Y)|V(1,2,3)).

— LY =0, r=1,2,3).
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Z' = P* —ﬂ:udZﬂ: 'IEN"" {r}‘
Here 27 = Pf—mzsza:lnﬁ;aﬂj, commute with the connection condition
Q123 _ r ~I(r)a
Y = A°®— a lnN
‘\./E r ﬂ.Q—n
and the prefactors are given by some particular polynomials:
g g ' 1
v9(Y) = 6% — I y*yb 4 — — ¥ yeyby° y®
Q123 ab 6(&123)2 ahcd
4i g
_ : 3T;_Leabcdefghycyd}reyfyg}rh
6-({1123)
16 513_:.:EabcdefghYaYbchdYerngh.,
8!(cx123)*
si¢(Y) = 29 Y+ i ulf eebedefohydyeylyoyh,
123
. 2 16 .
SEG(Y) _ ;1cYaYbYc+ ' ‘I‘;&EﬂdeEfghYbYchYEYfYgYh,
3&12& 7.{1123
si4(Y) = f(s “(Y) — isi¥(Y)),
~301 N T
FUY) = —=(s14(Y) +is3(Y)),

V2

Yas
7 = ( ;},z as ) ‘Ta.a — ’Taa'-' ua.br: — rT[ab‘T’]a’ tabcd - ’T[ab’}rcd]
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* Brief review of matrix string theory

From BFSS’s Matrix theory (dimensional
reduction from 1+9 dim. U(N) SYM to1+0 dim.) ,
compactifying on the circle in the target space,
we have 2 dimensional action:

27 1 ) 1
S = /dtf datr(——(DpX*)z +60Tpo — —g%F?,
. 0 2 47° H

1 . . 1 . )
X, X2 + T [x, e])
g_q gS

T

. 1
At the free string limit;: —— =gs =0
gyM

main contribution comes from [X?, X7] =0
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Diagonalizing the matrices, (U_l_XiU)mn — xinﬁm,n
periodicity up to U(N) gauge transformation X(o + 27) = VX%(o)V 1
implies :c’*':(cr + 27) = gmi(ﬂ)g_la g €SN-
matrix string theory
CFT

worldsheet field — z? ,0%2,6%, (m=1,---,N)
8, 8 &

target space R3N /S



Twisted sector: long strings

Interaction
~ exchange of eigenvalues

19
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Interaction: exchange of eigenvalues Z3 twist field/ spin field
. . 1 .
(5'5{3:1(2) - amiﬁl(z))(g&(o))(nm} ~ z_i('rz&(o))(nm) )
— - - 1 .
(927, (2) — 02,,,(2))(06(0)) (nm) ~ Z72(67°(0)) (nm)

(62(2) — 6%,(2))(Z(0)) (o) ~ 22 \/12—i73a,(2a(0))(nm)a

Interaction term: g5V o’ / dszim

Lorentz scalar, conformal dimension (3/2,3/2)

Vint = ) (T'Z*FE9) ()

n<<m

1 1 3
conformal dimension: (E X 8 + 5) + 5= 5
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e Review of previous results on the correspondence

Correspondence in the bosonic sector
We fix and drop (n,m) and rewrite as «¢, — =i, — X*.
Comparing the OPE of the Zo twist field: 9X*(z)05(0) ~ 273150,

(MST) 8Xi(2)05(0) ~ Z 207(0),
with the result of 1, i, ) 4 ax®i(_on)) vy ~ Lz,
direct computation 2 ax|ayas| /2|0y — o1 |1/

1 _ . _ . 1 _
- - (1)i ()i _ ~ i
(LCSFT) ' E{EX bElsne SRS am|a2s|' /2oy — cr::.ll“”zz v
Wh r : > i —inZ — : s - ;i:in,”
ere axWig) = zﬁluluzz_:mmi*” . ﬂj 5XWi(g,) = 2;&1“:5_:;53} : ﬁ, Hi{;g — tray,
we expect the correspondence: V)b R
|Qt]il> = zZ" V)b — T'C -
QT) = Z'\VY, < oT’,
|H1) = Z'Z7|\V), + 7I7°.




Correspondence in the Fermionic sector

In the MST side, we consider type |IB version.
We fix and drop (n, m) and rewrite as 62 — 02, — 6%, 62 — 02 — 6°.

W

22

a i)~ 3T i ya a ar) o »—5 i oy
@B ~ 2l T 0), 0T 0) ~ 2, 0,

The OPE of spin fields is V2
0°(2)24(0) ~ 373 Toalu BH0), 0°()B4(0) ~ 27 Tl BH00),
and then jﬁ (6°(2) +6°(2)) (T8 — 2284)(0) ~ |2]7 (—i)ai, (B0E - iniER)(0),
(MST) (for z =z > 0).

From direct computation,

1
we have /\(I)B(UINV} ~ A(l}ﬂ(_ﬂ'l)|V} ~

Ye|v),

4r|aras| /2oy — o) |1/

e no (LCSFT)

where Ay} =
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Suppose [V)e < (2°% — 29%%)(0),
N« 172 -
Yo & Ap=ToS (vz6°(2) +ivZ6°(2)) ,
then we have following correspondence: :
Yo V)  :A%(T'E - 2484 = — (“1;’) v (26T — inige),
e
Y'Y |V « _j2z i (z )L —":"".Eﬂzb),
2 4 ab
3
YOV YoV, & — (“1—223) uit (BT 4 ixiT)
2
YoYtYyeyd vy, o (a—lzf"') (ﬂmz 59 4 —ﬁtfh’i‘dﬁ”ME“Eb) ,
5 .
Yaybyc}rdye|v}f o ( s ) 1 Enhcdefghu}ah{zﬁii _ izii&)!
Yaybycyd'yeyf|v>r o ) abchfgh ‘-'-J (Etzj + %,}::izaib)q
o £ s .
YuyhycdeﬂYfY9|V)f o — (%) Eubcdefgh‘,f;a(zazz 1 ?:Ezza)!

YeYbyeydy eyl yoyh | v,

X123
2

and YeyYeybyeydyey/yIvh vy, =0

4

Eubcdefgh(ziii + Ec’;id)

& AT (DS 4 248 = 0.



Here, we note various relations of gamma matrices:

ikl [ig . K]
tobed = YabVed]?
ij _ bede fgh 4id
tabcd - 4'5-:1 =l t:fgh L
T L — _1 gabedefgh gijkl
abed T A1 efgh ?
.. 1
ijkl _ mnpq
tabed = 4,Etakimﬂpqtabed ’
Eabedefgh oY = Tr.:hﬁrfé’}i??ﬁ‘i ’
it = 26,0000, +0 fr**"f+6v+5*r'r — YabTas — Yab s
aa T5i g | %d%ab0%.p abY 44 b lab 3 lab Tab uh -u.b ab ah
1 ki ikl 1 ki ikl
+16 ('Ta,bT:L +T;jt; FT::; tk!mﬁbm +'Ti ™ 1Hm)+_§tj,_rﬁf}mn,},:;mﬂ .
and define
ab Y _ 60,!: i E'Y'a}rb 1 kimn .kl nyayh}/cyd
m®(Y) = + ——5 Ve o Yab  YabYed
4123 96ai,;
1
_6‘ . 'TEE’T:;EadeE'fghYchYEY'fYQYh
X .
123

o K Jdésabcdefg‘hyayhycydyeyfyg}rh .
Tladss
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Using the above relations, we obtain the correspondence:

1

16273,
16]ary23|2n* S4EY,
16|a123\%n*2if}‘7" :
—1624%0,

H,) = 'v'ij(Y) Ve
QY => SH(Y)|V)
QY =  F4(Y)|V):

m%(Y)|V )¢

£ ¢ ¢

Combing the boson and fermion part, we have

H)) « 7'%iFi5i,
Q‘f’) o oXeFiRE,
@?) — TiYiexe.
(LCSFT) (MST)

Q1, 0z, Q3 fix (n,m), z, zZ, N : fix
without level matching projection

25
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SUSY algebra in MST

Free Hamiltonian and super charge Hy, = E(LD 4+ Lo — 1),
for (X% 6%6%) :
dz
Lo = —— ¢ —2(0X*0X"* + 0°06?),
2] 2m
- 1 fdz _ - _ .- . ~ _~
Lo = —- ¢ —z(0X'9X" + 6°00%),
2/ 2m
4 dz Q
Qo = fg?ﬂ'izz?aaﬂ 19X" (,2:),
~d dz 1 T
Q = 2711 09X (2)

which satisfy
{Qs, QE} = 25&53@ -+ 5[&6(550 — Lo),
{Q5,Q0} = 26%°Ho — 6*°(Lo — Lo),
{anég} =0, [ngﬂo] =0, [anﬂo] = 0.
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From the correspondence, we define

do ._._ .-~ dz
H, = ]—JT‘E‘fJEJ(J}:fZ z3z3 riRiFIYi(2, 2),
me

MII-"

Qf = ‘/_/_“Ea Bi(o) = —v2n —zsﬂfE“ '3¥(z, 2)

d
'L\/_f 7 i »i53% (o) = —V2n —zgr‘E‘JE“(Z z).

IR
[y
Il

Using the OPE such as

i0XH(2)T9(0) ~ 272 5 o(0) + z~27%(0),

0°(2)i(0) ~ 23 i

i . 2 . 1 ) .
Yaa 2 (0) + 23 (g'ﬂmﬂE“ (0)— gf}f:fé ::Eiﬂk:E“:({])) ,

V2 V2
we have {Q%, Q% +{Q% Q% = 26°°H,,
{anéi} + {éTaég} — 26:‘1&H1 3
{anéf{} + {QT! Qb} — 03
[Q5, Hi] + [QF, Ho] 0, (MST)

[QgﬁHl]‘F[Q?sHD] = 0.
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Contractions In bosonic LCSFT

Let us consider the contractions in the bosonic LCSFT for simplicity
The 3-string vertex is the same form as the bosonic part of

Green-Schwarz-Brink’s LCSFT without the prefactor:
V(1,2,3)) = (2m)*°8 (a1 + a2 + ﬂta)ﬁm(l‘f’; + p5 + p3) (o, az, &3)]2
xed ZNam(alnall +a106%0)+T NI (D) +6T0)P- 0P gy

>x]23

3 -1
where  ,(aq,as,as) = e~ Ze= o,

The reflector (bra, ket) is given by

(R(1,2)] = (0]e Zn a(onan? HETETD) (27) 5% (p] + )
. . ()i (2)2 | ~(1)i ~(2)1
R(1,2)) = (2m)*8*(p] + py)e” Zn 2 (o @ FEES)

The reflector can be regarded as “1” in a sense because
1(®] = (R(1,2)|®)2, (R(1,2)|R(2,3)) = ids,; .

We expect a correspondence: |V (1,2,3)) <> o0
|IR(1,2)) <+ 1
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We expected that od6(z,2)oa(0), (|z| = 0) corresponds to

T (L ]‘l‘Lg]J})

(R(3,6)|e Il [V (Lars 2as: 3as)) |V (4—ay5 5—ay) 6-a3)) (tree)

or

(R(2.5)[(R(1,4)|e—ar 20 +E0 g (Lo +Lo)

|V(1f11 !zﬂzz!gﬂ::})) I V(4—051 !5—&236—a3)}

(1-loop) with T ~ |z].

We fix ap (ag = —a1, x5 = —a2) and do not insert the level matching projection.

At least formally, computation of the above quantities can be performed because
the reflector and the 3-string vertex are Gaussian form with respect to the oscillators.
For T' = 0, using the quadratic relations among the Neumann coefficients:

Z :;EINUFL = ﬂ_lﬁnmﬁTSs Z n.{INg _N:;ﬁ Z Nﬁﬁit = (3123)_121-["
[t

wehave  (R|V)|V) « |R)|R), (R|(R|V)|V) x |R)

with divergent coefficients given by the determinant of the Neumann matrices.



In the contraction (tree) with T # 0,
we have the determinant factor of the Neumann coefficients from nonzero modes,
which was evaluated using Cremmer-Gervais identity:

2 1y —12 533 7733 |2 10 T -
[1(0er, axz, ag)]Pdet ~12(1 — N33, N35,)° ~ 2 |
for T — +0, where (N3,)nm = E_%T\/ﬁﬁﬁfm
From zero mode, we have a logarithmic factor:
E—bT(P1+P4]2 ~ " 12524(p1 + p4) , (T — +0),
2log(|as|/T)
which we have evaluated using the Mandelstam map:
br = o} 3 vame doslt N3ND, (- NE,88,)71] = —log(1 - Z),
p(z) = o :iigél— Zoo) + azlog(z — 1) — aglog(z — Zs) — arlogz,  (Zoo — 0),

d
T = p(zy) — p(z_), d—*;’(zi}zo.

31
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The result is

T (73 7
(R(3,6)|e TagltFo +E

(3)
0

- 2—26,”_—12[ T

|a123]1/3

|V (Lars 209 3a)) |V (4—aygs 5— s 6—ag))

T 27—6
(o ——75) | 1R pIRC3).

32



In the contraction (1-loop) with T" # 0,
similar calculation manipulating the Neumann coefficients seems to be difficult.
Instead, we have used « = pT™ HIKKO formulation with LPP vertex to evaluate

the determinant factor. Namely, comparing the expression of
3({—k3le(—ke|(R(2,5)[(R(1,4)[A142|V(1,2,3))[V(4,5,6))

(A1q,2: propagator) for LCSFT and « = pT HIKKO SFT, we evaluate the
factor by computing CFT correlator on the torus:

<le BTl bT::: BTE CEEék?‘X(Ug) CEEikﬁX(U5)> )

T

-1
where  bp, = [, du (55) b(u),--- and the generalized Mandelstam map Is
e 2 p(u) = |ag|(log¥i(u — Ug|T) — log 91 (u — Us|T)) — 27ia u,

d
T = pu-) —pluy),  —o(ug) =0.
u

For T' — +0, the modulus +, which is pure imaginary, is given by
17 T

T ~

8|ag| sin(mway /|ag|)
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In computation of the correlator, we evaluate residue at the interaction points U4
for ghost sector and treat « = p™* carefully.

C1 ¢
Co
0,== 0. . 20
3 6 Ci1 3 =
I'-'I - u_ L.J3

The result is

2@+ IO ZEP+I)

(R(2,5)[(R(L,4)]e” i Lays2an:303)) |V (4—aq 15— g6 —ag))

913 —12[—(1 —) ] R(3.6)).
" |a123|1/3 Dg|ﬂ’123|”3 [R(3,6))
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On the other hand (MST side), a CFT correlator of Zstwist fields for RPpehaves as
D

(00 (c0)oo(1)oa(z,2)o00(0)) ~ [lzl_l(lﬂglzl)_ﬂi
for |z| ~ 0.

Note: the modulus 7 of the associated torus becomes e~ 7 ~ % for z e R, |z| = 0.

If we identify T" ~ |z| andtake D =d—2 =24,
singular behavior of contraction of the 3-string vertices is consistent with:

IV (1,2,3)) < 06
IR(1,2)) < 1



A simple form of the prefactors

Noting the triality of SO(8), let us define new gamma matrix:

0 ~,
o~ R b ~azb | =bza _ 55abq
7= 0 G,a),6.0) = (,},j‘ . ) T3 +55 = 2611
Ll

Then, the prefactors given by GSB can be rewritten as
_ [E;xf} o ( [cosh¥'];; [sinh Y] ; )
(i,a),(5.b) [sinh ¥'] 4 [cnshY]ab
_ ( 0¥ (Y) i(—au23) 280 (Y)
( ¥

—a123) " 2594(Y) mba(Y)

eX

1

2 \2 R
) ﬂle e‘lj YQ - .

—]123

Y =yY 9% = (



Using arelation,  f(¥)7* = (—1)F15%£(¥) — (—1)/l2yoY*#'(¥)

and the Fierz identity
)%k(k—l}

_ (—1 _ _
MagNcp = (—1)MIINIz—1 > = V4D F(NFL % M) ep .
k=0 ’

We can easily check the SUSY algebra
3. . : 3 .
Z Qo "1QR) + Z Q" 1Qf) = Z Q518 + Z GL\H%) = 2 Hy) 80,

Z Q" P1231Q%) + Z Gb P13l = 0.

r=1
For example, ZQ“‘(“")Z* )41V +ZQ0 ) ZHF)ialV)
- 5.7z — f"
2(m 77 [f ¥) + (f(Y) f (Y))YLj

1
,f’_alz 16 - 4! ab

with  f(¥) = —i\/—aqa23 sinh Y.

sabed Zi 7 [(f( ) — u(y));};abcdy] ;‘j) V),
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The Fourier transformation of the prefactors in the fermionic sector is

e*123

([CUShY]ij [sinh Y] ; ) _ ﬂ%za/datb( [cosh @] ; —i[Siﬂhﬁf*];n-) argg Y

[sinhY]s; [coshY].; 16 i[sinhg];j5 —[coshg].;

This form is useful for concrete calculation of contractions.

The (expected) correspondence in the fermionic sector can be rewritten as

( [C'DS]’];IY]EJ [smEY]ib ) Vie o 16 _'z-;i'EJi 'r_}z_]i.EB
[sinh¥]4; [coshY].; n*yaeyd 3oy

(LCSFT) (MST)
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Contractions In super LCSFT

Let us consider contractions in the fermionic sector.

The 3-string vertex with prefactors is essentially written by

2 Y.t @ i 2 A
exi1? V|V (1,2,3))r = 05(A% 4+ A2 4+ A2)emiz ¥ A
I{r) —1_ pyvs I{=) _ —1_ 7gr I(r) I1(r)

The reflector for fermions:
(2

2 o (A1) ) H1(2) HII(1)
<R(132)| - (Ul eul_ﬁg ETL:I(QH- QJ‘I Q‘i‘l Qﬂ }68(){{1} _I_ )&[2:])

00 I(2

2 _ () AI1(2) ) ~T1(1)
IR(1,2)) = 63\ 4+ A@)ear—az 2n=1(7Q-n @401 Q0) g

For fermionic oscillators such as {a, af} = 1, we have a formula
E%aMa+}\a.E%aTNaT+nuflo>
1 1 -1 1 —1 =1
— det2(1 4+ MN) e AN(AI+MN) "N 5pu(14+MN) " Mp+p(1+MN) 712

v E(pa+,\N)(1+MN)—1a’f+%aW(1+MN)-1a,’f|O> _

( M, N : anti-symmetric matrices)
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We find that both

2

_T (3) Fa) @ a _ 2 a @
(R(gtﬁ)le-lual{Lﬂ L )Ea123¢123Y123|V{1a132uza3na)}f'e a123¢455Y456|V(4—111:5—&216—-&3))1’

(tree)

(1) , (1) (2) . #(2)

2l <R(2?5)I{R(1,4)|E_%{Lﬂ +Lg )= (Lg ' +Lg")
XEﬁd’?-ESYlZa'V(lal’zﬂz’Sﬂa)}fE-ﬁdﬂﬁﬂy‘fﬁﬂ|V(4—ﬂ1&5—a256_a3)}f (1'|00p)

are not of the form @7 ()as @+ 10y |

Therefore, schematically, the contractions in the fermionic sector are computed as

.1 (3, 7(3)
(R(3,6)|e T=al (Lo~ +Lo }f(Yw:j) IV(1ais2a233as))f 9(¥Yas6) | V(4—a199—azs6—as))r
= 800 + X2 + A+ A)det®(1 — (N35,)%)f Drzs)g Dasa)e s (249 |0)

and
(R(2,5)|(R(1, 4)|e~ 1 o +E6" )~ (E67+L7)
Xf(yl'z:j) IV(lﬂil ’ 20!2 ’ 3&3)>f g(y45ﬁ)|v(4—a1 ) 5—ﬂ2 . 6—113))1“'
= 6 (Aa + Ao)det® (1 — (NE20P)?) [ d*A0f (P12)9 Pige) P52 |0)

where f(z),g(x) = coshx or sinhzx .
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Here, Vioz ~ =Vise ~ —Ciraz(A2 + A5)“ (tree)

. C e Py 2oy g
CI,T = {xlg:}NiiﬁfrE{I—B(l - (Niiﬂtjg)z) ]-N“ij"l/E B \/;!

_nl - _nT _ _mT

and

y{%‘s. ~ yi%ﬁ ~ _261’,T’13()‘1 — aiAz/az)? (1-loop)

_ (12) C =(12)(12)\2\ -1 (12) 92,1 T \ !
Cyrp = a123N. (1 - (J?\T,_F!2 )2) 14?\.12172 ~ ET 2 (lﬂg @) \

ma

nd
(j{i"[lz})n _ ﬁﬁ.ﬁlz)e_ﬂ“ﬂ, (j{r(lg][lz))nm — E_”‘{]E] V/ﬁﬁé}i](lzle_“{lﬂ

T/2
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Noting 456 = —(x123,
[cosh(iY) + sinh(i¥ )] = [coshY + isinhY]T,

we evaluated the prefactors by the Fierz transformation such as:

[cosh ¥'];j[cosh ¥ ],

[sinh ¥]jq[sinh ¥'];

[cnsh Y] ij [Sil‘]h Y] ak

4

—1)P g,
2_42( ) YinP(coshY 5712 cosh ¥ ),

= (2p)!

9 4
160,10, (—) 3(Y)+ 0o(Y"),
23

4
_ (—1)P _ay-azp,, . e :
= (2;{:')!"’&‘&;l (sinh Y 749 sinh ¥); .

4
) 8(Y) + 0¥,

—1)\P
2_42( ) Fin P (sinh Y123 7172 cosh ¥123) 4

(2p)! "F

7
2 § 1 3 =
—8n*5;1 I _—_8%(Y)+ O(Y?
10k () a0 (V) + OYY).
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« Small T behavior of the Neumann matrix products

From the structure of Neumann coefficients, the following identities hold:
iy = er0aNG p O N, (1= (NF1%) T OIRD 50 (63 20) ey
bij = 102N} ,C" (1 (N%ﬁz)?)_ CINg/py (1§ 20)
xs| - Tog det(1 — (N,)%) = —an
|t:13| a.tj = bhblj
|ag|—; T bjj = bj1ay; — b; 1.
Similarly, we can derive the foIIowing identities for (1-loop) :

J
2y [ C (12)(12) (12)(12),2\~ 1 [ C = (12)
5 = ﬂiNT;'z (ﬂ(m}) Nsz ( {NTM ) ) (Cﬁ{lz ) Nr/g

2o (€Y a1 (€ ) a2
big = *sN1/2 (“{w})( (N2 ") (ﬂ{w}) ol

o (12)(12).2 Qg
%lngdct{l— NT,’E } ) = — a1 s
o xjcxs
ﬁﬂ*u = bi1b1;
@ ]

sz = bzlﬂl_j b; j+1



44

From the result in the bosonic LCSFT , we can read off the leading behavior
of the determinants:

1
det(1 — (ﬁ%ﬁz)z) — 2—%(_;3)112'_111‘(1"‘&"'1_#)(1 + 5)1_1?"'?11‘(&"'.?15) (lj—l)d e
3

boo = 2(—8)(1 +ﬁ)lﬂg% SRR (tree)

det(1 — (N5 22 (cr)2

|3 |3
2 2
cr = log ((—ﬁ)_m(l + 5)3) — 2(ago + boo) (1-loop)

for T — +0.

Using the above data and exact identities for T=0 :
we can solve some “differential equations” and evaluate the contractions.



The results are
“H]_H]_”: (LCSFT)

T (), 753 L
(Rle Tasl 0 F 20 ) [cosh¥), |V [cosh ¥ || V) ~ 67%63'T—2|R)|R)

= 2 =(2
— 2@+ L6~ L+ L)

(R|(R|e [coshY ];;|V ) [cosh¥ ]| V) ~ 6%69'T~2|R)
o 3 ik g3l
«—>  ISz,z)=5F0) ~ P (MST)

“QIQY": (LCSFT)
_ T +3) 5703 ..

(Rle” Tl ™0 0 D sinh y];, V) [sinh¥] ;| V) ~ 6%95%T 2| R)| R)

~ar (Lo +Lg)) g (L )+ L’

(2) e g
(R|(Re [sinh¥];4|V)[sinh¥] ;| V) ~ 676472 |R)

5id 5ab

s  $i5i(2,z)x059(0) ~ g ST
A
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“H1Q%":

“QeIQY:

46

(L[:} f3]) .
(Rle losl [coshY'|;;|V)[sinh ¥ |14 |V')

. 51kT—E’}’ca(ﬁ(2] - ﬁfl))(gint)lRHR}

.y - 1 &tk
«—> »I5(2,2)205k(0) ~ —— 0°(0
(2,2) (0) zéz\/ﬁvm (0)
(3), 7(3)
(R|e |ﬂ.i|(L +Lg )[sth]iMV)[sinh}"]i]ﬂV}

~ T2 (955 — 951) OV’ (9) — 981)) (0ine) |R) | R)

e 1 -
> XFi(2,5)355(0) ~ mﬁ& 6°".6%(0)

These are consistent with the expected LCSFT/MST correspondence!



Conclusion and future directions

We have confirmed the correspondence of interaction terms between
LCSFT and MST by computing the contractions in LCSFT explicitly.

The singular behaviors are the same.
We found a simple expression of the prefactors.

More detailed correspondence? (o, Pr) <> (m,n, [do, N),---.
(@ -dependence, level matching projection,...)

Relation to Green-Schwarz’'s LCSFT (SU(4) formalism)?

Higher order terms of both LCSFT and MST?

pp-wave background? (prefactor, contact terms,...)

Covariantized superstring field theory ? (using “pure spinor’?)

a7



The remaining contractions (1-loop)

“H 1 Q!’ij‘.n -

iLQfIJ.QfI}Ir :

T Ll] L(I}_T L{z (]
(R|(R]e” 1" )=

~ 8172 ’Y‘éa(}‘ 3) T Ale)) (Fint) | R)

[cnshY]ij [V} [sinhY |rq|V)

aik

. - 1
<«  2ITYz,z)25F(0) ~ ——

0°(0
z%f\/rz—‘.}rca ( )

=(1) (2)
(R|(Rje~ a0 +Eo ) =ag (Lo +Eg [Sth]mIV}[Sth]b V)

~ T "]’ca()\ (6))(Ulnt)vdb()\ (3) + Al((f,))('-':rinl:)|R}

(o c i 1
«—  X0%(2,2)275b(0) ~ ﬂﬁ:& 6°".6%(0)

Precise relation between space-time fermions?
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