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1. Introduction

Superstrings in the Pure Spinor (PS) formalism (Berkovits)
e manifest super Poincaré invariance

e correct physical spectrum and amplitudes (d=10)

e critical dimensions? (anomaly?)

d = 2,3,4,6 superstrings in the PS formalism (Grassi,Wyllard)
e nilpotent BRS charge

e no Lorentz anomaly

e no conformal anomaly (c*°* = 0)

e unexpected physical spectrum (off-shell vector multiplet)

Double-spinor formalism (Aisaka-Kazama)
e Lagrangian formalism of the PS superstring
e Manifest (classical) equivalence to the GS superstring



Here,

‘ We apply the double-spinor formalism to the lower-dimensional superstring. I

And discuss quantum equivalence to the GS superstring.
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2. d =4 PS formalism

(GSS) free fields:(X*, 0%, p,, 0%, ps) with dimensions (0,0,1,0,1) and

X"(2) X" (w) ~ 0" log(z — w),

50 RN 57
Pa(2)07(w) ~ ——,  pa(2)0%(w) ~ ——.

‘ Aot )\ = 0. I

Since A\d" X ~ A*)XY, this can be solved as

PS fieldd (A%, A%) with

A =0 or AY = 0.



Thus, in the A* = 0 sector for example, we have (A%, wq) with dimensions
(0,1) satisfying
03

< — W

A% (2)wp(w) ~

Vanishin central charge
' =44 (-2)x4+2x2=0.

No Lorents anomaly ~ There exists SO(3,1) current algebra with £ =1
(cf. MM = qptapv)

BRS charge
QB = —)\O‘d
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Similarly, in the A% = 0 sector, we have (A%, 0g)

A (2)ws(w) ~

with dimension (0, 1) with the BRS charge

Qp = —)\O‘d
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Also in this sector, central charge vanish and there exists non-anomalous
SO(3,1) current algebra.



If we do not explicitly solve the constraint, the BRS operator is

Qo= § 45 (\dat X0ds), with Ao*A=0.
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The massless vertex operator has the form

W = \*A(2,0,0) + X\*As(x,0,0).
The BRS invariance {Qp, W} = 0 leads conventional torsion constraints.

Fup=DaAg =0,  Fiy= DAy =0,
Foo = Da/_ld + DdAa -+ 2@(0’“)04(5414” = 0,

with an arbitraly superfield A4,(z,0,0).



The gauge transformation (exact part of the cohomology) has the form

OW = A*DyA(x,0,0) + A\*DgA(x,0,0).

These cohomology can be explicitly soloved by using a real vector field
V(z,0,0) as

_ _ 1 _
Ao =iD.V,  Asy=—iDV,  A,=>[Da,DgV

up to ambiguity V ~ V + & + ® where Dy® =0 (D,® = 0).

The V describe a off-shell vector supermultiplet (unexpected spectrum!)

EOM?



3. d = 4 double-spinor formalism

GS fields: (X*, 6%, 0%) @ additional spinor fields (6%, %)

Lagrangian L = Lx + Lw z:

1
Lk == 5v=99" T,

[/WZ :Eang(Wub — Wub) — EabW5WM5,
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The lagrangian has the following two important symmetries.

Global SUSY:

504 =t s0A =t sBh =0, s0r =0,

2
dXH = Z i(eAot9* — 02ore).
A=1
Local SUSY:
604 = A, 604 = A, 604 = x4, 664

2
IXH = Z i(x2o"04 — 04y ?).
A=1

Using the local susy, we can set §=0=0.
Then £L — Lgs (classical equivalence).
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Canonical quantization

Constraints:

1 1o -
T, =-II"1, ~0, T_=-11"1, ~0,
4 4
DA =k2 4+ (6,044 = 0,

(k04 +i(k" + (Il + WA
DA =k + (0% a + i(K* + na(ITF + WH
DA =kA — (0% — i(K* + na(ITF + WEA
D =k{ — (04 k) s — i(k" + na(I + W{))(040,)4 = 0,

where 71 = —1m3 = 1 and A = 2(1) for A = 1(2) and

IH = k* — WH+ WE T, TIF = k* — WH+ W — 118

12



Define

A4 =pA 4+ D4,
A4 =D4 + DA,

Set canonical Poisson brackets

(o)
{04%(0), k5 (o)} p = = 64P050(0 — o),
{04%(0), k5 (o)} p = = 54P656(0 — o),
{04°(0), k5 (o')} p = = 67P656(0 — o),
[04%(0), K (0')} p = — 645856(0 — o).
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~

The constraint generators (A, Ag, Dq, Dga, 1) satisfy the chiral algebra

{Du(0), Da(0")} p =2iT1"(0)(0,)aad (0 — '),

rest =0.

This includes both 1-st and 2-nd class constraints. (cf. GS superstring)
2-nd class: Dy ~ 0, D; ~ 0 with

~

{D:(0), Di(c")}p = 20T (0)5(c0 — o),

1-st class: K ~ 0, K ~ 0 with

. I -
K:DQ—FDl, K:D2__

where IT = IT! + ¢I12 and II = II' — 4I12.
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We fix the 1-st calss constraints by the gauge condition

~

02 — 92 — 0.

Then all the constraints become the 2-nd class. We can quantize by using
the Dirac bracket among the independent fields (X*, 0%, p,, 0%, pg, 01, 01)

{A7 B}D — {Av B}P - {Av ¢I}PCI_J1{¢J7 B}Pv

where C!7 = {¢!,¢’/}p and replace them with equal-time (anti)-
commutation relations. We obtain, e.g.

{0(0),0'(0")} = — 5r5(0)8(0 — ).

[(X7(0),0%(0")] = — 750" (0)d(0 — '),
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We can obtain free fields by redefinitions

S =V2II+e', S =200+hl,

A

~

Pt =kt — i(§oG) + i(00) + i(010) — i(Botd)’

p{x :kf‘ + A (_iXH—e:Ai B 6(9A2§/A2)§Ai B 2(9A29—A2)§/Ai) |

A

p‘24 :ké“ X nA( _ixpAL _ 6(§/A29A1)§A1 X 2(9—A29~A1)/§Ai

X 3(§A§A)/§A1 n 29—A2(§A19~A1)/ B 2(0—A29A1)§/Ai n 2((9_A§A)9~/A1)’
ﬁ{x :E{x + A (_iX/JréAi B 6(§A29/A2)9~A1 B 2(9—A29A2>9~/A1) |
]5114 :%x X nA( _iXIgA _ 6((9/A29_Ai)6)~A1 X 2(9A2§Ai)/9~A1

4 S(QAHA)/H:Ai X 29A2(9~A1§A1)/ B 2(9A29—Ai)9~/A1 n 2((9A(9A)§/Ai).
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The (anti)-commutation relations can be written in the form of OPE
(after some field rescaling) as

1

)
<z — W

5B . 5@
. D6 (2)07 (w) ~ —4—.
o Pal2)f(w) ~ —

S(2)S(w) ~

XH(2) X (w) ~ " log(z — w),

Pa(2)0”(w) ~

If we introduce supercovariant currents

Ao =por — 10X (0,0) 0 — %[(eauaé) — (90578)](0,0),

I =ps — i0X"(60,)5 — 5[(6008) — (9050))(607,)s.
™ =i0 X" + (00"00) — (00c"9),
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the constraints generators are classically given by

Dy =d; —iV2r+8,

/| 2
D2 :dg—’L 7T+7TS—7T—+SS(992

Di :Ji + V21 TS,

_ - 2
Dy =dy + i\ =75 —55892
2 =0 T g +7T+

1508 108S

7’
177 T, 1505
2 7t

2 gt

T =
2 Tt

[ 2 7S06% + 1062S
+ 1 + 4
o T+

. |2 ni 1g
+z\/w—+(sae + 90'9)

SS5062062

(m)?



We need quantum corrections, which come from normal ordering
ambiguity, to close the quantum constraint algebra:

P

Dy =Dy, D = Dj,
. 9202 101+0062
Dy =Dy — -

2 2 7_‘__|_ —|_ 2 (7T+)2 ’
~  _ 9202 197082
Dy =Dy =513 ()2
T =T

T T
They satisfy
~ =~ 4T (w
Do) D) ~ 7).

00%0°0°>  920°00° 10%logm*

8 gt
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We can obtain the BRS charge by the conventional procedure:

~ d ~ ~ ~ ., ~ ~ =
O = ]{ = (AaDa+>\“Dd+cT—4>\2A2b),

271

where ¢ is fermionic and A* and A% are unconstrained bosonic ghost with
the corresponding anti-ghosts b, @, and @, satisfying

1
b(z)e(w) ~ ——,
. B sam %
A ()dp(w) ~ ——, M ()Ihw) ~

We can define a composite B-field
B = brt — w,00% — ©400°,
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by which the energy-momentum (EM) tensor can be written as

{Q,B(2)} = T(2),
1 1 1 - 1
— _— _ ok —_— 2 + —_ — —
T 5™ T 88 log 7 23854— 2855

— d,00% — d;,00% — W, ,ONY — 00\ — bOc.

This EM tensor has vanishing central charge

1
ctot:4—3+§><2—2><4+2><4—2:o.
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4. Equivalence to the PS formalism

We have to consider two branches, A2 # 0 and 2 # 0, separately.

22 = (0: Using a similarity transformation generated by
x--1f dz eD;
4] 21 \2 '

e Qe =5+ QW

— —4j[—)\2)\2b QW :]{ (A*D,, + A'Dy),

we can obtaine

(ié,@g,c, b) decouples as a quartet.
(Because &-cohomology leads A2\? = 0 but now A2 # 0.)
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The similarity transformation given by

= — —%—SSlogW
271

yields

271 271

—V/2i —)\1 :%ﬁﬂo‘da,

A 03,9, 5) decouples as a quartet.
i

thys Q-cohomology in (X*,0%, pa, 0%, P, A\Y, &u) Space.
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\2 = (: Similar argument finally leads

~ (Q-cohomology in (X*, 0% pa, 0%, pa, io‘,ija) space with

d -
74 —Z)\O‘d

H?

phys

coincides with

B H?

The total physical subspace H,nys = H),

phys phys

the one of the four-dimensional PS formalism.
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5. Coupling to CY

C'Y-sector ~ N = 2 SCFT described by (T¢, Gg, Jo)

Tc<z)Tc<w>~(Zc_/fU>4 éTf%")L tetw)

To(2)GE(w) ~ ;’G_gg) ; 55?;“% To(:)Jo(w) ~ 22 f"uig 4 2olv)
e e

Je(@)Gw) ~ £ 9€) o) e(w) ~ L

where ¢ = 9 for d = 4.

There are two way to couple it with four-dimensional superstring.
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1. Using hidden topological N =2 SCA

Four-dimensional superstring has a topological N = 2 SC symmetry
generated by

~ AN

Gy = Jors = A*Do + XDy + T — 42\,
G(_4) = B=br" —w,00% — @daéd,

1 1 1 _ 1 _
— d,00% — d;00% — W, ONY — 00N — b,

J(4) = bc — S\QJJQ — j\duzjd,

which satisfy the twisted SCA with ¢ = —9.
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We can couple this to textittopological N = 2 SCA (chiral ring) with
c=9 for CYs5.

The BRS charge of coupled system is given by

_|_
@= 7{2771 )+GC>’

=Q + Qcv.

The cohomology is equivalent to the one of the PS formalism (Berkovits)

Q= ]{ (Ao + A%+ GE),  Ao*A=0.
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2. Modifying constraint algebra

We can modify constraint algebra by coupling with CY sector as

AN
AN

Bi-p\.  Bi-by
R
B

which satisfy the same algebra with the four-dimensional superstring.
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The BRS charge has the same form with the modified constraint generators.
2 dZ Yo X :d{/:\ X Y959
Q=P — | ANDy + AL, +cT —4X°)\b ).
271
By using the same composite B-field, we obtain

2 1 1 T B
T ={Q,B} =— 5””7”‘_582 logmT — 5Sas + 5(955

— d,00% — d,00% — B 0N — 5N — bIc + T

We cah show that the cohomology is also the same with the four-
dimensional PS formalism, with new D and D, by replacing Y — Y + Yo

2)\2
f—JO log < +> ,
7T
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in the A\ # 0 branch. Then, with Toy =T + %&],

)\O‘da ).
@= 7{2772 +G)

IN2
YC—]{Jclog< ),
VT

in the A # 0 branch. Then, with Toy = Te — 19,

Q= ]{ (A%ds + G7).
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6. Conclusions

Summary: We have investigated lower-dimensional superstrings in the
double-spinor formalism (AK superstring).

d=4

d = 4 with CY3 (N =2 ¢ =9 SCFT)
d=6

d = 6 with CYs (N = 2(4) ¢ = 6 SCFT)
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Discussions: We found, classically

AK superstring ~ GS superstring.

After quatization, we also found

AK superstring ~ PS superstring.

But we know

GS superstring ~ PS superstring.

‘ Is there something wrong? I
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What is the quantum improvement of the constraint generators.
closure of the algebra ~ nilpotency of the BRS charge ?

Are there any Lorents anomaly?

Are there any subtle points in the similarity transformations?

Inner product?

Any other?

o Direct evaluation of the path integral (also for ten dimensional case)

¢ Conformal invariance
¢ Quantum amplitudes
O ve
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