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Hence we get

Hom(E, E (! !! )) "= Hom(E, E (! 2!! )) "= á á á"= Hom(E, E (! k!! )) "= á á á.

But Hom(E, E (! k!! )) "= Ext 2(E, E ((k ! 3)!! )) " vanishes for su! cient large k by the Serre
vanishing theorem. Thus we get the assertion. !

Corollary 2.2. M (r, n ) is a nonsingular variety of dimension2nr .

Proof. This follows from the above vanishing theorem together withthe Riemann-Roch for-
mula. !

In fact, we have another way to deÞne the framed moduli space and prove this corollary
in our setting. By a result of Barth [5] (see [47, Theorem 2.1]for the proof), we have an
isomorphism betweenM (r, n ) and the quotient space ofB1, B2 # End(Cn), i # Hom(Cr , Cn)
and j # Hom(Cn, Cr ) satisfying

(1) [B1, B2] + ij = 0,
(2) there exists no proper subspaceS ! Cn such that B! (S) $ S (α = 1, 2) and imi $ S

modulo the action of GLn(C) given by

g á(B1, B2, i, j ) = ( gB1g# 1, gB2g# 1, gi, jg # 1).

We say (B1, B2, i, j ) is stable when it satisÞes the condition (2). It can be shown that the
di" erential of the deÞning equation (1) is surjective and the action is free on stable points.
This shows the smoothness ofM (r, n ). (See [47,¤3].)

Let M0(r, n ) be the framed moduli space of ideal instantons onS4 = C2 %{ & } , that is

M0(r, n ) =
n⊔

n! =0

M reg
0 (r, n $) ' Sn# n!

C2,

whereM reg
0 (r, n $) is the framed moduli space of genuine instantons onS4 and SkC2 is the kth

symmetric product of C2. We endow a topology toM0(r, n ) as in [12, 4.4]. By a result of
Donaldson [11] (which is based on the ADHM description [1]),M reg

0 (r, n ) can be identiÞed
with the framed moduli space oflocally free sheaveson P2, and also with the open subset of
the space of linear data (B1, B2, i, j ) with an extra condition that the transposes tB1, tB2, t j
satisfy the above condition (2). Then by [12, 3.4.10] together with [47, Chapter 3],M0(r, n )
can be identiÞed (as a topological space) with

(2.3) { (B1, B2, i, j ) | [B1, B2] + ij = 0} // GLn(C),

where // denotes the a! ne algebro-geometric quotient. The open locus M reg
0 (r, n ) consists of

closed orbits GLn(C) á(B1, B2, i, j ) such that the stabilizer is trivial.
As in [47, Chapter 3],M (r, n ) has a structure of hyper-K¬ahler manifold of dimension 4nr

if we put the standard inner products onCn and Cr . In fact, M (r, n ) is isomorphic to the
hyper-K¬ahler quotient

(2.4)
{

(B1, B2, i, j )

∣∣∣∣
(i) [B1, B2] + ij = 0
(ii) [ B1, B  

1] + [ B2, B  
2] + ii   ! j   j = ζ id

}/
U(n),

where ( )  is the Hermitian adjoint and ζ is a Þxed positive real number. This hyper-K¬ahler
structure plays no role later.

By these descriptions via linear data, we have a projective morphism

π : M (r, n ) ( M0(r, n ),
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Figure 1: Linear quiver gauge theory

where Z gauge is the partition function of quiver gauge theory. In the righ t
hand side, we have the conformal block of Liouville theory where V is the
vertex operator insertion.

A natural generalization of AGT relation seems a similar correspondence
between the partition function of 4-dim N = 2 SU(N ) quiver gauge theory
and the correlation function of 2-dim AN ! 1 Toda Þeld theory [43]. In this
paper, we examine this conjecture forN = 3 case, that is, the case ofSU(3)
quiver gauge theory andA2 Toda Þeld theory. First, in this section, we
review the form of the functions on the both sides.

2.1 4-dim gauge theory side: partition functions

The partition function of 4-dim N = 2 gauge theory is written as the prod-
uct of classical part, 1-loop correction part and nonperturbative instanton
correction part:

Z gauge = ZclassZ1-loop Zinst . (2)

In the following, we consider the case of
! n

k=1 SU(dk) linear quiver gauge
theory (Þg. 1). Especially, we will consider only the conformal invariant
cases whereka = 2da ! da+1 ! da! 1(" 0) fundamental hypermultiplets are
attached to gauge groupSU(da).

The classical part of the partition function is

Zclass = exp

"
n#

k=1

2! i "k |#öak |2
$

, (3)

where"k := ! k
2" + 4" i

g2
k

is the complex UV coupling constant. #öak :=
% dk ! 1

i =1 ai#ei

is the diagonal of VEVÕsai of adjoint scalars, where#ei are the simple roots
of gauge symmetry algebra. ForSU(d) algebra, we usually set

#ei = (0 , · · · , 0, 1, ! 1, 0, · · · , 0) , (4)
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where 1 isi -th element. It gives, for example,!öa = ( a1, ! a1) for SU(2) and
!öa = ( a1, ! a1 + a2, ! a2) for SU(3).

The 1-loop contribution to the partition function is [4,43]

Z1-loop =

!
n"

k=1

z1lpvec(!ak)

# $

%
d1"

p̄=1

z1lpafd(!a1, øµp̄)

&

'

"

!
n−1"

k=1

z1lpbfd(!ak,!ak+1, mk)

# $

%
dn"

p=1

z1lpfd (!an, µp)

&

' , (5)

where µp, øµp̄, mk are the mass of fundamental, antifundamental, bifunda-
mental Þelds, respectively, and

z1lpvec(!a) =
"

i<j

exp [! γ! 1 ,! 2 (öai ! öaj ! ε1) ! γ! 1 ,! 2 (öai ! öaj ! ε2)] ,

z1lpfd (!a, µ) =
"

i

exp [γ! 1 ,! 2 (öai ! µ)] ,

z1lpafd(!a, øµ) =
"

i

exp [γ! 1 ,! 2 (! öai + øµ ! ε+)] ,

z1lpbfd(!a,!b, m) =
"

i,j

exp
(
γ! 1 ,! 2 (öai ! öbj ! m)

)
, (6)

where ε+ := ε1 + ε2 (ε1, ε2 are NekrasovÕs deformation parameters), and the
function γ! 1 ,! 2 (x) is related to double Gamma function ! 2(x|ε1, ε2) as

γ! 1 ,! 2 (x) = log ! 2(x|ε1, ε2) . (7)

The properties of double Gamma function are summarized in appendix A.
The instanton contribution is obtained by NekrasovÕs instanton counting

formula with Young tableaux [4,13]:

Z inst =
*

{"Y1,··· , "Yn }

!
n"

k=1

q|
"Yk |

k zvec(!öak, !Yk)

# $

%
d1"

p̄=1

zafd(!öa1, !Y1, øµp̄)

&

'

"

!
n−1"

k=1

zbfd(!öak, !Yk;!öak+1, !Yk+1; mk)

# $

%
dn"

p=1

zfd(!öan, !Yn, µp)

&

' ,(8)

whereqk := e2#i $k (τk is the coupling constant), and !Yk = ( Yk,1, á á á, Yk,dk ) is
a set of Young tableaux. |!Yk| is the total sum of number of boxes of Young
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tableaux Yk,i (i = 1 , á á á, dk ). Each factor of the instanton part is written as

zbfd(!öa, !Y ;!öb, !W ; m) =
!

i,j

!

s! Yi

(E (öai ! öbj , Yi , Wj , s) ! m)

"
!

t ! Wj

("+ ! E (öbj ! öai , Wj , Yi , t) ! m) ,

zvec(!öa, !Y ) = 1 /z bfd(!öa, !Y ;!öa, !Y ; 0) ,

zfd(!öa, !Y , µ) =
!

i

!

s! Yi

(#(öai , s) ! µ + "+) ,

zafd(!öa, !Y , øµ) = zfd(!öa, !Y ,"+ ! øµ) . (9)

The functions E(öa, Y, W, s) and #(öa, s) are deÞned as

E(öa, Y, W, s) = öa ! "1($"
W,j ! i ) + "2($Y,i ! j + 1) ,

#(öa, s) = öa + "1(i ! 1) + "2(j ! 1) , (10)

wheres = ( i, j ) denotes the position of the box in a Young tableau (i.e. the
box in i -th column and j -th row). $Y,i is the height of i -th column, and
$"

Y,j is the length of j -th row for Young tableau Y . That is, $"
Y,j ! i and

$Y,i ! j are the length of ÔlegÕ and ÔarmÕ of the Young tableauY for the box
s = ( i, j ), respectively.

2.2 2-dim CFT: W-algebra, Toda theory, and correlation
functions

The action of 2-dim AN # 1 Toda Þeld theory is

S =
"

d2%
#

g

#
1

8&
gxy ' x !( á' y !( + µ

N # 1$

k=1

eb!ek á!" +
Q
4&

R!) á!(

%

, (11)

where !( = ( ( 1, á á á, ( N ) is the Toda Þelds satisfying
&

( k = 0. gxy is the
metric on 2-dim Riemann surface, andR is its curvature. !ek is the k-th
simple root written as eq. (4), and !) is the Weyl vector (i.e. half the sum of
all positive roots) of AN # 1 algebra. b is a real parameter, andQ := b+ 1 /b.
This theory is conformal invariant with the central charge

c = ( N ! 1) + 12Q2!) á!) = ( N ! 1)(1 + N (N + 1) Q2) . (12)
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zbfd (!öa, !Y ;!öb, !W ; m) =
!

i,j

!

s! Yi

(E (öai ! öbj , Yi , Wj , s) ! m)

"
!

t ! Wj

("+ ! E (öbj ! öai , Wj , Yi , t) ! m) ,

zvec(!öa, !Y ) = 1 /z bfd (!öa, !Y ;!öa, !Y ; 0) ,

zfd(!öa, !Y , µ) =
!

i

!

s! Yi

(#(öai , s) ! µ + "+ ) ,

zafd(!öa, !Y , øµ) = zfd(!öa, !Y ,"+ ! øµ) . (9)

The functions E(öa, Y, W, s) and #(öa, s) are deÞned as

E(öa, Y, W, s) = öa ! "1($"
W,j ! i ) + "2($Y,i ! j + 1) ,

#(öa, s) = öa + "1(i ! 1) + "2(j ! 1) , (10)

wheres = ( i, j ) denotes the position of the box in a Young tableau (i.e. the
box in i -th column and j -th row). $Y,i is the height of i -th column, and
$"

Y,j is the length of j -th row for Young tableau Y . That is, $"
Y,j ! i and

$Y,i ! j are the length of ÔlegÕ and ÔarmÕ of the Young tableauY for the box
s = ( i, j ), respectively.

2.2 2-dim CFT: W-algebra, Toda theory, and correlation
functions

The action of 2-dim AN # 1 Toda Þeld theory is

S =
"

d2%
#

g

#
1

8&
gxy ' x !( á' y !( + µ

N # 1$

k=1

eb!ek á!ϕ +
Q
4&

R!) á!(

%

, (11)

where !( = ( ( 1, á á á, ( N ) is the Toda Þelds satisfying
&

( k = 0. gxy is the
metric on 2-dim Riemann surface, andR is its curvature. !ek is the k-th
simple root written as eq. (4), and !) is the Weyl vector (i.e. half the sum of
all positive roots) of AN # 1 algebra. b is a real parameter, andQ := b+ 1 /b.
This theory is conformal invariant with the central charge

c = ( N ! 1) + 12Q2!) á!) = ( N ! 1)(1 + N (N + 1) Q2) . (12)
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The symmetry algebra of this theory is generated by the energy-momentum
tensor T(z) and additional N ! 2 chiral currents W (3) , á á á, W (N ) with spin
3, á á á, N . In the following in this paper, we concentrate onN = 3 case. In
this case, the following generators are deÞned as Laurent expansion of the
currents:

T(z) =:
∞!

n= −∞

L n

zn+2 , W (3) (z) =:
∞!

n= −∞

Wn

zn+3 . (13)

The commutation relation for the generators is given by

[L n , L m ] = ( n ! m)L n+ m +
c

12
(n3 ! n)δn+ m,0

[L n , Wm ] = (2 n ! m)Wn+ m

2
9

[Wn, Wm ] =
c

3 á5!
n(n2 ! 1)(n2 ! 4)δn+ m,0 +

16
22 + 5c

(n ! m)! n+ m (14)

+( n ! m)
"

1
15

(n + m + 2)( n + m + 3) !
1
6

(n + 2)( m + 2)
#

L n+ m ,

where

! n =
∞!

k= −∞

: L kL n−k : +
1
5

xnL n , (15)

with x2l = (1 + l)(1 ! l ) and x2l+1 = (2 + l)(1 ! l ).
In the following, we need the action of such generators on theoperators

at arbitrary point z = ζ. For this purpose, it is useful to introduce the
operatorsL n(ζ) and Wn(ζ) deÞned by the contour integration aroundz = ζ,

L n(ζ) =
$

z= !

dz
2πi

(z ! ζ)n+1 T(z) , Wn(ζ) =
$

z= !

dz
2πi

(z ! ζ)n+2 W (z) .(16)

The operators in eq. (13) are identical to the special caseζ = 0, namely
L n = L n(0) and Wn = Wn(0). The commutation relations among L n(ζ)
and Wn(ζ) are identical to eq. (14).

The highest weight (ket) state |" , w" and its conjugate (bra) state #" , w|
is deÞned by the conditions:

L n |" , w" = 0 , Wn|" , w" = 0 , (n > 0)

L 0|" , w" = " |" , w", W0|" , w" = w|" , w", (17)

#" , w|L n = 0 , #" , w|Wn = 0 , (n < 0)

#" , w|L 0 = #" , w|" , #" , w|W0 = #" , w|w . (18)
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!
! k = 0. Then the potential is given by µ

! N ! 1
k=1 eϕk ! ϕk+1. The states correspond to

the vertex operatorei "βá"ϕ. We will see that one of the level-1 descendants becomes null
when " k = " k+1 for somek, i.e., the wave is parallel to thek-th wall. We will then
see that the Young diagram [l1, . . . , ls] where

!
lk = N , speciÞes the subspace of the

momentum space given by the form

#" = ( " (1), á á á, " (1)" #$ %
l1

, " (2), á á á, " (2)" #$ %
l2

, á á á, " (s), á á á, " (s)" #$ %
ls

). (1.3)

It has been long known that the standard physical states of the Toda theory have
the momenta of the form

#" = #p ! iQ#$ (1.4)

whereQ determines the background charge,#$ is the Weyl vector, and#p is a real vector
specifying the direction of the propagation. This never satisÞes the condition" k = " k+1

because of the imaginary part. Instead, we will Þnd a strong indication that the physical
state of the class speciÞed by a Young diagramY has the momenta

#" = #pY ! iQ#$Y (1.5)

where #pY is a general real vector of the form (1.3) and#$Y a certain real vector deter-
mined later in the paper. Therefore, the physical states for a generic diagram Y are
not a special case of the physical states for the diagram [1N ] given by (1.4).

We will then study the behavior of the differentials%(k)(z) appearing in the Seiberg-
Witten curve Eq. (1.1) close to a puncture labeled byY in the massive gauge theory.
We will see that their behavior agrees with the semiclassical limit of thebehavior of
the generators of theWN algebra, close to the insertion of the degenerate Þeld of the
corresponding type. In other words, we show that%(k)(z) behaves as the semiclassical
limit of

&
W (k)(z)

'
, at least close to the punctures:

&
W (k)(z)

'
!" %(k)(z). (1.6)

The rest of the paper is organized as follows. In¤2, we review the Seiberg-Witten
curve of the linear quiver of SU gauge groups to remind ourselves how the Young
diagram arises in this setup. In¤3, we give a brief review theAN ! 1 Toda Þeld theory
and the WN -algebra, including its free-boson realization. In¤4, we construct the null
states at level 1, and show that their structure is characterizedby a Young diagram.
We then study how to identify physical momenta for a given diagram,and also analyze
the semiclassical limit of these states. In¤5, we study the behavior of the Seiberg-
Witten curve near the punctures. We will see that the null state condition in the
semiclassical limit is exactly reproduced. We conclude in¤6 with a discussion on the
future directions.
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This property is a necessary condition to have a unitary representation of the WN

algebra, because the linear combinations of the zero modesW (k)
0 corresponding to the

elementary symmetric polynomials should be all Hermitian. This suggests that the
state of the Toda theory with momenta of the form (4.15) is unitary.

Combining these observations, we propose that the momenta of the form (4.15)
correspond to the mass parameters (2.9) of the gauge theory associated to the same
diagram Y under the identiÞcation m!

k = p(k) . One corollary is that the massless
puncture corresponds to the momenta!" = ! iQ!# Y .

4.4 Null states in the semiclassical limit

The correspondence of the level-1 null states and the puncturesof the Seiberg-Witten
curve becomes more illuminating if we take the limit whereQ is very small compared
to any component of!$ . In this limit, the action of the derivative on !$ in (3.9) can be
neglected and we can replace the derivative by a parameter,

Q
d
dz

" ix . (4.18)

We call this operation the semiclassical limit in the following, because it replaces the
pair (Qd/dz, z) which satisÞes the Heisenberg commutation relation with the pair (x, z)
with the Poisson bracket{ x, z} = 1. Q serves the role of the Planck constant! . Readers
should bear in mind that we still treat !$ as quantum operators acting on the quantum
Hilbert space generated from|!" #. We note that, in the context of integrable system,
such a limit is called Òdispersionless limitÓ [18, 19].

The Lax operator is then replaced by its semiclassical version:

rN |!" # = :
N!

m=1

"
x ! i!hm á%!$(z)

#
:|!" #=

$

k

w(k)(z)xN " k |!" #. (4.19)

Here, rN and w(r ) are the semiclassical limits ofRN and W (r ) up to powers ofi . We
deÞne the modes ofw(k)(z) as usual,

w(k)(z) = w(k)
0 z" k + w(k)

" 1z" k+1 + á á á. (4.20)

In the following, we use the abbreviation

Am (z) = i!hm á%!$(z), (4.21)

to simplify the formulas; the relation Am (z)|!" # $ (" m /z + O(1))|!" # can be used to
evaluatew(r ) and rN .
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1 =
!

|u!S! 1
uv "v| Suv = !u|v"
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�'�B�U�F�F�W���-�J�U�W�J�O�P�W

�8�F���O�F�F�E�T���U�I�F�������Q�P�J�O�U���G�V�O�D�U�J�P�O���G�P�S���U�I�F��

�E�F�T�D�F�O�E�F�O�U�T�
���T�V�D�I���B�T

�8�F���N�B�Z���H�F�U���S�J�E���P�G���-���B�O�E���8���C�Z���V�T�J�O�H���D�P�O�G�P�S�N�B�M��

�8�B�S�E���J�E�F�O�U�J�U�J�F�T��

! ∼ �(L á á áLW á á áW V (∞))V (1)(L á á áLW á á áW V (0))�

�O���Q�P�J�O�U���G�V�O�D�U�J�P�O���J�T���U�I�F�O���X�S�J�U�U�F�O���B�T�
To summarize, the n-point functions can be written in the form:

〈On , á á á, O3, O2, O1〉 ∼
!

! !S" 1! S" 1! á á á! S" 1! . (32)

When all the vertices in the correlator Oi are primary, one needs only the

special case where Y1 = ∅ (no boxes) in all the 3-point functions ! , ! !.

If one can determine these 3-point functions, one can in principle cal-

culate the general n-point correlation functions by patching them together

with the inverse Shapovalov matrices. As we will see in the next section, this

is indeed possible as long as one of the vertex operators in 3-point functions

satisfies !" i ∝ !#1 or !" i ∝ −!#3. We note that such operators satisfy the null

state condition at level-1, which is necessary to reduce the degree of freedom

of W -generators. The above is our strategy to obtain the n-point functions.

3 Recursion formula for 3-point functions

In order to determine the 3-point functions (29) and (31), we use the defor-

mation of integration contour paths and derive the recursion formula. In the

remainder of this section, we write Ṽ# := L " Y! V!α! (∞) , Ṽ1 := L " Y1
V!α1

(1),

Ṽ0 := L " Y0
V!α0

(0), for simplicity.

Recursion formula for T insertion

First, the standard CFT recursion formula for ! -type 3-point functions (29)
gives

〈L " n Ṽ# , Ṽ1, Ṽ0〉 =
"

#

dz
2$i

zn+1 〈T(z)Ṽ# , Ṽ1, Ṽ0〉

=

"

1

dz
2$i

!

k

zn+1

(z − 1)k+2 〈Ṽ# , L kṼ1, V0〉+
"

0

dz
2$i

!

k

zn+1

zk+2 〈Ṽ# , Ṽ1, L kṼ0〉

= 〈Ṽ# , [L " 1 + (n + 1)L 0 +
n!

i =1

(n+1)!
(i +1)!( n" i )! L i ]Ṽ1, Ṽ0〉+ 〈Ṽ# , Ṽ1, L nṼ0〉 . (33)

In particular, for n = 0 case, we obtain

〈Ṽ# , L " 1Ṽ1, Ṽ0〉 = 〈L 0Ṽ# , Ṽ1, Ṽ0〉 − 〈Ṽ# , L 0Ṽ1, Ṽ0〉 − 〈Ṽ# , Ṽ1, L 0Ṽ0〉 . (34)
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The adjoint of operators are deÞned as

L  
n = L ! n , W  

n = W! n . (19)

In terms of Toda Þelds, the highest weight state is given by the vertex
operator:

V!" (z) =: e!" á!# (z) : (!α ! C3,
3!

i =1

αi = 0) ,

|V!" " = lim
z" 0

V!" (z)|0" , #V!" | = lim
z"#

z2! !α#0|V!" (z) . (20)

The parameters ! , w are related to !α as

! !" =
1
2

(2Q!ρ $ !α) · !α , w!" = i

"
48

22 + 5c

3#

i =1

(!α $ Q!ρ) · !λi , (21)

where!λi are the fundamental weights ofA2 Lie algebra:

!λ1 =
1
3

(2, $ 1, $ 1) , !λ2 = !λ1 $ !e1 =
1
3

($ 1, 2, $ 1) ,

!λ3 = !λ2 $ !e2 =
1
3

($ 1, $ 1, 2) . (22)

and !ρ = (1 , 0, $ 1) is the Weyl vector.
The inner product #V!" |V!" " vanishes in general because of the conserva-

tion of momentum. The nontrivial inner product can be taken in the form
#V2Q!$ ! !" |V!" " = 1 .

Correlation functions

It is known that the form of general 3-point functions of prim ary Þelds is
determined by the conformal invariance as [51]

#V!" 1 (z1)V!" 2 (z2)V!" 3 (z3)" =
C(!α1, !α2, !α3)

|z12|2(! 1 + ! 2! ! 3) |z13|2(! 1+ ! 3 ! ! 2) |z23|2(! 2+ ! 3! ! 1 )
, (23)

wherezij := zi $ zj and ! i := ! !" i
. It is di " cult to calculate the coe" cients

C(!α1, !α2, !α3) = #V!" 1 |V!" 2 (1)|V!" 3 " for general !αi , however, if one of !αi Õs is

8

proportional to !" 1 or ! !" 3 (the highest weight of fundamental or antifunda-
mental representation), they are obtained as

C(!# 1, !# 2,$!" 1) =
!
%µ$(b2)b2! 2b2

" (2Q!" !
#

!# i )á!" /b
(24)

"
! (b)2! ($)

$
e> 0 !

%
(Q!& ! !# 1) · !e

&
!

%
(Q!& ! !# 2) · !e

&

$
i,j !

%1
3$ ! (!# 1 ! Q!&) · !" i ! (!# 2 ! Q!&) · !" j

& ,

and

C(!# 1, !# 2, ! $!" 3) =
!
%µ$(b2)b2! 2b2

" (2Q!" !
#

!# i )á!" /b
(25)

"
! (b)2! ($)

$
e> 0 !

%
(Q!& ! !# 1) · !e

&
!

%
(Q!& ! !# 2) · !e

&

$
i,j !

%1
3$ + ( !# 1 ! Q!&) · !" i + ( !# 2 ! Q!&) · !" j

& ,

where $ is a constant, and
$

e> 0 means the product over all positive roots.
! is the Upsilon function whose properties are summarized inappendix A.

In order to calculate generaln-point functions, we often use the following
decomposition [53]:

'
On(zn ) , · · · ,O3(z3) ,O2(z2) ,O1(z1)

(

=
)

!# ,Y1,Y2

(z2 ! z1)! V ! ! O 2 ! ! O 1
'
On(zn ) , · · · ,O3(z3) ,L! Y1 (z1)V!# (z1)

(

" (S! 1
!# )Y1,Y2

'
V2Q!" ! !# |(L! Y2 )  O2(1)|O1

(
, (26)

where the index!# labels the primary Þelds andY1, Y2 labels the descendants
of the primary Þelds, such as

L! Y (z)V!# (z) := L! n1 (z) · · ·L! n l (z)W! n!
1
(z) · · ·W! n!

w
(z)V!# (z) . (27)

Here Y is a set of two Young tableaux (YL , YW ) with YL = ( n1 # · · · # nl )
and YW = ( n"

1 # · · · # n"
w). It means that |Y | :=

# l
i =1 ni +

# w
j =1 n"

j is
the level of the descendant. The descendants at the same level |Y | can be
labeled by the partitions of integer |Y |, so it is useful to classify them using
the sets of Young tableauxY . The conformal dimension" V in eq. (26) is
that of L! Y2V!# which is deÞned in this way.

The matrix S is called as Shapovalov matrix

S!# ,Y1,Y2 := $V2Q!" ! !# |(L! Y1 )  L! Y2 |V!# % (28)
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To summarize, the n-point functions can be written in the form:

〈On , á á á, O3, O2, O1〉 ∼
!

Γ′S−1ΓS−1Γ á á áΓS−1Γ . (32)

When all the vertices in the correlator Oi are primary, one needs only the

special case where Y1 = ∅ (no boxes) in all the 3-point functions Γ, Γ′.

If one can determine these 3-point functions, one can in principle cal-

culate the general n-point correlation functions by patching them together

with the inverse Shapovalov matrices. As we will see in the next section, this

is indeed possible as long as one of the vertex operators in 3-point functions

satisfies !" i ∝ !#1 or !" i ∝ −!#3. We note that such operators satisfy the null

state condition at level-1, which is necessary to reduce the degree of freedom

of W -generators. The above is our strategy to obtain the n-point functions.

3 Recursion formula for 3-point functions

In order to determine the 3-point functions (29) and (31), we use the defor-

mation of integration contour paths and derive the recursion formula. In the

remainder of this section, we write Ṽ∞ := L−Y! V!α! (∞) , Ṽ1 := L−Y1 V!α1 (1),

Ṽ0 := L−Y0 V!α0 (0), for simplicity.

Recursion formula for T insertion

First, the standard CFT recursion formula for Γ-type 3-point functions (29)

gives

〈L−n Ṽ∞, Ṽ1, Ṽ0〉 =
"

∞

dz
2$i

zn+1 〈T(z)Ṽ∞, Ṽ1, Ṽ0〉

=

"

1

dz
2$i

!

k

zn+1

(z − 1)k+2 〈Ṽ∞, L kṼ1, V0〉+
"

0

dz
2$i

!

k

zn+1

zk+2 〈Ṽ∞, Ṽ1, L kṼ0〉

= 〈Ṽ∞, [L−1 + (n + 1)L 0 +
n!

i =1

(n+1)!
(i +1)!( n−i )! L i ]Ṽ1, Ṽ0〉+ 〈Ṽ∞, Ṽ1, L nṼ0〉 . (33)

In particular, for n = 0 case, we obtain

〈Ṽ∞, L−1Ṽ1, Ṽ0〉 = 〈L 0Ṽ∞, Ṽ1, Ṽ0〉 − 〈Ṽ∞, L 0Ṽ1, Ṽ0〉 − 〈Ṽ∞, Ṽ1, L 0Ṽ0〉 . (34)
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Using this relation, we can remove the L−1 operator in eq. (33):

!L−nṼ∞, Ṽ1, Ṽ0" = !L 0Ṽ∞, Ṽ1, Ṽ0" + ! Ṽ∞, Ṽ1, (L n # L 0)Ṽ0"

+! Ṽ∞, (nL 0 +
n!

i =1

(n+1)!
(i +1)!( n−i )! L i )Ṽ1, Ṽ0" . (35)

On the right hand side, there are only the operators L n with non-negative

n. So, use of the highest weight condition and the commutation relations

will simplify the expression further.

In similar ways, we can derive the recursion formulae for the action of

L−n on Ṽ1 and Ṽ0:

! Ṽ∞, Ṽ1, L−nṼ0" = !(L n # L 0)Ṽ∞, Ṽ1, Ṽ0" + ! Ṽ∞, Ṽ1, L 0Ṽ0"

+! Ṽ∞, (nL 0 +
∞!

i =1

(−1)i (n−1+ i )!
(i +1)!( n−2)! L i )Ṽ1, Ṽ0" , (36)

! Ṽ∞, L−nṼ1, Ṽ0"

= ! [(# 1)n+1 (L 0 # L 1) + L n +
∞!

j =0

(n−1+ j )!
(j +1)!( n−2)! L n+1+ j ]Ṽ∞, Ṽ1, Ṽ0"

+(# 1)n ! Ṽ∞, Ṽ1, (nL 0 +
∞!

i =1

(n−1+ i )!
(i +1)!( n−2)! L i )Ṽ0" + (# 1)n ! Ṽ∞, L 0Ṽ1, Ṽ0" . (37)

Recursion formula for W insertion

We start again from the standard conformal bootstrap for ! -type 3-point

function:

!W−n Ṽ∞, Ṽ1, Ṽ0"

= ! Ṽ∞, [W−2 + (n + 2)W−1 +
1
2(n + 1)(n + 2)W0 +

n!

i =1

(n+2)!
(i +2)!( n−i )! Wi ]Ṽ1, Ṽ0"

+! Ṽ∞, Ṽ1, WnṼ0" . (38)

In particular, for n = 0 case, we obtain

! Ṽ∞, W−2Ṽ1, Ṽ0" = !W0Ṽ∞, Ṽ1, Ṽ0" # ! Ṽ∞, W0Ṽ1, Ṽ0" # ! Ṽ∞, Ṽ1, W0Ṽ0"

# 2! Ṽ∞, W−1Ṽ1, Ṽ0" . (39)

12�X�I�F�S�F���8�������D�B�O���C�F���S�F�N�P�W�F�E���C�Z

Using this relation, we can remove theL ! 1 operator in eq. (33):

!L ! n ÷V" , ÷V1, ÷V0" = !L 0 ÷V" , ÷V1, ÷V0" + ! ÷V" , ÷V1, (L n # L 0) ÷V0"

+ ! ÷V" , (nL 0 +
n!

i =1

(n+1)!
(i +1)!( n! i )! L i ) ÷V1, ÷V0" . (35)

On the right hand side, there are only the operatorsL n with non-negative
n. So, use of the highest weight condition and the commutationrelations
will simplify the expression further.

In similar ways, we can derive the recursion formulae for theaction of
L ! n on ÷V1 and ÷V0:

! ÷V" , ÷V1, L ! n ÷V0" = !(L n # L 0) ÷V" , ÷V1, ÷V0" + ! ÷V" , ÷V1, L 0 ÷V0"

+ ! ÷V" , (nL 0 +
"!

i =1

(! 1)i (n! 1+ i )!
(i +1)!( n! 2)! L i ) ÷V1, ÷V0" , (36)

! ÷V" , L ! n ÷V1, ÷V0"

= ! [(# 1)n+1 (L 0 # L 1) + L n +
"!

j =0

(n! 1+ j )!
(j +1)!( n! 2)! L n+1+ j ] ÷V" , ÷V1, ÷V0"

+( # 1)n ! ÷V" , ÷V1, (nL 0 +
"!

i =1

(n! 1+ i )!
(i +1)!( n! 2)! L i ) ÷V0" + ( # 1)n ! ÷V" , L 0 ÷V1, ÷V0" . (37)

Recursion formula for W insertion

We start again from the standard conformal bootstrap for ! -type 3-point
function:

!W! n ÷V" , ÷V1, ÷V0"

= ! ÷V" , [W! 2 + ( n + 2) W! 1 + 1
2(n + 1)( n + 2) W0 +

n!

i =1

(n+2)!
(i +2)!( n! i )! Wi ] ÷V1, ÷V0"

+ ! ÷V" , ÷V1, Wn ÷V0" . (38)

In particular, for n = 0 case, we obtain

! ÷V" , W! 2 ÷V1, ÷V0" = !W0 ÷V" , ÷V1, ÷V0" # ! ÷V" , W0 ÷V1, ÷V0" # ! ÷V" , ÷V1, W0 ÷V0"

# 2! ÷V" , W! 1 ÷V1, ÷V0" . (39)
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As in the recursion formula for T insertion, we combine it with the original

general formula (38), then

(38) = !W0Ṽ! , Ṽ1, Ṽ0" + ! Ṽ! , Ṽ1, (Wn # W0)Ṽ0"

+! Ṽ! , [nW" 1 +
1
2n(n + 3)W0 +

n!

i=1

(n+2)!
(i+2)!(n" i)!Wi]Ṽ1, Ṽ0" . (40)

This is simpler than the original one, since we don’t have W" 2 insertion. On

the other hand, unlike the T insertion, there remains W" 1 insertion which

makes the analysis fundamentally di! cult. In fact, as we will see later, we

need impose the level-1 null state condition on one of the vertex operators

to solve the recursion.

Similarly, the formula for insertion of W" n in Ṽ1 or Ṽ0 is given as

! Ṽ! , Ṽ1, W" nṼ0" = !(Wn # W0)Ṽ! , Ṽ1, Ṽ0" + ! Ṽ! , Ṽ1, W0Ṽ0"

+! Ṽ! , [nW" 1 # 1
2n(n # 3)W0 #

!!

i=1

(" 1)i (n" 1+i)!
(i+2)!(n" 3)! Wi]Ṽ1, Ṽ0" , (41)

! Ṽ! , W" nṼ1, Ṽ0"

= ! [Wn + (n # 2)Wn+1 +
!!

j=0

(n" 1+j)!
(j+2)!(n" 3)!Wn+2+j]Ṽ! , Ṽ1, Ṽ0"

+(# 1)n! [(n # 1)W0 # (n # 2)W1 # W2]Ṽ! , Ṽ1, Ṽ0"

# (# 1)n! Ṽ! , Ṽ1, [12n(n # 1)W0 +
!!

i=1

(n" 1+i)!
(i+2)!(n" 3)!Wi]Ṽ0"

# (# 1)n! Ṽ! , [nW" 1 + (n # 1)W0]Ṽ1, Ṽ0" . (42)

General procedure

The recursion formula obtained so far will give the following algorithm to

compute the 3-point correlation functions which take the general form of

!L " Y∞
V!" ∞

, L " Y1
V!" 1

, L " Y0
V!" 0

" (43)

where V ’s are the primary fields. It is given by repeating following steps:

1. Scan the leftmost operators acting on each primary field. If you find

an operator of the form Ln (n < 0) or Wn (n < # 1), apply one of the
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of level-3 descendants, so we show them in this appendix. In the following,
we denote these elements (28) asS(L ! Y1 , L ! Y2 ).

S(L ! 3 , L ! 3) = 6 ! + 2 c , S(L ! 3 , L ! 2L ! 1) = 10 ! , S(L ! 3 , L 3
! 1) = 24 ! ,

S(L ! 3 , L ! 2W! 1) = 15 w , S(L ! 3 , L 2
! 1W! 1) = 24 w , S(L ! 3, L ! 1W! 2) = 36 w ,

S(L ! 3 , L ! 1W 2
! 1) = 90 D ! , S(L ! 3 , W! 3) = 9 w , S(L ! 3 , W! 2W! 1) = 36 D ! ,

S(L ! 3 , W 3
! 1) = 189

2 w(3! + 1) ,

S(L ! 2L ! 1 , L ! 2L ! 1) = ! (8(! + 1) + c) , S(L ! 2L ! 1 , L 3
! 1) = 12 ! (3! + 1) ,

S(L ! 2L ! 1 , L ! 2W! 1) = 3
2 w(8(! + 1) + c) , S(L ! 2L ! 1 , L 2

! 1W! 1) = 18 w(3! + 1) ,

S(L ! 2L ! 1 , L ! 1W! 2) = 12 w(! + 3) , S(L ! 2L ! 1 , L ! 1W 2
! 1) = 9( D ! (5! + 9) + 6 w2) ,

S(L ! 2L ! 1 , W! 3) = 21 w , S(L ! 2L ! 1 , W! 2W! 1) = 18(3 D ! + w2) ,

S(L ! 2L ! 1 , W 3
! 1) = 135 w

2 (D (3! + 1) + ! (5! + 1)) ,

S(L 3
! 1, L 3

! 1) = 24 ! (! + 1)(2 ! + 1) , S(L 3
! 1, L ! 2W! 1) = 18 w(3! + 1) ,

S(L 3
! 1, L 2

! 1W! 1) = 36 w(! + 1)(2 ! + 1) , S(L 3
! 1 , L ! 1W! 2) = 72 w(! + 1) ,

S(L 3
! 1, L ! 1W 2

! 1) = 54( ! + 1)(3 D ! + 2 w2) , S(L 3
! 1 , W! 3) = 60 w ,

S(L 3
! 1, W! 2W! 1) = 108( D ! + w2) , S(L 3

! 1, W 3
! 1) = 81 w(3D (3! + 4) + 2 w2 + 1) ,

S(L ! 2W! 1, L ! 2W! 1) = 9
4 D ! (8(! + 1) + c) , S(L ! 2W! 1, L 2

! 1W! 1) = 27( D ! (! + 1) + 2 w2) ,

S(L ! 2W! 1, L ! 1W! 2) = 18(3 D ! + w2) , S(L ! 2W! 1, L ! 1W 2
! 1) = 27

2 Dw (11! + 9) ,

S(L ! 2W! 1, W! 3) = 63
2 D ! , S(L ! 2W! 1, W! 2W! 1) = 27 Dw (! + 3) ,

S(L ! 2W! 1, W 3
! 1) = 405

4 [D 2 ! (3! + 1) + ! (D ! (! + 1) + 4 w2)] ,

S(L 2
! 1W! 1, L 2

! 1W! 1) = 18( ! + 1)( D ! (2! + 3) + 4 w2) ,

S(L 2
! 1W! 1, L ! 1W! 2) = 36( D ! (2! + 3) + w2) ,

S(L 2
! 1W! 1, L ! 1W 2

! 1) = 27 w(D (! + 3)(4 ! + 3) + 2 w2) ,

S(L 2
! 1W! 1, W! 3) = 90 D ! , S(L 2

! 1W! 1, W! 2W! 1) = 162 wD (! + 1) ,

S(L 2
! 1W! 1, W 3

! 1) = 243
2 [D 2 ! (3! + 7) + 2 D (! + 3) w2 + ! (D ! (! + 1) + 4 w2)] ,

S(L ! 1W! 2, L ! 1W! 2) = 9κ
4 ! (8! 2 + (54 + c)! + 14 + c) ,

S(L ! 1W! 2, L ! 1W 2
! 1) = 27κ

16 (112! 2 + (210 ! c)! + 34 ! c) , S(L ! 1W! 2, W! 3) = 45 ! (D + 1) ,

S(L ! 1W! 2, W! 2W! 1) = 27κ
8 w(8! 2 + (54 + c)! + 14 + c) ,

S(L ! 1W! 2, W 3
! 1) = 243κ

32 [w2(48! + 46 + c) + D ! (128! + 62 + c)] ,

S(L ! 1W 2
! 1, L ! 1W 2

! 1) = 81
2 [D 2! (2! 2 + 5 ! + 11) + ! D ! (! + 1)( ! + 2) + 4 w2(D (! + 3) + ! (! + 2))] ,

S(L ! 1W 2
! 1, W! 3) = 135

2 w(3D + 1) ,

S(L ! 1W 2
! 1, W! 2W! 1) = 81 D ! (D (2! + 1) + ! (! + 1)) + 81κ

32 w2(48! + 142 + c) ,

S(L ! 1W 2
! 1, W 3

! 1) = 729
4 w[D 2(! + 1)(2 ! + 5) + ! (D (! 2 + 18 ! + 5) + 4 w2)] ,
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S(W! 3, W! 3) = 27

2
D ! + 3

2
(24! + c) , S(W! 3, W! 2W! 1) = 27!

2
w(5! + 1) + 54 w ,

S(W! 3, W 3
! 1) = 81!

64
[128w2 + D ! (320! + 302 + 25 c)] ,

S(W! 2W! 1, W! 2W! 1) = 81!
16

(32w2 + D ! (! + 1)(8 ! + 14 + c)) ,

S(W! 2W! 1, W 3
! 1) = 729!

64
Dw (48! 2 + (174 + c)! + 62 + c) ,

S(W 3
! 1, W 3

! 1) = 729

8
[3D 3! (! + 1)(2 ! + 1) + ! D 2! (9! 2 + 69! + 44) + ! 2D ! (! + 1)(3 ! + 5)]

+ 729!
8

w2[4D (−5D + ! (5! + 1))(9 ! + 16) + 8(4 ! + 3)] ,

where D := ! (! + 1

5
) − 1

5
, ! := 32

22+5c .

C 3-point functions

In ¤3, we show the general procedure to calculate 3-point functions (29),
which we must obtain in order to check the AGT-W relation. In t his ap-
pendix, we show the concrete forms of! (L ! Y" ,L ! Y0

) := ! !" " ,!" 1,!" 0
(Y" , ∅, Y0)

at the descendant level [|Y" |, |Y0|] with |Y" | + |Y0| ≤ 3. Those of level [1,0],
[0,1], [2,0], [0,2] are already given in [44].

Level [1,0] and [0,1]

" (L ! 1, ∅) = ! " + ! 1 − ! 0 , " (W! 1, ∅) = w" − w1 − w0 + " " (L ! 1, ∅) ,

" (∅, L ! 1) = −! " + ! 1 + ! 0 , " (∅, W! 1) = −w" + w1 + w0 − " " (∅, L ! 1) ,

where " := 3 w1/ 2! 1.

Level [2,0]

" (L ! 2, ∅) = " (L ! 1, ∅) + ! 1 , " (L 2
! 1, ∅) =

!
" (L ! 1, ∅) + 1

"
" (L ! 1, ∅) ,

" (L ! 1W! 1, ∅) =
!
" (L ! 1, ∅) + 1

"
" (W! 1, ∅) , " (W! 2, ∅) = " (W! 1, ∅) + " " (L ! 1, ∅) ,

" (W 2
! 1, ∅) =

!
" (W! 1, ∅) + "

"
" (W! 1, ∅) + 9

2
D " " (L ! 1, ∅) ,

where D " := ! (! " + 1

5
) − 1

5
.

Level [1,1]

" (L ! 1, L ! 1) = " (L ! 1, ∅)" (∅, L ! 1) + ( ! " − ! 1 + ! 0) ,

" (L ! 1, W! 1) =
!
" (L ! 1, ∅) − 1

"
" (∅, W! 1) + 3 w0 ,

" (W! 1, L ! 1) = " (W! 1, ∅)
!
" (∅, L ! 1) − 1

"
+ 3 w" ,

" (W! 1, W! 1) =
!
" (W! 1, ∅) − "

"
" (∅, W! 1) + 9

2
D0(! " − ! 1) ,

where D0 := ! (! 0 + 1

5
) − 1

5
.
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S(W! 3, W! 3) = 27
2 D ! + 3

2 (24! + c) , S(W! 3, W! 2W! 1) = 27!
2 w(5! + 1) + 54 w ,

S(W! 3, W 3
! 1) = 81!

64 [128w2 + D ! (320! + 302 + 25 c)] ,

S(W! 2W! 1, W! 2W! 1) = 81!
16 (32w2 + D ! (! + 1)(8 ! + 14 + c)) ,

S(W! 2W! 1, W 3
! 1) = 729 !

64 Dw (48! 2 + (174 + c)! + 62 + c) ,

S(W 3
! 1, W 3

! 1) = 729
8 [3D 3! (! + 1)(2 ! + 1) + ! D 2! (9! 2 + 69 ! + 44) + ! 2D ! (! + 1)(3 ! + 5)]

+ 729 !
8 w2[4D (! 5D + ! (5! + 1))(9 ! + 16) + 8(4 ! + 3)] ,

where D := ! (! + 1
5 ) ! 1

5 , ! := 32
22+5 c .

C 3-point functions

In §3, we show the general procedure to calculate 3-point functions (29),
which we must obtain in order to check the AGT-W relation. In t his ap-
pendix, we show the concrete forms of! (L! Y" ,L! Y0 ) := ! !" " ,!" 1 ,!" 0 (Y" , ! , Y0)
at the descendant level [|Y" |, |Y0|] with |Y" |+ |Y0| " 3. Those of level [1,0],
[0,1], [2,0], [0,2] are already given in [44].

Level [1,0] and [0,1]

" (L ! 1 , " ) = ! " + ! 1 ! ! 0 , " (W! 1, " ) = w" ! w1 ! w0 + " " (L ! 1, " ) ,

" (" , L ! 1) = ! ! " + ! 1 + ! 0 , " (" , W! 1) = ! w" + w1 + w0 ! " " (" , L ! 1) ,

where " := 3 w1/ 2! 1 .

Level [2,0]

" (L ! 2 , " ) = " (L ! 1, " ) + ! 1 , " (L 2
! 1 , " ) =

!
" (L ! 1, " ) + 1

"
" (L ! 1 , " ) ,

" (L ! 1W! 1, " ) =
!
" (L ! 1 , " ) + 1

"
" (W! 1, " ) , " (W! 2, " ) = " (W! 1, " ) + " " (L ! 1 , " ) ,

" (W 2
! 1, " ) =

!
" (W! 1, " ) + "

"
" (W! 1, " ) + 9

2 D " " (L ! 1 , " ) ,

where D " := ! (! " + 1
5 ) ! 1

5 .

Level [1,1]

" (L ! 1 , L ! 1) = " (L ! 1 , " )" (" , L ! 1) + ( ! " ! ! 1 + ! 0) ,

" (L ! 1 , W! 1) =
!
" (L ! 1 , " ) ! 1

"
" (" , W! 1) + 3 w0 ,

" (W! 1, L ! 1) = " (W! 1, " )
!
" (" , L ! 1) ! 1

"
+ 3 w" ,

" (W! 1, W! 1) =
!
" (W! 1, " ) ! "

"
" (" , W! 1) + 9

2 D 0(! " ! ! 1) ,

where D 0 := ! (! 0 + 1
5 ) ! 1

5 .
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4 Check on AGT-W relation

In the previous section, we study the general procedure to calculate (n + 3)-
point correlation functions in A2 Toda theory. Their general form is

!

V!" !
(! )V!" n +1

(1)

"
n#

k=1

V!" k
(q1 á á áqk)

$

V!" 0
(0)

%

=
&

{ !# k }

&

|Yk |= |Y "
k |

"
n#

k=1

q
! !" k
k

$ "
n#

k=1

(q1 á á áqk)
! ! !# k (q1 á á áqn)! ! !# 0

$

" ! "
!" ! , !" n +1 ,!# 1

(#, #, Y1)

"
n! 1#

k=1

q|Yk |
k S! 1

!# k
(Yk , Y "

k )! !# k , !" k ,!# k +1
(Y "

k , #, Yk+1 )

$

" q|Yn |
n S! 1

!# n
(Yn , Y "

n )! !# n , !" n , !" 0
(Y "

n , #, #) (46)

where S! 1
!# is the inverse Shapovalov matrix,! !# 1 ,!# 2 ,!# 3 are the 3-point func-

tions. Here we rewrite the positions of punctures as

zk = q1 á á áqk (k = 1 , á á á, n) , (47)

since in the SU(2) case of original AGT relation, these qkÕs are identiÞed
with the coupling constants τk of quiver gauge theory asqk = e2$i %k .

Now we calculate the 5-point correlation functions, and check whether or
not the AGT-W relation are satisÞed. According to the AGT-W c onjecture,
these functions should correspond to the partition functions of the SU(3) "
SU(3) or SU(3) " SU(2) quiver gauge theory.

4.1 SU(3) " SU(3) quiver

In this subsection, we discuss theSU(3) " SU(3) case. The corresponding
5-point correlation function is that of the following diagr am:

"β!

"β3
"β1

"β2

"β0
"α1 "α2 (48)

The momenta "αÕs and"βÕs are of the form:

"αj = Q"ρ + i"α"
j (j = 1 , 2) , "βk = Q"ρ + i "β"

k (k = 0 , ! ) ,

"β1 = ( Q/ 2 + im 1)($ 3"λ3) , "β2 = ( Q/ 2 + im 2) á3"λ1 ,
"β3 = ( Q/ 2 + im 3)($ 3"λ3) , (49)
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4 Check on AGT-W relation

In the previous section, we study the general procedure to calculate (n + 3)-
point correlation functions in A2 Toda theory. Their general form is

!

V!" !
(∞)V!" n +1

(1)

"
n#

k=1

V!" k
(q1 á á áqk)

$

V!" 0
(0)

%

=
&

{ !# k }

&

|Yk |= |Y "
k |

"
n#

k=1

q
! !" k
k

$ "
n#

k=1

(q1 á á áqk)
! ! !# k (q1 á á áqn)! ! !#0

$

× ! "
!" ! , !" n +1,!# 1

(∅, ∅, Y1)

"
n! 1#

k=1

q|Yk |
k S! 1

!# k
(Yk , Y "

k )! !# k , !" k ,!# k+1
(Y "

k , ∅, Yk+1 )

$

× q|Yn |
n S! 1

!# n
(Yn , Y "

n )! !# n , !" n , !" 0
(Y "

n , ∅, ∅) (46)

where S! 1
!# is the inverse Shapovalov matrix,! !# 1,!# 2,!# 3

are the 3-point func-
tions. Here we rewrite the positions of punctures as

zk = q1 á á áqk (k = 1 , á á á, n) , (47)

since in the SU(2) case of original AGT relation, these qkÕs are identiÞed
with the coupling constants ! k of quiver gauge theory asqk = e2$i %k .

Now we calculate the 5-point correlation functions, and check whether or
not the AGT-W relation are satisÞed. According to the AGT-W c onjecture,
these functions should correspond to the partition functions of the SU(3) ×
SU(3) or SU(3) × SU(2) quiver gauge theory.

4.1 SU(3) × SU(3) quiver

In this subsection, we discuss theSU(3) × SU(3) case. The corresponding
5-point correlation function is that of the following diagr am:

"#∞

"#3
"#1

"#2

"#0
"$ 1 "$ 2 (48)

The momenta "$ Õs and"#Õs are of the form:

"$ j = Q"%+ i "$ "
j (j = 1 , 2) , "#k = Q"%+ i "#"

k (k = 0 ,∞) ,

"#1 = ( Q/ 2 + im 1)(−3"&3) , "#2 = ( Q/ 2 + im 2) á3"&1 ,
"#3 = ( Q/ 2 + im 3)(−3"&3) , (49)
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where
! 3

p=1 α!
j,p =

! 3
p=1 β!

k,p = 0, and all the parameters #αj , #βk , mi are

real. Here we naturally set the momenta#β2 ∝ #λ1 and #β3 ∝ −#λ3, since they
correspond to the mass of fundamental and antifundamental Þelds in the
gauge theory, respectively. On the other hand,#β1 corresponds to the mass
of bifundamental Þeld, so we donÕt have prescription for it at this point. It
will be Þxed later by requirement of AGT-W relation. Here we set #β1 ∝ −#λ3

in eq. (49). We note that it is also possible to set#β1 ∝ #λ1 for the following
discussion without changing the result.

In the following, we calculate this 5-point correlation function, which
can be written as the linear combination of

V(|Y1|,|Y2|) :=
"

|Y1|= |Y ′
1 |

"

|Y2|= |Y ′
2 |

q|Y1|
1 q|Y2|

2 ! !
!" ∞, !" 3,!# 1

(∅, ∅, Y1)S" 1
!# 1

(Y1, Y !
1)

×! !# 1 , !" 1,!# 2
(Y !

1, ∅, Y2)S" 1
!# 2

(Y2, Y !
2)! !# 2 , !" 2, !" 0

(Y !
2, ∅, ∅) , (50)

according to eq. (46). Hereafter, the descendant level ofV(|Y1|,|Y2|) is denoted
as [|Y1|, |Y2|].

1-loop part

For 1-loop part, the internal states are also primary Þelds.Then the corre-
lation function is given as

V(0,0) = ! !
!" ∞, !" 3,!# 1

(∅, ∅, ∅) ! !# 1 , !" 1,!# 2
(∅, ∅, ∅) ! !# 2 , !" 2, !" 0

(∅, ∅, ∅) (51)

Using the explicit form of 3-point functions (23)Ð(25) and momenta (49),
and the properties of Upsilon function (76)Ð(78), eq. (51) becomes

V(0,0) = f (−#β# )f (#β0)÷g(m1)g(m2)÷g(m3)

×
#

l=1 ,2

#

p<q

(α!
l,p − α!

l,q)2
$
$
$
$! 2(iα!

l,p − iα!
l,q + b)! 2(iα!

l,p − iα!
l,q +

1
b

)
$
$
$
$

" 2

×
3#

p,q=1

$
$
$
$! 2(

Q
2

+ iα!
1,p − iβ!

# ,q + im 3)
$
$
$
$

2$
$
$
$! 2(

Q
2

+ iα!
1,p − iα!

2,q − im 1)
$
$
$
$

2

×
$
$
$
$! 2(

Q
2

+ iα!
2,p − iβ!

0,q + im 2)

$
$
$
$

2

, (52)
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where
! 3

p=1 ! !
j,p =

! 3
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correspond to the mass of fundamental and antifundamental Þelds in the
gauge theory, respectively. On the other hand,#" 1 corresponds to the mass
of bifundamental Þeld, so we donÕt have prescription for it at this point. It
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discussion without changing the result.

In the following, we calculate this 5-point correlation function, which
can be written as the linear combination of

V(|Y1|,|Y2|) :=
"

|Y1|= |Y !
1 |

"

|Y2|= |Y !
2 |

q|Y1|
1 q|Y2|

2 ! !
!" " , !" 3,!# 1

(#, #, Y1)S" 1
!# 1

(Y1, Y !
1)

$ ! !# 1 , !" 1,!# 2
(Y !

1, #, Y2)S" 1
!# 2

(Y2, Y !
2)! !# 2 , !" 2, !" 0

(Y !
2, #, #) , (50)

according to eq. (46). Hereafter, the descendant level ofV(|Y1|,|Y2|) is denoted
as [|Y1|, |Y2|].

1-loop part

For 1-loop part, the internal states are also primary Þelds.Then the corre-
lation function is given as

V(0,0) = ! !
!" " , !" 3,!# 1

(#, #, #) ! !# 1 , !" 1,!# 2
(#, #, #) ! !# 2 , !" 2, !" 0

(#, #, #) (51)

Using the explicit form of 3-point functions (23)Ð(25) and momenta (49),
and the properties of Upsilon function (76)Ð(78), eq. (51) becomes

V(0,0) = f (" #" # )f (#" 0)÷g(m1)g(m2)÷g(m3)

$
#

l=1 ,2

#

p<q

(! !
l,p " ! !

l,q)2
$
$
$
$! 2(i ! !

l,p " i ! !
l,q + b)! 2(i ! !

l,p " i ! !
l,q +

1
b

)
$
$
$
$

" 2

$
3#

p,q=1

$
$
$
$! 2(

Q
2

+ i ! !
1,p " i " !

# ,q + im 3)
$
$
$
$

2$
$
$
$! 2(

Q
2

+ i ! !
1,p " i ! !

2,q " im 1)
$
$
$
$

2

$

$
$
$
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Q
2

+ i ! !
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$
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where
! 3
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! 3
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k,p = 0, and all the parameters #! j , #" k , mi are

real. Here we naturally set the momenta#" 2 ! #$1 and #" 3 ! " #$3, since they
correspond to the mass of fundamental and antifundamental Þelds in the
gauge theory, respectively. On the other hand,#" 1 corresponds to the mass
of bifundamental Þeld, so we donÕt have prescription for it at this point. It
will be Þxed later by requirement of AGT-W relation. Here we set #" 1 ! " #$3

in eq. (49). We note that it is also possible to set#" 1 ! #$1 for the following
discussion without changing the result.

In the following, we calculate this 5-point correlation function, which
can be written as the linear combination of

V(|Y1|,|Y2|) :=
"

|Y1|= |Y ′
1 |

"

|Y2|= |Y ′
2 |

q|Y1|
1 q|Y2|

2 Γ!
!" ∞, !" 3,!# 1

(#, #, Y1)S" 1
!# 1

(Y1, Y !
1)

$ Γ!# 1 , !" 1,!# 2
(Y !

1, #, Y2)S" 1
!# 2

(Y2, Y !
2)Γ!# 2 , !" 2, !" 0

(Y !
2, #, #) , (50)

according to eq. (46). Hereafter, the descendant level ofV(|Y1|,|Y2|) is denoted
as [|Y1|, |Y2|].

1-loop part

For 1-loop part, the internal states are also primary Þelds.Then the corre-
lation function is given as
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(#, #, #) (51)
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and the properties of Upsilon function (76)Ð(78), eq. (51) becomes
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$
#

l=1 ,2

#

p<q

(! !
l,p " ! !

l,q)2
$
$
$
$Γ2(i ! !
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up to the factors which only depend onb. Here we deÞne

f ( !" ) :=
[

#µ$(b2)b2! 2b2
]! !" á!# /b ∏

e> 0

! ((Q!%! !& ) · !e)

g(m) :=
[

#µ$(b2)b2! 2b2
]! 3(Q/ 2+ im )!$1á!# /b

! (3(Q/2 + im))

÷g(m) :=
[

#µ$(b2)b2! 2b2
]! 3(Q/ 2+ im )!$3á!# /b

! (! 3(Q/2 + im)) . (53)

Now we show that V(0,0) corresponds to the 1-loop part of the partition
function (5) for SU (3) " SU (3) gauge theory, when the parameters of the
Toda theory and the gauge theory are identiÞed appropriately. First, note
that if we identify

b = ' 1 ,
1
b

= ' 2 , i!& "
l = !öal : VEVÕs of adjoint scalars, (54)

the second line of eq. (52) is equal to the product of
∏

l |z
1lp
vec(!öal )|2 and the van

der Monde factor.
∏

l
∏

j<k |öal,j ! öal,k |2 This is the natural integral measure
in the Coulomb branch. Next, if we identify

øµøp =
Q

2
+ im3 ! i" "

# ,øp , m =
Q

2
+ im1 , µp =

Q

2
! im2 + i" "

0,p , (55)

for the mass of antifundamental, bifundamental and fundamental Þelds, the
factors in the third and fourth lines of (52) are equal to

∏

øp |z
1lp
afd (!a1, øµøp)|2,

|z1lp
bfd (!a1, !a2,m)|2 and

∏

p |z
1lp
fd (!a2, µp)|2, respectively.

To summarize, with the identiÞcation of parameters (54)Ð(55), the cor-
relation function at this level can be written as, up to some factors,

V(0,0) = |Z1-loop|2 (56)

whereZ1-loop is the 1-loop factor of Nekrasov partition function for SU (3) "
SU (3) quiver gauge theory. This is the AGT-W relation for the 1- loop part.

Instanton part

For instanton part, we check the AGT-W relation for each instanton level
[|Y1|, |Y2|] in eq. (50).
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Instanton part
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[|Y1|, |Y2|] in eq. (50).
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On the other hand, the correlation function of Toda theory at this level is

V(1,1) =
!

Y1,Y !
1 ,Y2,Y !

2

! !" " , !" 3,!# 1
(! , ! , Y1)S−1

!# 1
(Y1, Y ′

1)! !# 1 , !" 1,!# 2
(Y ′

1 , ! , Y2)

" S−1
!# 2

(Y2, Y ′
2)! !# 2 , !" 2, !" 0

(Y ′
2 , ! , ! ) , (64)

where Y1, Y ′
1 , Y2, Y ′

2 # { ([1], ! ), (! , [1])} . Then we can obtain the expected
result, that is,

V(1,1)

V(0,0)
= Z ([1],[1])

inst + Z [1,1]
U(1) . (65)

We have also successfully checked the (n1, n2) = (1 , 2), (2, 1) cases by com-
puter. Since the formula become complicated, we donÕt writetheir explicit
form here.

Summary

We check the AGT-W relation in SU(3) " SU(3) quiver case for the 1-loop
part and the instanton corrections for the level [|Y1|, |Y2|] with |Y1|+ |Y2| $ 3.
While this is only partial result toward the proof, the coinc idence of the
explicit formula in both side is quite nontrivial and very co nvincing. Its
generalization to the case ofSU(3) " á á á" SU(3) quiver seems straight-
forward. Moreover, for 1-loop part, it is easy to generalizeto the case of
SU(N ) " á á á" SU(N ) quiver, where the argument is a straightforward gen-
eralization of the SU(3) quiver case.

4.2 SU(3) " SU(2) quiver

As we mentioned before, the other kind of 5-point correlation function of A2

Toda theory should correspond to the partition function of SU(3) " SU(2)
quiver gauge theory. Let us now discuss the AGT-W relation inthis case.

1-loop part

The puncture V!" 0
(0) now becomes the ÔsimpleÕ puncture, instead of ÔfullÕ

puncture. So we must consider the correlation function of the diagram (48)
with !" 0 = ( Q/ 2 + im 0) á3!#1.

After having set this value, we meet an immediate problem. Tosee this,
the last factor in eq. (50) contains two vertices" 0, " 2 to be proportional to
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We would like to use the equation satisfied by ! (0) to derive a constraint on ! (1) , so we
need to commute the operators through Vµ(1) (z). The action of Ln and Wn on the primaries

is given by

[Ln, Vµ(1) (z)] = zn+1 " Vµ(1) + ! µ(n + 1)znVµ(1) (z) ,

[Wn, Vµ(1) (z)] = zn
! wµ

2
(n + 1)(n + 2) + (n + 2)zŴ! 1 + z2Ŵ! 2

"
Vµ(1) (z) .

(3.4)

By virtue of the degeneracy condition of the state µ, which can be written as [W! 1, Vµ(1) ] =
3wµ

2! µ
[L! 1, Vµ(1) ], the combinations

en = Ln ! zLn! 1 , f n = Wn ! zWn! 1 ! z
3wµ

2! µ
Ln! 1 , (3.5)

have simple commutation relations with Vµ(1)

[en, Vµ(1) (z)] = zn ! µVµ(1) (z) , [f n , Vµ(1) (z)] = ! zn n ! 2

2
wµVµ(1) (z) . (3.6)

The degeneracy condition (3.2) can be written as

"! (0) |
#

W1 !
3w0

2! 0
L1

$
= "! (0) |

#
f 1 !

3w0

2! 0
e1 + z

#
!
1

2
w0 +

3wµ

2! µ
! 0

$$
# 0 . (3.7)

Permuting through Vµ(1) (z) we get

%
! (0)

&
&
#

W1 !
3w0

2! 0
L1

$
Vµ(1) (z)

=
%
! (0)

&
&Vµ(1)

#
f 1 !

3w0

2! 0
e1 + z

#
!
1

2
w0 +

3wµ

2! µ
! 0 +

1

2
wµ !

3w0

2! 0
! µ

$$

=
%
! (0)

&
&Vµ(1)

#
W1 !

3w0

2! 0
L1 ! z

#
W0 +

3

2

#
wµ

! µ
+

w0

! 0

$
L0 +

w0

2
!

3wµ

2! µ
! 0 !

wµ

2
+

3w0

2! 0
! µ

$$

(3.8)
Finally we can write the Ward identity by multiplying by

&
&! (1)

'
on the right. The degeneracy

condition implies that this correlation function should vanish. Given that ! (1) is a primary,
it is annihilated by L1 and W1 and satisfies L0|! (1) $= ! 1|! (1) $and W0|! (1) $= w1|! (1) $. We

get an equation relating w1 and ! 1 by
#

w1 +
3

2

#
wµ

! µ
!

w0

! 0

$
(! 1 ! ! 0 ! ! µ) ! w0 + wµ

$
%
! (0)

&
&Vµ(1) (z)

&
&! (1)

'
= 0 . (3.9)

Therefore, for the three point function not to vanish, the prefactor has to. This is indeed the
equation found by [9] which restricts the allowed primaries ! (1) in the intermediate channel
of the A2 description of SU(2) %SU(3) gauge theory.
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Z ! 1 +
!

!k

qk1
1 · · · qkn

n z(!k)

z(!k) !
�

!Y1 ,··· , !Yp

Zvec(Y1) · · ·Zvec(Yn )Z
bf (Y1, Y2) · · ·Zbf (Yn ! 1, Yn )
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A Properties of double Gamma function ! 2 and

Upsilon function "

The double Gamma function ! 2(x|ε1, ε2) is defined as

! 2(x|ε1, ε2) = exp
d
ds

!
!
!
!
s=0

ζ2(s; x|ε1, ε2) , (74)

where

ζ2(s; x|ε1, ε2) :=
"

m,n

(mε1 + nε2 + x)! s =
1

! (s)

# "

0
dt

ts! 1e! tx

(1 ! e! ! 1t)(1 ! e! 2t)
,(75)

where ! (s) is ordinary Gamma function. This function ! 2(x|ε1, ε2) is often

written as ! 2(x) if there is no confusion, and satisfies the following relations:

! 2(x)# = ! 2(x#) (76)

! 2(x + ε1)! 2(x + ε2) = x! 2(x)! 2(x + ε1 + ε2) . (77)

The Upsilon function " (x) can be written as the product of double Gamma

functions:

" (x) =
1

! 2(x)! 2(Q ! x)
, (78)

which is also very important for AGT and AGT-W relation.

B Shapovalov matrix

As we mentioned in the main text, Shapovalov matrix is given as eq. (28).

The concrete forms of its elements up to level-2 descendants are given in

eq. (65) of [44], for example. In this paper, we also use the concrete forms
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A Properties of double Gamma function ! 2 and
Upsilon function "

The double Gamma function ! 2(x|! 1, ! 2) is deÞned as

! 2(x|! 1, ! 2) = exp
d
ds

!
!
!
!
s=0

"2(s; x|! 1, ! 2) , (74)

where

"2(s; x|! 1, ! 2) :=
"

m,n

(m! 1 + n! 2 + x)! s =
1

! (s)

# "

0
dt

ts! 1e! tx

(1 ! e! ! 1 t )(1 ! e! 2t )
,(75)

where ! (s) is ordinary Gamma function. This function ! 2(x|! 1, ! 2) is often
written as ! 2(x) if there is no confusion, and satisÞes the following relations:

! 2(x)# = ! 2(x#) (76)

! 2(x + ! 1)! 2(x + ! 2) = x! 2(x)! 2(x + ! 1 + ! 2) . (77)

The Upsilon function " (x) can be written as the product of double Gamma
functions:

" (x) =
1

! 2(x)! 2(Q ! x)
, (78)

which is also very important for AGT and AGT-W relation.

B Shapovalov matrix

As we mentioned in the main text, Shapovalov matrix is given as eq. (28).
The concrete forms of its elements up to level-2 descendantsare given in
eq. (65) of [44], for example. In this paper, we also use the concrete forms
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A Properties of double Gamma function Γ2 and
Upsilon function Υ

The double Gamma function ! 2(x|! 1, ! 2) is deÞned as

! 2(x|! 1, ! 2) = exp
d
ds

!
!
!
!
s=0

"2(s; x|! 1, ! 2) , (74)

where

"2(s; x|! 1, ! 2) :=
"

m,n

(m! 1 + n! 2 + x)! s =
1

! (s)

# "

0
dt

ts! 1e! tx

(1 ! e! ! 1t )(1 ! e! 2t )
,(75)

where ! (s) is ordinary Gamma function. This function ! 2(x|! 1, ! 2) is often
written as ! 2(x) if there is no confusion, and satisÞes the following relations:

! 2(x)# = ! 2(x#) (76)

! 2(x + ! 1)! 2(x + ! 2) = x! 2(x)! 2(x + ! 1 + ! 2) . (77)

The Upsilon function " (x) can be written as the product of double Gamma
functions:

" (x) =
1

! 2(x)! 2(Q ! x)
, (78)

which is also very important for AGT and AGT-W relation.

B Shapovalov matrix

As we mentioned in the main text, Shapovalov matrix is given as eq. (28).
The concrete forms of its elements up to level-2 descendantsare given in
eq. (65) of [44], for example. In this paper, we also use the concrete forms
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! (x) =
1

" 2(x)" 2(Q ! x)
: Q = �1 + �2
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