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Abstract

We consider a collision of two geodesic particles and dust thin shells with a
high center-of-mass (CM) energy in the Banados-Teitelboim-Zanelli spacetime.
We show that the CM energy of both the particles and shells can be arbitrarily
large if either of the colliding objects satisfies a certain critical condition.

The rest mass and energy of colliding objects are usually assumed to be
sufficiently small compared to the mass of the background black hole. However,
if the CM energy becomes comparable with the gravitational energy of the black
hole, the self-gravity of colliding objects cannot be neglected. An analytical
treatment of the self-gravity effects on the particle collision is much complicated
and difficult but it is easily possible in the shell collision.

We compare the dust thin shell collision and the particle collision in order to
investigate the effects of the self-gravity of colliding objects on the high energy
collision. The self-gravity of the shells affects the position of an event horizon
and it covers the high energy collisional event. Therefore, we conclude that the
self-gravity of colliding objects suppresses its CM energy and that any observer
who stands outside of the event horizon cannot observe the collision with an
arbitrary high CM energy. We find a test shell limit, where the CM energy
and the effective potentials for shells in the limit are very similar to the ones
of particles. The test shell limit would help us to understand the effect of the
self-gravity of the thin shells on the collisions.

We also investigate a particle collision and energy extraction in the Kerr
spacetime. We consider the reaction of particles 1 and 2 into particles 3 and 4
in the ergoregion, where particle 3 escapes to infinity after the collision, while
particle 4 falls into the black hole possibly with negative energy due to the
existence of the ergosphere. If the energy of particle 4 is negative, the energy of
the escaping particle can be larger than the total energy of the injected particles
because of energy conservation. The energy extraction efficiency is defined as
the energy ratio of the escaping particle to the injected particles.

We present an analytic formulation to investigate the energy extraction ef-
ficiency and the escape probability. We consider a collision of two particles
which started from infinity and follow geodesics in the equatorial plane. We
focus on a collision with arbitrarily large CM energy, which occurs if either
of the colliding particles satisfies a certain critical condition. We show that
if this particle is ingoing on the collision, the upper limit of the efficiency is
(2 +v3)(2 — V2) ~ 2.186, while if it is bounced back before the collision, the
upper limit of the efficiency is (2 + v/3)? ~ 13.93.

Focusing on more general head-on collisions, where one of the two collid-
ing particles is generated in the ergoregion and initially moves outwardly, we
show that a produced massless particle can escape to infinity with arbitrarily
large energy in the near-horizon limit of the collision point. Furthermore, if we
assume that the emission of the produced massless particles is isotropic in the



center-of-mass frame but confined to the equatorial plane, the escape proba-
bility approaches 5/12 and almost all escaping particles have arbitrarily large
energy at infinity.
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Chapter 1

Introduction

In 2009, Banados, Silk, and West (BSW) [1] pointed out that the center-
of-mass (CM) energy of two colliding particles can be arbitrarily large, if the
collision occurs near the event horizon of an extremal Kerr black hole and either
of the colliding particles satisfies a certain critical condition. This is now called
“BSW process” or “BSW collision”.

In fact, a particle collision with an arbitrarily large CM energy had already
been noticed by Piran, Shaham, and Katz [2] in the study of energy extraction
from a rotating black hole by using a particle collision, which is called “collisional
Penrose process”. See Harada and Kimura [3] and Schnittman [4] for a brief
review and references therein for further details.

A lot of high energy phenomena in the universe, such as ultra-high-energy
cosmic rays and jets from AGN, have been observed. However, there are still un-
known physics about these acceleration mechanisms. Terrestrial particle accel-
erators, such as the Large Hadron Collider, and leading mechanisms of particle
acceleration proposed by astrophysics make use of electromagnetic interaction
for charged particles.

Recently, the first detection of gravitational waves has been reported by the
LIGO Scientific and the Virgo Collaborations [5], the existence of black holes
was ensured in our universe. Since black holes have strong gravity and this
gravitational force works on both charged and neutral particles, black holes can
accelerate not only charged particles but also neutral particles. The phenomena
in a strong gravitational field near black holes such as the BSW process and the
collisional Penrose process would be important in astronomy and astrophysics.
If the BSW process works, the energy of the particle collision can reach Plank-
scale and it can probe the physics of Plank-scale by observing near the event
horizon black holes. In addition, if the collisional Penrose process works, black
holes can be the origins of ultra-high-energy cosmic rays and energy sources of
jets from AGN, etc.



After the rediscovery by Banados et al. [1], several critical comments on the
BSW process were given in Refs. [6, 7, 8]. We pick up following relevant ones:
Although a spin parameter for astrophysical black holes has an upper bound
a < 0.998M, ! the BSW process requires the extremal Kerr black hole, i.e.,
a = M. The conserved energy and angular momentum of either of two colliding
particles must be fine tuned-to the critical condition. It needs arbitrarily long
proper time for a particle, which satisfies the critical condition, to reach the
event horizon for a maximally rotating black hole. A self-gravity of colliding
particles and an emission of gravitational waves would significantly affect the
BSW process.

The details of the BSW process have been investigated to answer the criti-
cisms. Harada and Kimura showed that the critical condition is naturally real-
ized in a collision of an innermost stable circular orbit particle in an extremal
Kerr black hole [10] and estimated a bounded CM energy on a particle collision
including the effect of emission of gravitational waves [11]. Patil et al. [12]
considered a finite CM energy of a collision of two particles with a finite proper
time. The BSW process has been further investigated in a nonequatorial plane
of a Kerr black hole [13], a weak electromagnetic field [14], and the near-horizon
geometry of an extremal Kerr spacetime [15].

The particle collision with a high CM energy occurs not only in a Kerr
black hole spacetime but also in a Kerr naked singularity spacetime [16], a
Kerr-Newmann spacetime [17], a Kerr-(anti-)de Sitter spacetime [18], lower-
dimensional spacetimes [19, 20, 21, 22, 23, 24], and higher dimensional space-
times [25, 26]. As the electromagnetic counterpart of the BSW process, a
charged particle collision with a high CM energy has been investigated in an ex-
tremal Reissner-Nordstrém spacetime [27] and in a higher-dimensional Reissner-
Nordstrom spacetime or an electrical charged Myers-Perry spacetime [28].

The rest mass and energy of each colliding particle are usually assumed to be
sufficiently small compared to the mass of the background black hole. However,
if the CM energy becomes comparable with the gravitational energy of the black
hole, the self-gravity of colliding particles cannot be neglected. The self-gravity
caused by the high-energy collision will affect the BSW process and the CM
energy will be limited to a finite value. Unfortunately, it is much complicated
and difficult to treat the self-gravity effects on a particle collision.

Kimura et al. [29, 30, 31] considered a collision of two thin shells in a
Reissner-Nordstrom spacetime instead of a Kerr spacetime for simplicity. They
calculated a collision of two shells including their self-gravity and estimated the
upper limit of the CM energy of the shell collision analytically.

Can we treat a shell collision in stationary and axisymmetric spacetime? The
analytical treatment of the shell collision in the Kerr spacetime is very difficult
[32, 33] but the difficulty of the technical problem depends on the dimension of

1 This is called Thorne’s bound [9]. Thorne’s bound is based on the standard accretion
disk model. The spin parameter is related to the angular momentum with respect to the
rotational axis as J = Ma, where J and M are the angular momenta and mass parameters of
a Kerr spacetime, respectively.



the spacetime [34, 35, 36]. Mann et al. [34] investigated the collapse of a shell
in a 2+ 1 dimensional stationary and axisymmetric spacetime and they showed
that the motion of the shell in 2 4+ 1 dimension is tractable. Note that again
the BSW collision occurs not only in 4-dimensional spacetimes but also in lower
and higher dimensional spacetimes. Therefore, it would be worth considering a
collision of two thin shells in lower and higher dimensional spacetimes.

A black hole solution in 2 + 1 dimension was obtained by Banados, Teitel-
boim, and Zanelli (BTZ) [37, 38]. The BTZ black hole is considered as a typical
black hole in 2 + 1 dimension because of the existence of a no-go theorem for
asymptotically flat and stationary black holes satisfying the dominant energy
condition in 241 dimensions in Einstein gravity [39]. One may suspect that the
negative cosmological constant affects the particle collision, and it is very dif-
ferent from the BSW process in the Kerr spacetime. The effect of the negative
cosmological constant on the BSW process will be negligible since the collision
with the high CM energy occurs near an extremal event horizon.

In the BTZ spacetime, particle motions [40], the BSW collision [19, 20, 21,
24], gravitational perturbations induced by falling particles [41], and thermody-
namics of thin shells [42, 43, 44] have been investigated.

The high CM energy collision of particles can produce high energy and/or
very massive particles. We should keep in mind that an observer distant from
a black hole may not see particles with high energy and/or very massive even
if the CM energy is very large because the produced particles must be highly
red-shifted. If such energetic particles can escape to infinity, extra energy gain
is necessary. In this context, it is known that the rotating energy of black holes
can be extracted. For this process, the existence of ergoregion, where the energy
of the particle E 2 can be negative, plays an important role.

In 1969, Penrose [45] pointed out the energy extraction process by using
particle division, which is called “Penrose process”. Since we are interested in
the energy extraction by using the particle collision, let us consider a collision
of two particles. This process, i.e., the collisional Penrose process [2, 46], is
typically as follows.

We consider the reaction of particles 1 and 2 into particles 3 and 4 in the
ergoregion, where particle 3 escapes to infinity after the collision, while particle
4 falls into the black hole possibly with negative energy due to the existence of
the ergosphere. For each particle i (i = 1,2,3,4), we write E as E;. In this
case, if the energy of particle 4 E, is negative, we have

Es=F\+ Ey— E4 >E1+E2, (11)

where we have used the energy conservation equation. The energy extraction

2 If spacetime has the time-transitional Killing vector £#, the energy of particle E is defined
as = —¢Hpy,, where p# is the 4-momentum of the particle.



efficiency 7 in the collisional Penrose process is defined as

energy of the escaping particle FEs

n (1.2)

total energy of the injected particles  Ey + Eo’
The energy extraction (n > 1) from the black hole is possible provided E; < 0.

Recently, the interplay between the particle acceleration and energy extrac-
tion has been intensively investigated by several authors. Bejger et al. [47]
showed that the maximum efficiency only amounts to about 1.4 for rear-end col-
lisions if either of the colliding particles satisfies a certain critical condition. This
result was confirmed analytically by Harada et al, [48]. However, Schnittman
[49] numerically showed that the maximum efficiency can reach about 14 for
head-on collisions, which is exactly given by (2++/3)? [50, 51, 52]. Berti, Brito,
and Cardoso [53] showed that an arbitrarily large efficiency is possible by more
general head-on collisions, which is called “super-Penrose process”. In the super-
Penrose process, a radially outward particle must be created near the horizon
by some preceding process. An escape probability of the produced particle has
been investigated in an extremal Kerr black hole spacetime [54] and in a Kerr
naked singularity spacetime [55].

This thesis is organized as follows:

Chapter 2

We briefly review the general geodesic motion, BSW process, and Penrose pro-
cess in the Kerr black hole spacetime.

Chapter 3

We consider a particle collision in the BTZ black hole spacetime with the neg-
ative cosmological constant and angular momentum motivated by next investi-
gations. This is based on

N. Tsukamoto, K. Ogasawara, and Y. Gong, “Particle collision with an arbitrar-
ily high center-of-mass energy near a Banados-Teitelboim-Zanelli black hole,”
Phys. Rev. D 96, 024042 (2017) [24].

Chapter 4

We consider a collision of two dust thin shells in the BTZ spacetime and compare
the shell collision and the particle collision in order to investigate the effects of
the self-gravity of colliding objects on the high CM energy collision. This is
based on

K. Ogasawara and N. Tsukamoto, “Effect of the self-gravity of shells on a high
energy collision in a rotating Banados-Teitelboim-Zanelli spacetime,”

Phys. Rev. D 99, 024016 (2019) [56].



Chapter 5

We present an analytic formulation to investigate the upper limits of the energy
of the escaping particle and of the energy extraction efficiency in the collisional
Penrose process. This is based on

K. Ogasawara, T. Harada, and U. Miyamoto, “High efficiency of collisional
Penrose process requires heavy particle production,” Phys. Rev. D 93, 044054
(2016) [51] and

T. Harada, K. Ogasawara, and U. Miyamoto, “Consistent analytic approach to
the efficiency of collisional Penrose process,” Phys. Rev. D 94, 024038 (2016)
[52].

Chapter 6

We also present an analytic formulation to investigate an arbitrarily large energy
extraction and escape probability in the super-Penrose process. This is based
on

K. Ogasawara, T. Harada, U. Miyamoto, and T. Igata, “Escape probability of
the super-Penrose process,” Phys. Rev. D 95, 124019 (2017) [54].

Chapter 7

We show the conclusions of this thesis.

In this thesis, we use the units in which the speed of light is unity. We set
Newton’s constant in four dimensions unity except for Chaps. 3 and 4. We set
8G = 1 in Chaps. 3 and 4 as in Sec. Il in Ref. [34], where G is Newton’s
constant in three dimensions.



Chapter 2

Kerr black holes as particle
accelerators and energy
sources

In this Chapter, we investigate the general geodesic motion of the particle
in the Kerr black hole and make a brief review of the BSW process [1] and the
Penrose process [45].

2.1 Geodesic motion in the Kerr spacetime

2.1.1 Kerr metric

The line element ds* = g, dz"dz” in the Kerr spacetime [57] in the Boyer-
Lindquist coordinates is given by

2M 4Marsin® @ 2
ds? = — (1 - T) a2 — 22N Y g+ P ar

p? p? A

2Ma®rsin® 0
s+ (ot D Gt gat ()
where
p* = p*(r,0) = r* 4+ a® cos? 0, (2.2)
A=A(r)=r*—2Mr+ad® (2.3)

The spacetime is parametrized by two parameters, namely mass M and spin
a. The spin parameter is related to the angular momentum J with respect to
the rotational axis of the black hole as a = J/M. We note that the metric,



given by Eq. (2.1), reduces to the Schwarzschild black hole spacetime if the
spin parameter vanishes, i.e., a = 0.

The Kerr spacetime is stationary and axisymmetric with corresponding two
Killing vectors £ and ¢*, where £#0,, = 0; and "0, = J,. We assume a > 0
without loss of generality because taking ¢ — —¢ effectively changes the sign
of a. When a < M is satisfied the spacetime has an event horizon at

r=ry =M+ M?—a? (2.4)

where A(r) vanishes at r = r, and it is known as an extremal black hole for
a = M. For a > M, it has a naked singularity at » = 0 and A(r) = 0 has no
real roots.

Although the time translation Killing vector & is timelike at infinity, it need
not be timelike everywhere outside of the event horizon. The norm of £ is given

by
2Mr
© — = — 1— _— 2.
§"€u = gt < 21 a2 cos29>’ (2.5)

so &* is nontimelike when
72 — 2Mr + a®cos? 6 < 0, (2.6)
is satisfied. The boundary of this region, i.e., the hypersurface
r=rg =M+ M?—a?cos?0, (2.7)

is the ergosphere. The ergosphere intersects the event horizon at § = 0 and .
The region, where £* becomes spacelike is called ergoregion. See Fig. 2.1 for
the schematic picture.

We find that the vector

x* =&+ Quyt, (2.8)
is null on the event horizon, where

0 :di _ a _ a
H= - 2 + a? 2M (M + VM2 —a?)’

is the angular velocity of the event horizon. Because it is a linear combination
of two Killing vectors £# and ¥*, x* is also a Killing vector and a null generator
of the event horizon. We note a difference between a static (Schwarzschild) and
stationary (Kerr) black hole. For a static black hole, £#* becomes null on the
event horizon. For a stationary black hole, £* becomes null on the ergosphere
and x* becomes null on the event horizon.

(2.9)




ry =M+ M? — a?

re =M+ /M2 —a?cos?0

Figure 2.1: The schematic picture showing a side view of the Kerr black hole.
The radial position of the event horizon and ergosphere are given by r; =
M+ VM2 —a? and rg = M + vV M? — a2 cos? 0, respectively. The ergosphere
intersects the event horizon at § = 0 and 7. The region ry < r < rg, where the
Killing vector £# becomes spacelike, is called the ergoregion.

2.1.2 General geodesic

The conserved energy E and angular momentum L of a particle with the 4-
momentum p* are defined as

E= _gw/f#pyv (2'10)

and

L= guy"p”, (2.11)

respectively. These two conserved quantities are constant along a geodesic for
the particle. Furthermore, there exists an additional constant Q, which is known
as a Carter constant. Because the sufficient number of constants of motion, the
equations of motion of this system are completely integrable.

By using the Hamilton-Jacobi method [58], the components of the 4-momentum

10



are given by

2, .2
pl = % [—a(aEsin2 0—L)+ (T—’_AG)P} , (2.12)
P = %\/E, (2.13)
9 ‘70\/>
p’ = ? 0, (2.14)
1 L aP
= |—= — -
P e [ (aE sinzﬁ) + A ] , (2.15)
where o = sgn(p"), o’ = sgn(p?),
P=(r*+d)E —al, (2.16)
2
©=Q—cos’f [az(m2 —E?) + .L2 } , (2.17)
sin” ¢
R=P*—A[m*r® + (L—aBE)* + Q], (2.18)

and m denotes a rest mass of the particle.

2.2 Kerr black holes as particle acceletators

If two particles 1 and 2 are at the same spacetime point, the energy observed
by an observer whose 4-velocity is parallel to the sum of 4-momenta p}' and p
of two particles 1 and 2, respectively, at that point is the center-of-mass (CM)
energy. The CM energy is defined as

E02m = —Guwv (pét + pg) (pT +p5) ’ (219)

where g,,,, is the spacetime metric. We concentrate on a collision of two particles
that come from infinity.

2.2.1 Particle collision in the equatorial plane

We consider the situation where two particles move inward on the equatorial
plane and collide rear-end near the event horizon. In this case, the CM energy
for a near-horizon collision is given by [10, 11]

m%ri + (Ll — aE1)2 Ey— Qugly

. 2 _ 2 2
lim EZ, =mj+m;+

T—=T T‘i E1 — QHLQ
N m%ri + (Ly —aF2)? By — Qy Loy B 2(L1 — aEy)(Ly — aFEs)
7“_2’_ E2 — QHLl 7"3_ ’

(2.20)

where E;, L;, and m; are E, L, and m for particle ¢ (i = 1,2), respectively.
Therefore, the CM energy is divergent if either of particles 1 and 2 satisfies

11



a condition E; — QgL; = 0. We call the condition E; — QgL; = 0 a critical
condition, and particles which satisfy the critical condition are called critical
particles. When both the particles satisfy the critical condition, the CM energy
in the near horizon becomes finite.

For such a high energy collision to occur, the critical particle must reach the
near horizon from infinity. We concentrate on a geodesic motion of a massive
particle in the equatorial plane. From Eq. (2.13), it reduces to a simple one-
dimensional potential problem as

(P")* +V(r) =0, (2.21)

N | =

Mm? L*—a*(E*-m?) M(L—-aE)> FE?-m?
+
r 2r2 r3 2

is the effective potential for the particle.
For simplicity, we consider a particle which is initially at rest at infinity, i.e.,
E = m. In this case, a particle which satisfies a condition

2r? — MI%r + 2M?*(l — a.)?® > 0, (2.23)

can approach the event horizon from infinity, where [ = L/(Mm) and a. = a/M.
Solving this condition for [, we obtain

2(1+Vi+a)=l<i<lg=2(1+V1—a,). (2.24)

We introduce a nondimensional critical angular momentum . = E/(QyMm)
as the critical value of [. The explicit form of [, with E = m is given by

=20+ vi-a,) (2.25)

Qx

We note that I < [. and equality holes only for a, = 1. This implies that
the critical particle can approach the event horizon for a, = 1 but cannot for
ay < 1.

2.2.2 BSW process

We consider a particle motion with the 4-velocity u* and a rest mass m in the
equatorial plane 8 = 7/2 of the Kerr black hole. The conserved specific energy
and angular momentum of the particle are given by

e=—gué&'u” and £ = g,Y"u", (2.26)

12



respectively. Using these constants of motion and the normalization condition

of the 4-velocity, g, u*u” = —1, the components of the 4-velocity are given by
1 [(r?2+a®)T
t_
u = 7"72 |:A — a(ae — g) 5 (227)
, 1
u = iT—Q\/T2 — A[r2 + (£ — ae)?], (2.28)
1 [aT
’lL(p = 7“72 |:A — (a@ — g):| ; (229)

where T' = e(r? + a?) — /a.
Let us consider a particle collision of two massive particles, named particles
1 and 2, with equal mass m. For both particle i (i = 1,2), we write u*, e, and ¢
as u', e;, and ¢;, respectively. We assume that each particle is at rest at infinity,
i.e., e; = 1. In this case, the CM energy is given by
2

2
E2 = LZ {2@2(7“ + M) —2Ma(ly 4 b)) — loly(r — 2M) + 2(r — M)r?
T

—\/2M(a — 0)2 — Br+ 2Mr2\2M (0 — )2 — Gr + 2Mr2).
(2.30)

In the previous subsection, we have seen that the CM energy diverge if either
of particles 1 and 2 satisfies the critical condition. However, the critical particle
can approach the event horizon only when a, = 1, i.e., the extremal Kerr black
hole spacetime. In the extremal case, the CM energy at the horizon r; becomes
simpler as

. -2M 21
Jim B = v2m \/e1 —on T~ (2:31)

and the critical condition is expressed as ¢; — 2M = 0.

Here we showed that the CM energy can be arbitrarily large, even if the mass
and energy of two colliding particles are finite and they are at rest at infinity.
This process is so-called the “BSW process.”

2.3 Energy extraction process

Since the Killing vector £# becomes spacelike inside the ergoregion, the con-
served energy E = —&#p, can be either positive or negative. We note that
particles with negative energy can exist only inside of the ergoregion and £ < 0
means the energy that would be observed at infinity if the particle could be
carried there. This existence of the negative energy particle can use the energy
extraction from the Kerr black hole.

13



Figure 2.2: The schematic picture of the Penrose process for extracting energy
from the Kerr black hole.

2.3.1 Penrose process

In 1969, Penrose [45] pointed out the energy extraction process by using particle
division. Let us consider the following situation. A particle with Fy > 0 comes
from infinity and it decays into two particles inside the ergoregion. One of the
particles falls into a black hole with negative energy E; < 0 while the other
particle escapes to infinity with E3 > 0. See Fig. 2.2. From the conservation of
energy Fy = F3 + F4, we obtain

FEs = Ey— Ey > Ey. (232)

Because the energy of the escaping particle Fs is larger than the energy of the
initial particle Ey, the black hole loses own energy, i.e., the energy of the black
hole is extracted. This process is so-called “Penrose process.”

The Penrose process has an upper limit of the extraction energy because it
makes spin-down of the Kerr black hole. As a result, when the spin parameter
a becomes zero, the ergoregion is no longer present, and no further the energy
extraction occurs. To see this upper limit of the extraction energy in detail, we
use the fact that the Killing vector x*, defined by Eq. (2.8), is timelike just
outside the event horizon. Hence for any particle, which includes all negative
energy particles, the combination —x*p, must be positive

—xX"pp = — (" + Quy*)p, = E— QL > 0. (2.33)
Thus, we obtain
E
L < —. 2.34
<o (231



This implies that L must be negative if E < 0. Since the negative energy particle
carries negative angular momentum to the black hole, the black hole will lose
angular momentum during the Penrose process. The angular momentum of the
black hole will go to zero, i.e., a — 0, the ergoregion will disappear, and finally,
the Penrose process will stop [59, 60].

The quantitative energy ranges of the decaying particle in the Penrose pro-
cess is shown in Refs. [61, 62]. We consider a case where the particle with initial
energy E and mass m decays into a particle with energy E’ and mass m' on the
event horizon at the equatorial plane of the extremal Kerr black hole. In this

case, we have
E E2 E’ E E2
Y— =\ —5 +1< — <y—+yv\/— + 1, (2.35)
m m2 m’ m m2

where v and v are the Lorentz factor and velocity of the decaying particle in
the rest frame of the original particle. When the original particle is at rest at
infinity (E/m = 1) and decays into two particles with m’, the lower energy limit
can be negative if v > 1/v/2. This is equivalent to two decaying particles each
with the rest mass of only 35% of the original particle. If the original particle
decay into two massless particles, we obtain

1++2
2

E < E ~ 1.207F. (2.36)

This is the upper limit of the energy extraction in the Penrose process.

2.3.2 Collisional and super-Penrose process

A Dbit modified process of the Penrose process called the collisional Penrose
process [2, 46], in which two particles collide in the ergoregion instead of a single
particle decay. The maximum energy extraction efficiency can reach about 14
for head-on collisions [49], which is exactly given by (2++/3)? [50, 51, 52]. More
efficient energy extraction is possible by more general head-on collisions, which
is called the super-Penrose process [53]. In this thesis, we distinguish between
the two processes according to the origin of the colliding particles described
below:

Collisional Penrose process: Two colliding particles come from infinity
and collide in the ergoregion. We consider both a rear-end collision and a head-
on collision. This process is discussed in Chap. 5.

Super-Penrose process: One of the two collision particles is generated
in the ergoregion and initially moves outwardly. The trajectory of this particle
cannot be realized with particles which came from infinity. In the super-Penrose
process, a radially outward particle must be created near the horizon by some
preceding process but we will not discuss the details. This process is discussed
in Chap. 6.

15



Chapter 3

High energy particle
collision near a BTZ black
hole

We consider a particle collision with an arbitrarily large CM energy near a
rotating BTZ black hole motivated by further investigations for the effect of the
self-gravity on a high energy collision, see Chap. 4. We obtain the CM energy
of two general colliding geodesic particles in the BTZ black hole spacetime. We
show that the CM energy of two ingoing particles can be arbitrarily large on the
event horizon if either of the two particles has a critical angular momentum and
the other has a noncritical angular momentum. We also show that a motion
of a particle with a subcritical angular momentum is allowed near the extremal
BTZ black hole and that the CM energy for a rear-end collision at a point can
be arbitrarily large in a critical angular momentum limit.

One may suspect that the negative cosmological constant affects the parti-
cle collision, and it is different from the BSW process. However, the effect of
the negative cosmological constant on the collision will be negligible since the
collision with a high CM energy occurs near an extremal event horizon.

In this chapter, we use the units in which the speed of light and 8G are unity
as in Sec Il in Ref. [34], where G is Newton’s constant in three dimensions.

3.1 Particle motion in the BTZ black hole

3.1.1 BTZ spacetime
The line element in the BTZ spacetime [37, 38] is given by

2 _ r 2 LTQ T2 _ r 2
ds® = —f(r)dt +f(r) + 72 [dp — Q(r)dt]”, (3.1)
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where

,,,2 J2
fr) = =M+ 5+ =, (3.2)
g J
Q(T‘) = _g;i = 277"27 (3.3)
1
= TA. (3.4)

Here M, J, and Q(r) are the mass, angular momentum, and angular velocity
of the spacetime, respectively, and ¢ ! is the scale of a curvature related to the
negative cosmological constant A < 0. Without loss of generality, we assume
that the angular momentum .J is nonnegative. In this thesis, we concentrate on
the case where M is positive.

If J < ¢M is satisfied, the BTZ spacetime is a black hole spacetime and f(r)
vanishes at

M J?

where r; and r_ correspond to outer and inner horizons, respectively. The BTZ
black hole with J = ¢M is known as an extremal black hole and the outer and
inner horizons of the extremal BTZ black hole coincide,

rp=r_= z\/?. (3.6)

If J > ¢M is satisfied, the BTZ spacetime is a naked singularity spacetime and
f(r) = 0 has no real roots.
Using the horizon radius r4, f(r), Q(r), M, and J are expressed as

(r? — 7:%)(7"2 —72)

TyT_—
fy = TR gy = T
2 2
o1
M= % and J = % (3.7)

respectively.

3.1.2 General geodesic of a particle

The BTZ spacetime is stationary and axisymmetric with corresponding two
Killing vectors &* and ¢*, where £#0,, = 0 and ¥*0, = J,. The conserved
energy E and angular momentum L of a particle with 3-momentum p* are
defined as

E= _glwgupv7 (3-8)

I In this chapter, £ denote the scale of a curvature rather than a specific angular momentum.
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and

L = g,y*p”, (3.9)

respectively. These two conserved quantities are constant along a geodesic for
the particle.

From the normalization condition of the 3-momentum p*p,, = —m? and Egs.
(3.8) and (3.9), the components of the 3-momentum are given by
S(r)
¢
P =——, 3.10
() (310
p" = o/ R(r), (3.11)
Q(r)S(r) L
o= DO 3.12
p ) 3 (3.12)
where o = sgn(p"),
S(r)y=FE—Q(r)L, (3.13)
2 », L?
R(r) = S(r) — (m + r2> fr), (3.14)

and m denotes a rest mass of the particle.
We assume the forward-in-time condition p* > 0 for the particle motion.
This condition implies that the coordinate ¢ increases along the particle motion.
We call a condition S(r;) = 0 a critical condition. The critical condition is
rewritten as

E—QuL=0, (3.15)

where

J r_
Q=9 =— =— 3.16
H (7’+) 27"1 €T+ ) ( )
is the angular velocity of the horizon. We define a critical angular momentum
L. as

L.="tp (3.17)
r_
We call a particle a critical particle if it has the critical angular momentum, for
which satisfies Eq. (3.15). Accordingly, we call a particle with L < L. (L > L.)
a subcritical (supercritical) particle.
The particle motion is restricted to a region where R(r) is nonnegative. The
particle can exist at the event horizon because of R(ry) = S?(ry) > 0. If
particle has a mass, it cannot exist at infinity because

m27,2

lim R(r) = lim —

r—00 r—00 2

<0. (3.18)
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For a massless particle, R(r) is expressed as

L L

R(r) = E? + = {2Er+r_ + %(ri + 7“2_)} (3.19)

2 ir?

If —E¢ < L < EY is satisfied, R(r) is nonnegative in the region v <r. On the
other hand, if L < —FE{ or E¢ < L is satisfied, R(r) is nonnegative in the region
ry < r < rg, where

05%(ry)

o =T+ 1-

3.1.3 Motion of a critical particle

We investigate the motion of a particle with the critical angular momentum
L.. Substituting Eq. (3.17) into Egs. (3.10), (3.11), and (3.12), we obtain the
components of the 3-momentum of the critical particle as

E¢?
V= oy (3.21)
p" = o/ R(r), (3.22)
E€T+
P = 2
b (r2 —r2)r_’ (3.23)
where
2,2 [E2(p2 _ g2 2002 _ 2.2
R(r) = Ry(r) = — - —T% [EXrs =r2) | mA0r =) (3.24)

r2 re 02

The above expression shows R.(ry) = 0 and R.(r) < 0 in the region r. < 7.
Therefore, the critical particle cannot exist outside of the event horizon r4 < r.
The derivative of R.(r) with respect r is given by

2m?r N 27"3 [—EQEQ(r%r —r2) + r‘im2]

/ —
RC(T) - 82 €2T%T3 5 (325)
where a prime denotes a derivative with respect to r and it becomes
2(r2 — r2)(E%02 + r2m?)
! _ +
Ri(rs) = — o <o, (3.26)
on the event horizon.
In the extremal case, i.e., 71 = r_, we obtain
m2(r? — r2)?
Re(r) = ——(p5— (3.27)
2m2(r2 +12)(r? —r2)
R.(r) = — 6213 +. (3.28)

Therefore, we obtain R.(ry) = R..(r4) = 0 on the event horizon.
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3.1.4 Motion of a subcritical particle
We consider the motion of a particle with the subcritical angular momentum

§ = M, (3.29)

r— r_

L=r.- T

where § is a positive constant. From Eq. (3.14), R(r) is expressed as

rié [2E (r2 - ri) - (7"2 — r%r — r%) (5]
5 .

R(r) = Re(r) + (3.30)

r2r2

The particle with the subcritical angular momentum can exist on the event
horizon and near the black hole since

R(ry) =6%>0. (3.31)
The derivative of R(r) with respect r is given by

2r26 [2Br% — (r1 +12) 6]
R() = R ) + P

r2 s

, (3.32)

and it becomes

2 (22 2
26 [2Er% (Z++r,)5] (3.33)

R =R
(rJr) 0(7"+> + ryr
on the event horizon.
From Egs. (3.26) and (3.33), R.(r) is a quadratic equation with respect to .
After some straightforward calculation, we obtain the following results. When
E < E,,, R.(r) is negative, where

my /T4 —rd
En=-—V  ~ (3.34)

br_

When E > E,,, R.(r) is nonnegative if and only if §; < § < dp is satisfied.
Here 67, and 0 are defined as

5 Etri —r_ \/EQZQTE —(rt —rt)m? (3.35)
= ) ’ '

and

Etr? +r_ \/E2€27"% — (ri — r‘f) m?2
"= R |

(3.36)

respectively. We note that an inequality 0 < 6, < dp < F is satisfied by
definitions.
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If E> E,, and §;, < § < dg are satisfied, R'(r) = 0 has only two real solu-
tions. Either of the two solutions is positive and the other solution is negative.
The positive solution is given by

1
£2 / 1
Rm)) >y (3.37)

= =11
hem < + 2rym?

As r increases from 7 to infinity, R(r) begins with R(ry) = 62, monotoni-
cally increases to a local maximum R(r,,) > 62 at r = r,, and monotonically
decreases to negative infinity.

In the extremal BTZ black hole case, i.e., r; = r_, we obtain

Ep =0, 6, =0, and 65 = E, (3.38)
furthermore
Tm — T4, R(ry) — 0, and R'(ry) — 0, (3.39)

in the critical angular momentum limit § — 0.

3.2 CM energy for particle collisions

We consider a collision of two particles, named particles 1 and 2, in the BTZ
spacetime. For both particles ¢ (i=1,2), we write p*, m, E, L, and o as p/’,
m;, E;, L;, and oy, respectively. From Eq. (2.19), the CM energy of the two
particles is given by

51(7')52(7”) — 0102 Rl(T)RQ(T) _ 2L1L2

2 — 2 2
Ecm(r) - ml + m2 + 2 f(?") 7"2 ) (340)
where S;(r) and R;(r) are defined as
Si(r) = By — "L, and Ry(r) = 52(r) — (m? + 22 ) () (3.41)
i\r) = i €r2 i o i\T) = i T mi 7‘2 r ) .

respectively.

3.2.1 General colliding particles

We consider a rear-end collision of two ingoing particles, i.e., we choose o1 =
o9 = —1. Since both the numerator and denominator of the third term in Eq.
(3.40) vanish at the horizon, we use I'Hopital’s rule to estimate it and we obtain

S1(r)Sa(r) — /Ri(r)Ra(r) _ Sa(ry) (L EARNE NG L3 2
(r) " S0y ( 2 " ) TS0 ( 2 " )

r1—1>rvr}+ 2 f i

(3.42)

s
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Therefore, the CM energy in the near horizon r — r is obtained as

. SQ(T+) L2 Sl (’I”+) L2 2L1L2
lim E2 — 2 2 L1 2 L3 2\ .
R o (7) = mi +m; + Sy(ry) \r2 tmi )t So(ry) \ 2 M r2
(3.43)

This show that the CM energy of the rear-end collision can be arbitrarily large
if and only if either of the colliding particles satisfies the critical condition.
When both the particles satisfy the critical condition, the CM energy in the
near horizon r — r, becomes finite as

E E
lim E2,(r) = <1 + J;) m? + (1 + 1) m3. (3.44)

roary ) B

3.2.2 Critical angular momentum limit

Next, we consider a rear-end collision of two ingoing particles in the extremal
BTZ black hole. We assume that particle 1 has a subcritical angular momentum

L1 = (B — ) < L, (3.45)

where § satisfies 0 = 11 < 6 < dg1 = E4, and particle 2 has a subcritical
angular momentum Lo < L.. We consider a particle collision at r = r,, where

1
R\
Tm = (1 + W Ty Z ry. (346)

Here, 011, dr1, and R} (r) are dr,, O, and R'(r) for particle 1, respectively, and
L.; is the the critical angular momentum for particle 3.
From Eq. (3.40), the CM energy of the rear-end collision at r = r,, in the
critical angular momentum limit § — 0 is given by
2F1 Lot

2 2 2
glg% Eé(rm) =mi+ms +2I' — o (3.47)

where I' is defined as

_ i ) S2(rm) = VB (rm) Bo(rm) (3.48)

5—0 f(?”m)

Both the numerator and denominator of I' vanish in the critical angular mo-
mentum limit. Using I’'Hopital’s rule with respect to §, I is expressed as

i 520m) (g _Bilrm)
"=t 3 (50000 sk .

where a dot denotes a derivative with respect to 4. Since both the numerator and
denominator of the second term in the above equation vanish, we use ’Hopital’s
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rule again to estimate it and we obtain, after a straightforward calculation,

. Rl(rm) e él(rm) BERT 5
%I_I}%) m = (%I_I}%) 5 = %1_1% \/ S1(rm), (3.50)

where
. E202
lim S (1) =1+ 5—. (3.51)
6—0 T+m2

Thus, T is obtained as

Sy (rm) (S‘l(rm) — Sl(rm)> r2mf
L= jim E2025

— 0. (3.52)

Therefore, the CM energy Ecp (rm,) of the rear-end collision at the point r = 7y,
diverges in the critical angular momentum limit § — 0.
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Chapter 4

Collision of two thin shells
in the BTZ spacetime

We consider a collision of two dust thin shells with a high CM energy includ-
ing their self-gravity in a rotating BTZ spacetime. The shells divide the BTZ
spacetime into three domains and the domains are matched by the Darmois-
Israel junction conditions. We treat only the collision of two shells which coro-
tate with a background BTZ spacetime because of the junction conditions. The
counterpart of the corotating shell collision is a collision of two particles with
vanishing angular momenta. We compare the dust thin shell collision and the
particle collision in order to investigate the effects of the self-gravity of colliding
objects on the high CM energy collision. We show that the self-gravity of the
shells affects the position of an event horizon and it covers the high-energy col-
lisional event. Therefore, we conclude that the self-gravity of colliding objects
suppresses its CM energy and that any observer who stands outside of the event
horizon cannot observe the collision with an arbitrary high CM energy.

In this chapter, 7 denote the horizon radius instead of r, and we use the
units in which the speed of light and 8G are unity as in Sec Il in Ref. [34],
where G is Newton’s constant in three dimensions.

4.1 Collision of two particles with vanishing an-
gular momenta
First, we consider a collision of two particles with vanishing angular momenta

as the counterpart of the shell collision.
The angular velocity of a particle w(r) is defined as

dp _ p*¥
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When a particle has a zero conserved angular momentum L = 0, from Egs.
(3.10), (3.12), and (4.1), the angular velocity of the particle coincides with the
angular velocity of the spacetime, i.e., w(r) = Q(r). This means that the particle
with L = 0 corotates with the background spacetime.

From Eq. (3.11), the energy equation which describes the radial motion of
of the particle is given by

<Z:>2 +V(r)=0, (4.2)

where V(r) is the effective potential for the radial motion of the particle and 7
is its proper time. Here we have used relations p* = mu* and u* = dz*/dr,
where m and u” are the rest mass and 3-velocity, respectively. The particle
motion is restricted to the region where V(1) < 0. Using a dimensionless radial
coordinate & = r/¢, the effective potential with the specific energy e = E/m
and the position of the event horizon are expressed as

j2

V(x):—62+f(x):z2—M762+4—$2, (4.3)
and
H,THi M+ /M? — 52
= — = —— (4.4)
14 2
respectively, where
)
_ 2 —

As z increases from 0 to infinity, V(x) and f(z) begin with infinity, monoton-
ically decrease to a local minimum at x = z™ = /j/2, and monotonically
increase to infinity. The positive solutions of V(z) = 0 are given by

:xi:\/M—i—e?i\/m (46)
_ s . .

X

Therefore, a motion of the particle is restricted to the region z~ < z < z™. We
notice that a relation

z” <a™m<aH <at, (4.7)

is satisfied and we obtain 2™ = x (¥ = z*) in the extremal (critical) case
and 2~ = 2™ = 2/ = 27 in the extremal and critical case.

We consider a collision of two particles, named particle 1 and 2, with van-
ishing conserved angular momenta Ly = Ly = 0. For both particle i (i = 1,2),
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we write e, L, m, o, V(r), and 2% as e;, L;, m;, o;, Vi(r), and :vii, respectively.
The CM energy E.n(z) of the particles is given by

eres — o102/ Vi(2)Va(2)

E2 (z) = m? +m32 + 2myms (4.8)

f(@)
We consider a rear-end collision, i.e., 01 = 09 = —1, and assume that a collision
occur in a region zf < 2 < xj where is seen by an observer who stands at the

outside of the horizon z¥.

In this case, as z increases from 27 to :rj, the CM energy begins with

€1 €2

Ecm(asH) = \/m% +m3 + mima <62 + 61), (4.9)

and monotonically increases to

ere
Eem(z}) = \/m% +m3 + 2m1m2;—22. (4.10)

K3

Here we have used I’'Hopital’s rule to estimate E.n,(zf). We get Een(x) =
my + meo if the both particles have a same specific energy e; = es.

From Eq. (3.15), the critical condition for particle ¢ (¢ = 1,2) with L; = 0
is given by

Ei = 0, 1.6.7 €; = 0. (411)

We are interested in the collision of the inner particle 1 with a critical limit e; —
0 and the outer particle 2 which is not critical in the extremal BTZ spacetime
since the collision will correspond with the BSW collision in the extremal Kerr
spacetime [1] and in the extremal Reissner-Nordstrom spacetime [27]. In this
case, the collisional point must be z — 2 4 0 because of inequality (4.7) and
xli — xf £ 0 and the CM energy E.,, diverges there.

We note that a critical particle has V3 (z) = V] (¢7) = 0 and V" (z") > 0,
where a prime denotes a derivative with respect to x, in the extremal BTZ
spacetime while one has V; (z) = V| (¢7) = 0 and V; (z") < 0 in an extremal
Kerr black hole spacetime and an extremal Reissner-Nordstrom spacetime. The
positive sign of VIH (xf) is caused by the negative cosmological constant and it
will not affect on the BSW collision strongly since the collision happens on the

horizon.

4.2 Thin shell and its motion in the BTZ space-
time

In this section, as a preparation to study a shell collision, we review the Darmois-
Israel junction conditions [60, 63, 64] and a motion of a dust thin shell in the
BTZ spacetime [34].
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Do

My, J
D, (M2, J3)

(M, Jy)

Z\
(1, E)

Figure 4.1: The schematic picture of the BTZ spacetime divided into two do-
mains D1 and D5 by the hypersurface 3. Both domains D4 (A = 1,2) are the
BTZ spacetime with the same scale of the curvature ¢, but different masses M 4
and angular momenta J4. A thin shell on the hypersurface 3 has a proper mass
w and specific energy € = (M — M1)/p.

We consider a two-dimensional hypersurface ¥ which divides the BTZ space-
time into an interior domain D; and an exterior domain D-. For simplicity, we
assume that both domains D4 (A = 1,2) are the BTZ spacetime with the same
scale of the curvature ¢, but different masses M 4 and angular momenta J 4, were
My and J4 are M and J for D4, respectively. See Fig. 4.1 for the schematic
picture of the BTZ spacetime divided into two domains D; and D5 by the hy-
persurface ¥. Hereinafter, we use x* denoting coordinates in every domain and
y* denoting same coordinates in both the side of ¥ for simplicity.

The projection operator from the ambient spacetime to X is defined as

ozh
Bo= 24 4.12
€45 8yz ( )
The induced metric on ¥ and the extrinsic curvature are defined as
hij = gfyeiieij, (4.13)
and
K{}% = e’j,ie‘;‘jv;fny, (4.14)

27



respectively, where Vf is the covariant derivative within D4 and n, is the unit
normal vector, which is directed from D; to Dy. The first and second junction
conditions are given by

respectively. Here, the bracket is defined as
(V] = V(Do) — ¥(D1)ls, (4.16)

where U is any quantity defined on the both sides of 3.

We assume that the thin shell is at » = R(¢) since we are interested in a
motion of the shell on ¥. It is useful to convert to a frame that is comoving with
the shell, i.e., a corotating frame, by making the following change of azimuth
coordinates

Ja
d d ———dt. 4.1

The metric in D4 then becomes

ds? = g:?,/dx“dz”

- 2 d’I“Q 2 JA 1 1 2
where
2 2
fa(r)=—-Ma+ 2—2 + ZTAQ. (4.19)

The trajectory of the shell is parametrized by the proper time 7 as
t=T(r) and r=R(T (7)) = R(7). (4.20)

From the first junction condition [h;;] = 0, the induced metric h;; on X is given
by

ds3, = hyjdz'de’ = —dr® + R*(1)d¢”

dr? + R*(1)d¢?, (4.21)

| 5, R
B [ JaRIT™+ fa(R)

where a dot denotes a derivative with respect to 7. This implies

FAR)T = \/m = Ba. (4.22)

The induced basis vectors e and the unit normal vector n, to ¥ are given
by

et = (T.R,0), e =(0,0,1), (4.23)
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and
Ny = (—7’3, T, 0) : (4.24)

respectively. Substituting the above expressions into Eq. (4.14), we obtain the
components of the extrinsic curvature and its trace K4 = h¥ Kf} as

ﬁA A A JA
K& =-"2, Kjy=RBa, K="= 4.25
T R ’ o] ﬁA’ TP 2R’ ( )
and

Ba  Ba
KA=E24 422 4.26
5 TR (4.26)
respectively. We note that the second junction condition [K;;] = 0 is violated

unless we consider a trivial case. Therefore we introduce a thin shell on X
following equations

TSy = — ([Kij] = hij[K]) (4.27)

where S;; is the surface stress-energy tensor of the thin shell. We assume that
the thin shell is a dust thin shell, i.e., the surface stress-energy tensor S;; is
given by

Sij = pU;Uyj, (428)

where p and u; = (—1,0) are the surface energy density and the 2-velocity of
the shell, respectively.

By using Egs. (4.25), (4.26), and (4.28), we write down Eq. (4.27) and
obtain

(8] +mpR =0, (4.29)
8] =0, (4.30)
[J] = 0. (4.31)

Fr()m EqS. (4.29) and (4.3()), we ()b(aln
d7

Therefore, we can define a constant u as
uw=2mpR. (4.33)

This constant y is interpreted as the proper mass of the shell and it is conserved
along a trajectory. We define the specific energy £ of the shell as
| M;— M,

[M] _ Mz — My
£==) ; (4.34)

29



We assume that the proper mass p and specific energy £ are positive. This
implies that the masses satisfy the relation M; < M. From Eq. (4.31), the
deviation of the angular momentum must be zero, i.e.,

J=J = Js. (4.35)

Employing expression Eq. (4.22), we obtain an equation for the radial mo-
tion of the shell as

(Y v -0 "

where V(R) is the effective potential of the shell motion. When we define the
dimensionless parameter x = R /¢, the effective potential is expressed as

2

2
_ _p2 (Mt My o) T
V(ieg)=-Z°+ f(x) == (16+ 5 +5>+4x27 (4.37)
where
-2
_ M _ .2 J

As z increases from 0 to infinity, V(z) and f(z) begin with infinity, monoton-
m —

ically decrease to a local minimum at © = z™ = 4/j/2, and monotonically
increases to infinity. The positive solutions of V() = 0 are given by

B+/BZ—j2
o2V T (4.39)

2 7

8
I
8
Il

where

2
BzZ2+M2:”—+M+82. (4.40)
16 2
Therefore, the shell motion is restricted to the region 2~ < z < a™.

Here we compare the effective potential of a thin shell and particle since the
counterpart of the corotating shell motion is a motion of a particle with vanishing
angular momentum. From Eqgs. (4.3) and (4.37), the effective potential of the
particle Vp(z) and shell Vg(x) are given by

2

V =a22— M- 2—1——‘] 4.41
plz)==z e 2 ( )
and
2 )
B 1 My + M, 9 j
Ve _ il Mt + L. 4.42
s(@) =@ (16 2 £ ) 42 ( )

By comparing the above expressions, we can see that the differences between
Vs(z) and Vg (z) are regarded as the self-gravity interaction terms.
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If we take limits 4 — 0 and M7 — M = My with €& = (const) # 0, Vs(z)
become

2
J
Vs(z) = a® — M — %+ = 4.43
S(x) € + A2 ( )
Since we can see that the above expression has almost the same as the effective

potential of the particle, we may call these limits a test shell limit.

4.3 Collision of two dust thin shells

Here we investigate a collision of two dust thin shells in the BTZ spacetime.
We assume that shell 1 and shell 2 are on an inner hypersurface 3; and an
outer hypersurface Yo, respectively. These two hypersurfaces divide the BTZ
spacetime into an interior domain D, a middle domain D5, and an exterior
domain D3. We assume that all domains D 4 (A = 1,2, 3) are the BTZ spacetime
with same /¢, but different masses M4, where M4 are masses in D 4. From the
junction condition Eq. (4.31), all the domains have the same j = J/¢, see Fig.
4.2. As in the Sec. 4.2, we assume M; < My < M3 below. We consider five
cases according to the value of j as shown in Table 4.1: case I (Il) for j < M;
(j = My), case Il for j = My, and case IV (V) for j = M3 (j > M3).

case D D, Dy | j=J/ | X=f(a™)
I S S S j <M X <0
I E | S | s | j=Mm X <0
m o E | s | j=m X=0
v O o | E | j=Mm X>0
\% (0] O (0] 7> Ms X>0

Table 4.1: Five cases of the spacetime according to the value of j = J/¢. Symbols
S, E, and O denote the sub-extremal, extremal, and over-spinning spacetime,
respectively. X is defined as the minimum of fo(x).

When j < M4 is satisfied, an observer in D 4 seems to have the event horizon
at x = x| where

M+ /M2 2
:cf';{:\/ At A iy (4.44)

We note that a position of 2 is not always in D 4. It depends on where shells
are located.
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D1
(M, )\ (M2, J)

> T
»,) A
(:ulagl) (,LL2,82>

Figure 4.2: The schematic picture of the BTZ spacetime divided into three
domains Dy, Do, and D3 by the two hypersurfaces ¥; and X5. All domains
D4 (A=1,2,3) are the BTZ spacetime with different masses M4 but the same
angular momentum J. A thin shell a (a = 1,2) on the hypersurfaces 3, has a
proper mass p, and specific energy &, = (Mat+1 — M)/ ta-

The effective potential of shell a (a = 1,2) is given by

Va() = =25 + f(x), (4.45)
where
le%—el, ZQE%+52, (4.46)
i

f(@) = fo(a) = 2® = Mz + (4.47)

42’

Here p, and &, are the proper mass and specific energy for shell a, respectively.
As z increases from 0 to infinity, V,(z) begins with infinity, monotonically
decreases to a local minimum

Va(z™) = -Z2 + X, (4.48)
where
X=f@am)=j— M, (4.49)

at x = 2™ = /j/2, and monotonically increase to infinity. We note that a™
for shell 1 and 2 are the same.
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A motion of shell a is restricted to the region where the effective potential
Va(x) is nonpositive. In order for such the region to exist, the condition

X <72 (4.50)

should be satisfied. If the above condition is satisfied, V,(x) = 0 has two positive
solutions « = xF, where

B, +/BZ — ;2
r=at= f] (4.51)
and
B, =72+ M. (4.52)

Therefore, the motion of shell a is restricted to the region z; <z < z/.

In Sec. 4.1, we have seen that the critical particle is important in order to
realize a particle collision with high CM energy. In this sense, we consider a
critical condition for a shell. We can easily show that

Vi(ay') = Vi(z3) = 0, (4.53)

is satisfied if and only if Z; = 0 and j = M> are satisfied. Therefore, we call a
condition

Z; =0, (4.54)
a critical condition for shell 1.
4.3.1 CM energy
The CM energy Eem(z) of two shells is given by [29]

Egm(‘r) = 9w (/141(]{l + ,UZU;) (M1U1V + /,LQU;)

= pf + 13+ 2 e <7-17-2f(1') — 7%5;) : (4.55)

where g,,,, is the metric in Dy,

|Zal
flx)’

is the 3-velocity of the shell a, and o, = sgn(R,) = *1.

We concentrate on a rear-end collision of two dust thin shells. In this case,
we should choose 01 = 05 = —1 and the CM energy is expressed as

Uk = (T Ra, o) - ( Tar/—Va(2), o>, (4.56)

Z1|Zy — \/Vi(x)Va(z
B2, (2) = 2+ 4 + 2pua g 2122 f(:c)l( ) (4.57)
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We note that if | Z1]| = Z5 is satisfied, the CM energy becomes the total mass of
the two shells and it is constant with respect to z, i.e., Eem(z) = p1 + po.

In order for shell 2 to catch up with shell 1, R —R3 > 0, i.e., Vi(z) > Va(z),
should be satisfied at a collision point. From the above condition, we obtain

Z? < 73 and xf <aj. (4.58)

From Eq. (4.50), in order for the region where the effective potential V;(z) is
nonpositive to exist, the condition

X <73, (4.59)

should be satisfied. We note that since X is nonpositive in the cases I, II, and
I, Eq. (4.59) is satisfied trivially. On the other hand, since X is positive in the
cases IV and V, Eq. (4.59) gives the minimum of Z%.

Cases I, II, and III

In these cases, we consider the region xf <z< xf as in the case of the particle
collision. As z increases from x4 to xi", the CM energy begins with

Z Z
Eem(23') = \/ﬂ% + 15+ g <|Zj + 'Z;|> (4.60)

and monotonically increases to Eep (7)) = ER2% | where

max Z2

We have used the 1’'Hopital’s rule to estimate Fen(zd). In a critical limit
Z1 — 0, both Eep (7)) and Eepp, (277) become arbitrarily large and ] coincides
with 24 . This behavior of the CM energy and results are similar to those of
particle collision in the critical limit e; — 0.

The significant difference between the shell collision and the particle collision
is that the event horizon x4l exists outside the collision point because of the self-
gravity of shell 2. Thus, an arbitrarily large CM energy cannot be seen by an

observer who stands outside the event horizon zZ.

Cases IV and V

In these cases, the event horizon z! does not exist. Thus, we consider the
region z; < x < x]. As x increases from 2 to a7, the CM energy begins with

Eem(z7) = ER2* monotonically decreases to

12112y — \/(Z} — X)(Z3 — X)
X b

Ee(2™) = \/;ﬁ + 13 4 241 o (4.62)

34



and monotonically increases to ey (z]) = Emax,

From Egs. (4.59), the critical shell with Z; = 0 is forbidden, since X is
positive. When Z; — v/ X, i.e., Vi(z™) = 0, shell 1 can be only at z = 2™ = z7.
Then, the CM energy there is given by

2u1p2Zo
Eep(z = 2™ = 2t) = 2424 =" 4.63
( 1) \/ﬁh Ha VX ( )

and it is finite.

4.3.2 Observable CM energy

Here, we assume that the D3 is the BTZ black hole spacetime, i.e., except the
class V, and also we assume that an observer stands outside the event horizon
xil. We are interested in an observable collision, i.e., a collision occurs in the
region il < x. A condition 2£ < 7 must be satisfied for the existence of shell
1. From Egs. (4.44) and (4.51), the condition x¥ < x7 is expressed as

pas < Z3. (4.64)

From Eqgs. (4.61) and (4.64), the finite upper bound of the observable CM
energy is given by

2V2Es

This implies that the self-gravity caused by the collision of two shells suppresses
the CM energy.
For an equal mass u = puy = po case, the upper bound becomes

+4€
Eem(z =28 =2} = \/u% +ud papa(pz +48) (4.65)

13/

= (2v& + Vi), (4.66)
2

cm

and it becomes
Eem = V28,11, (4.67)

for a small mass case, where p < &s.

4.3.3 Test shell limit
We consider test shell limit for shells 1 and 2

p1 — 0 and My - M_ = M, with & = (const) # 0, (4.68)
and

2 — 0 and My — M4 = M; with & = (const) # 0, (4.69)
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respectively.
Here we show that there are two effects of the self-gravity of thin shells.
First, the mass of inner shell affects its critical condition:

7y = % — & =0. (4.70)
In the test shell limit for shell 1, the critical condition becomes & — 0 and it
corresponds to the critical condition for particles Eq. (4.11). Second, the radial
position of the event horizon behaves as zff — 2 | in the test shell limit for
shell a.
We can also see the correspondence to the CM energy of particles and shells.
From Eq. (4.61), the CM energy of two thin shells with the equal mass p at
x = x{r in the test shell limit for shells 1 and 2 is given by

Ec2 (xf) ZQ 52
Zem\1) g 22,4 22 4.71
wr Tz T e (*.71)

From Eq. (4.10), the CM energy of two particles with the equal mass m at

T = x{r is given by

Egu(z)) €2
N 4.72
2m?2 + el ( )

Furthermore, from Eq. (4.67), the CM energy behaves as

E m —
f ~ Ve s, (4.73)

for a small mass case, where u < &. Therefore, when we estimate the ob-
servable CM energy, we cannot ignore the self-gravity caused by the colliding
objects.

These imply that the self-gravity of the shell influences the critical condition,
the radial position of the event horizon, and the CM energy all of them. The
test shell limit would help us to understand the effect of the self-gravity of the
thin shells on the collisions.

For technical reasons, we discussed the shell collision in the BTZ spacetime
instead of the particle collision in the Kerr spacetime. However, the BSW
like collision occur not only in 4-dimensional spacetimes but also in the BTZ
spacetime and the effect of the negative cosmological constant will be negligible
since the collision with a high CM energy occurs near an extremal event horizon,
we have shown in Chap. 3.
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Chapter 5

Collisional Penrose process

We present an analytic formulation to investigate the energy extraction efli-
ciency in the collisional Penrose process. We focus on a collision with arbitrarily
large CM energy, which occurs if either of the colliding particles satisfies a cer-
tain critical condition. We show that if this particle is ingoing on the collision,
the upper limit of the efficiency is (24++/3)(2—+/2) =~ 2.186, while if it is bounced
back before the collision, the upper limit of the efficiency is (2 + v/3)? ~ 13.93.
For simplicity, we assume that the motion and collision of particles are confined
in the equatorial plane of the extremal Kerr black hole, where § = 7/2 and
a=M.

5.1 Particle motion in the Kerr black hole

5.1.1 Geodesic in the equatorial plane

First of all, we consider a particle motion in the equatorial plane of the extremal
Kerr black hole. It reduces to a simple one-dimensional potential problem Eq.
(2.21) and the radial momentum is expressed as

p"=o\/—-2V(r), (5.1)

where V(r) is the effective potential of the particle motion and o = sgn(p”) =
+1. The explicit form of V() is given by

Mm?2 L?—M?(E? —m? M(L—ME)? E?—-m?
Vi) =—-——+ Q(TQ ) M( - ©_ - (52)

where E, L, and m are the energy, angular momentum, and rest mass of the
particle, respectively. The particle motion is restricted to a region where V(r)
is nonpositive.
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The forward-in-time condition p* > 0 near the horizon r — r+ + 0 reduces
to

E—QuL >0, (5.3)

where 1. = M and Qy = 1/(2M) are the horizon radius and the angular
velocity of the horizon, respectively. We define a critical angular momentum L.
as

(5.4)

We call a particle a critical particle if it has the critical angular momentum.
Accordingly, we call a particle with L < L. (L > L.) a subcritical (supercritical)
particle.

The forward-in-time condition for general position r4 < r is expressed as

() ] o 5

where [ = L/M and the critical angular momentum [, = L./M becomes

l.=2E. (5.6)

5.1.2 Radial turning points

Next, we are concerned with a particle that comes from or escapes to infinity,
which requires the effective potential is nonpositive for large r. This requires
E > m.

massless particles

For a massless particle (m = 0), solving V(r) = 0 for the impact parameter
b= L/E, we obtain b = by (r), where

_ _ 4M?
b+(T):T+M7 b(r):_(T+M+T2M> (57)
The numerical plot of b = by (r) is given in Fig. 5.1 (a). This implies that a
particle with b = b (r) has a turning point at r.

As r increases from M to infinity, b4 (r) begins with 2M and monotonically
increases to infinity. As r increases from M to 2M, b_(r) begins with 2M and
monotonically increases to infinity. As r increases from 2M to infinity, b_(r)
begins with negative infinity, monotonically increases to a local maximum —7M
at r = 4M and monotonically decreases to negative infinity.

Therefore, for 2M < b < by (r.), the particle can escape to infinity irrespec-
tive of the sign of the initial velocity, which is shown by the yellow region in
Fig. 5.1 (a), where we denote the radial position of the collision as r.. On the
other hand, for M < r, < 4M and —7TM < b < 2M, the particle can escape
to the infinity only if it moves initially outwardly, which is shown by the blue
region in Fig. 5.1 (a).
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Figure 5.1: The radial turning points are plotted for a massless particle (a)
with b = by (r) and for a massive particle (b) with I = [1(r, E, m), where we set
E = m = 1. The negative energy particles are confined to the gray regions.

massive particles

For a massive particle (m > 0), solving V(r) = 0 for | = L/M, we obtain
l=1L(r, E,m), where

—2M2E £ r(r — M)\/E? —m? + 2Mm?2/r
M(r—2M) '

ly(r,E,m) = (5.8)
The numerical plot of [ = l(r) is given in Fig. 5.1 (b). This implies that a
particle with E, m, and | = [ (r, E,m) has a turning point at r.

As r increases from M to infinity, I, (r, E,m) begins with 2E and mono-
tonically increases toinfinity. As r increases from M to 2M, I_(r, E,m) begins
with 2F and monotonically increases to infinity. As r increases from 2M to
infinity, I_(r, E, m) begins with negative infinity, monotonically increases to a
local maximum l,, (< 0) at r = 7, and monotonically decreases to negative
infinity.

Therefore, for 2E < | < l;(r«, E,m), the particle can escape to infinity
irrespective of the sign of the initial velocity, which is shown by the yellow
region in Fig. 5.1 (b). On the other hand, for M < r, < r,, and [, <1 < 2FE,
the particle can escape to infinity only if it moves initially outwardly, which is
shown by the blue region in Fig. 5.1 (b).

5.2 Particle collision and reaction

Let us consider the reaction of two colliding particles, named particles 1 and
2, to two produced particles, named particles 3 and 4. For each particle ¢
(i=1,2,3,4), we write p*, E, I, m and o as p!', E;, l;, m;, and o;, respectively.
We assume that particle 1 and 2 come from infinity, particle 3 escape to infinity,
and particle 4 is a negative energy particle, i.e., Fy < 0.
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The local conservation of the 4-momenta can be written as
Py +ph = ph +ph (5.9)

The t- and ¢-components of Eq. (5.9) represent the conservations of energy and
angular momentum

E1+E2 :E3+E4, and ll+12 :lg+l4, (510)

respectively. The r-component represents the conservation of the radial mo-
mentum

o1|pi| + o2[ps| = o3lps| + oulpil. (5.11)

We note that there are four parameters (E,l,m, o) for each particle. We
have three conservation equations and so 4 x 4 — 3 = 13 degrees of freedom are
remaining. If we specify the parameters of the incident particles, we can fix
(E1,l1,m1,01) and (Ea,la,ma,02). Thus, 13 — 8 = 5 degrees of freedom are
remaining. Moreover, we can fix (ms, 03) and (my, 04) for a particle reaction we
know. Thus, only one degree of freedom is remaining. We express this degree of
freedom as parameter ¢ and use it for an escape particle, where § parameterizes
the ratio of E and [, i.e.,

I = E(2+9). (5.12)

Clearly, we cannot control §, which corresponds to the direction of the initial
velocities of the product particles.

5.2.1 Particle collision on the horizon

From Egs. (5.1) and (5.2) , we obtain the r-component of 4-momentum on the
event horizon as

i =2E; — i, (5.13)

where we have used the forward-in-time condition to open the square root.

To investigate the collisional Penrose process with an arbitrarily large CM
energy, we assume particle 1 to be critical, i.e., 2F; — [; = 0, and particle 2 to
be subcritical, i.e., 2F5 — 5 > 0. We also assume that particle 2 moves inwardly,
i.e., o9 = —1, because a subcritical particle does not have a turning point near
the event horizon ! |, see Fig. 5.1.

Then, Eq. (5.11) is expressed as

0'3(2E2 — 12) (fOf o3 = 0'4)

—(2B — 1) =
g3 [2(2E3 — l3) — (2E2 — 12)] (fOI‘ o3 = —0'4)

. (5.14)

and several situations are possible depending on the values of o3 and oy4.

1We consider an outgoing subcritical particle in Chap. 6.
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o If 053 = 04 = 1, we obtain 2E5 — [, = 0, which contradicts our assumption.

e If 05 = 04 = —1, we obtain a trivial equation, which implies that particle 3
can be either critical or subcritical. Nevertheless, we treat only the critical
case because a subcritical ingoing particle cannot escape to infinity.

o If o3 = —04 =1, we obtain 2F3 — 3 = 0, i.e., particle 3 is critical.

o If o3 = —04 = —1, we obtain 2Fy; — [, = 2E3 — [3, which implies that
particle 3 is subcritical. It is not interesting since a subcritical ingoing
particle cannot escape to infinity again.

From the above considerations, the following assumptions are interesting for
energy extraction.

e Particle 1 is critical 2F; — I; = 0, come from infinity, and both o; = +1.

e Particle 2 is subcritical 2FE5 — Il > 0, come from infinity, and moves
inwardly o9 = —1.

e Particle 3 is critical on the horizon, escape to infinity, and both o3 = +1.

e Particle 4 is a negative energy particle, falls into the black hole, and moves
inwardly o4 = —1.

5.2.2 Near horizon and near critical behaviors

We assume that the particle collision occurs near the event horizon. We intro-
duce the radial position of near-horizon collision 7, as

M

We take the energy and angular momentum of the escaping particle as func-
tions of those of the incident particles, the collision point r,, and 4, i.e.,

E3 = B3 (E1,ly,my, 015 Bz, la,ma, 023ms, 033my, 0430574 ), (5.16)
ls =13 (B, li,my, 015 Ea,la, ma, 09;ms, 03;my, 045 0;57) . (5.17)

Since F3 and [3 are function of ., we can assume that F3 and I3 are expandable
in terms of € as

Es; = Eg(o) + Eg(l)e + E3(2)€2 + 0(63), (5.18)
I3 = l3(0) + 13(1)6 + 13(2)62 + 0(63)7 (5.19)

We expand E; and [; in terms of € for the product particles ¢ = 3,4, but not
for the incident particles i = 1,2. This looks asymmetric but is suitable for the
present physical setting. Equivalently, instead of I3, it is more convenient to
expand J as

6= 5(1)6 + (5(2)62 + 0(63). (5.20)
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Therefore, we regard particle 3 as near-critical in the near-horizon collision and
the near-critical angular momentum is given by

I3 =E3(2+9)
= 2B3(0) + (E3(0)0(1) + 2E3(1)) €
+ (Es(0)0(2) + Ba(1)0(1) + 2E3(3)) € + O(e%). (5.21)

From Egs. (5.8), (5.15), and (5.18), we obtain
(o, By, ms) = 2Ey(0) + (2B3(0) + 2Bs(1) — /) —m3) € + O(é2). (5.22)
If particle 3 moves initially inwardly with E3 > mg and to escape to infinity, it
must be bounced back by the effective potential, i.e., 2F3 < I3 < Iy (r«, E5, m3)

must be satisfied. This implies

2E3(0) — \/ B30y — M3

0< 5(1) < 5(1)7max = (5.23)

E30)

If particle 3 moves initially outwardly with F5 > mgs, it always can escape to
infinity.

From Egs. (5.5), (5.15), and (5.18), the forward-in-time condition for particle
3 in the near-horizon implies

lg < 2E3(0) +2 (Eg(o) + Eg(l)) €+ 0(62). (524)
Therefore, when I3 < [; (7., F3,m3), the forward-in-time condition is always

satisfied.

5.2.3 Expansion of the radial momentum

We consider the series expansion of the radial momentum in powers of € for
each particle. Since we have assumed particle 1 to be critical, particle 2 to be
subcritical, and particle 3 to be near-critical, the radial momentum for each
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particles are expanded as

E2
|p7{| = \/BE% — m%e - ﬁéQ + 0(63), (525)
1"

(3E2 — lg)(EQ — lQ) — m2 2
2@F, — 1) 2e2 1 0(e%), (5.26)

P3| = (2E2 — 12) = 2(E> — l2)e +

P3| = \/E§(o> (3 =10)) (1= 0d1)) —mie
B3y [-1+ (2= 60)) (200) = di2))] + Es0)Bs1y (3= 31y) (1 =)

€
\/E§<o> (3=0y) (1 =6a)) —mj3

+0E, (5.27)
Pi] = (2B2 — l2) + [2E1 — 2(B2 — l2) — E30) (2~ d(1))] €
+ @ - E3(0) (26(1) - 5(2)) - Eg(l) (2 — (5(1))
(B + B> — Byg)” +m]

e+ 0(e%). (5.28)

22, — o)

5.3 Energy extraction efficiency

Let us estimate the maximum value of the energy-extraction efficiency by using
the expanded radial momentum and its conservation. Since we have assumed
that particle 2 and 4 move inwardly, i.e., 0o = 04 = —1, the radial momentum
conservation is expressed as

o1|pi| — Ipa| = o3lps| — |4l (5.29)

where 07 = —1 and 01 = 1 correspond to the BSW process [1] and the
Schnittman process [49], respectively. Since we have expanded E3 in terms
of €, n is expressed as

plonen) — _E0) (5.30)

where superscripts denote the signs of o1 and o3. For example, n{™)(=) denote
the efficiency when choose 07 =1 and o3 = —1.

5.3.1 First order of the radial momentum conservation

Since the terms of O(1) in Eq. (5.29) is already considered, we proceed to the
terms of O(e) in the same equation. From Egs. (5.25)-(5.28), we obtain

A= E3) (2-6)) = 03 \/E§(o> (3=0w) (1= dw)) —m3, (5.31)
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where A = 2E; +01+/3FE% —m? > 0. Squaring the both sides of Eq. (5.31), we
find

A? + E3 ) +mj

2 -6y = 5.32
0= sx (5.32)
Substituting the above expression into Eq. (5.31), we obtain
E? . +m?
3(0) 3
A== =00y JEZ ) (83— 0m) (1= 0y) — m3: (5.33)
This implies E3(g) < Ao = /A% — m3 (E > X\g) for o5 =1 (03 = —1).
If we choose o3 = —1, d(1) > 0 must be satisfied for particle 3 to escape to
infinity. Supposing (1) > 0 in Eq. (5.32), we have
E3 ) — 4AE30) + A% + mj < 0. (5.34)

Thus, we find

A < E3(0) < )\+7 /\:t =2A+ A/ 3A2 — m%, (535)

where F3) = Ay is realized only for ¢(;) = 0.
Therefore, the maximum efficiency is given by

2
\/(2E1 + o1/ 3E? —m%) —m}

FEi + Es ’

ploVE) = (5.36)

for o3 = 1 while

2
2 (281 + 01/3EF - m3) +\/3 (2B + o1V/BET = m3) " —m3

(e1)(=) —

n B T B, ,
(5.37)
for o3 = —1. We note that A\ is always greater than ), i.e., the upper limit of
n for o3 = —1 is always greater than that for o3 = 1.

5.3.2 Second order of the radial momentum conservation
The terms of O(e?) in Eq. (5.29) yield

o E% (3E2 — lQ)(EQ — 12) — m%
YBER —m2 2(2E; — 1)
_ 3E§<o> [~1+(2=060)) (200) = di2))] + Es0)Bs1y (3 1)) (1= ()

\/E§<0) (3=30y) (1 =6a)) —mj3

2
2E; — o (E1+ By — E5())” +mj
+ =5~ B0 (290) = 91z)) — sy (2= 0)) — 20F, ) :
(5.38)
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From the above equation, if we fix E3() and d(1), we find the relation between
E3(1y and (). Since both Es(qy and §(2) appear only linearly, we can always
solve the above equation for E3(q) in terms of d(5). Thus, we do not obtain any
additional condition to the lower-order terms.

5.3.3 Maximum efficiency
The BSW process: 03 = —1
From Egs. (5.36) and (5.37), the efficiency for o5 = 1 and 03 = —1 are given by
2
\/<2E1 — BB —m} m%) —m2

() _ 5.39
n 5L ; (5.39)

and

2 (260~ AET =) + 3 (26— VBET =) —m

())
n B, + E,

. (5.40)

respectively. Here we still take m; as fixed parameters but F;, and E5 as free
ones in the ranges £1 > mi and Es > mo, respectively. The maximum efficiency
is attained for 4 = m; and E5 = ms. In this case, we obtain

2
() = \/(2 —V2) m? - mj

mi + mo

(5.41)

which is less than unity, and

2(2- V3 my +1/3(2—v2) m? —m3

mi + meo

n ) = (5.42)
From the above expressions, we consider several cases as following. For per-
fectly elastic collision, n(=)(=) = 7_§7‘/§ < 1. For pair annihilation, n(=)(=) =
w ~ 1.093, which agrees very well with the numerical result in Ref.
[47]. For inverse Compton with mo = m3 = 0, (7)) = (2 = V2)(2 4+ V/3) ~
2.186.

The Schnittman process: o1 =1

From Egs. (5.36) and (5.37), the efficiency for o3 = 1 and o3 = —1 are given by

2
\/<2E1 ++/3E% — m%) —m3
pHE) = : (5.43)
Ey + B,
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and

2
2 <2E1 + /3BT - m%) + \/3 <2E1 + /3BT - m%) —m2

B+ By

(+)(=)

. (5.44)

respectively. For the Schnittman process, the situation is very different and
much simpler. The maximum efficiency can be attained for F; > max(m, ms)
and Ey > F». In this case, we find

N =2 4 V3 ~ 3.732, (5.45)
2
nG ) = (2+ V3) ~13.93 (5.46)

The latter is a universal maximum efficiency irrespective of the details of the
particle reaction or the masses of the particles.
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Chapter 6

Arbitrarily large energy
extraction and escape
probability

We present an analytic formulation to investigate the energy extraction efli-
ciency and the escape probability in the super-Penrose process. We consider the
situation where two massive particles, named particles 1 and 2, collide head-on
in the equatorial plane of the extremal Kerr black hole and produce two mass-
less particles, named particles 3 and 4. Focusing on a typical case, where both
of the colliding particles have zero angular momenta, we show that a massless
particle produced in such a collision can escape to infinity with arbitrarily large
energy in the near-horizon limit of the collision point.

Furthermore, if we assume that the emission of the produced massless parti-
cles is isotropic in the center-of-mass frame but confined to the equatorial plane,
the escape probability of the produced massless particle approaches 5/12, and
almost all escaping massless particles have arbitrarily large energy at infinity
and an impact parameter approaching 2M, where M is the mass of the black
hole.

6.1 Particle collision and escape cone

From Eq. (2.1), the metric in the equatorial plane of the extremal Kerr black
hole is given by

r T r—

M AM?2 2
ds® = — (1 — > dt® — dtdy + (71]\4) dr* + A(T)dtﬂ27 (6.1)

where A(r) = r? + M? + 2M3/r. The radius of the horizon and ergoregion
are given by r = r;. = M and r = rg = 2M. From Eq. (2.12)-(2.15), the
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components of the 4-momentum p* are given by

ph= ﬁ {A(T)E - Mfz L} , (6.2)
p = am, (6.3)
=0, (6.4)
7= e (27 o

where E, L, m, and V(r) are the energy, angular momentum, rest mass, and
effective potential of the particle, respectively, and o = sgn(p”) = £1. Here the
explicit form of V(r) is given by
Mm? L?—-M?(E*-m?) M(L—-ME)*> E?-m?
Vir)=- + ( ) _ M( L . (6.6)

r 2r2 73 2

A locally nonrotating frame (LNRF) is a tetrad basis associated with ob-
servers who have zero angular momentum. The transformation that relates the
components of an arbitrarily vector v# to the components in the LNRF v(®) is
given by

0@ = el(f‘)v“, (6.7)

where e,(f“) is the tetrad basis of the LNRF. According to Refs. [55, 61], the

Ef‘) are given by

— M
el®) = (’" ,0,0,0> : (6.8)

components of e

A(r)
p T
el = (07 —70 0) : (6.9)
e’ =(0,0,7,0), (6.10)

() — 20 0,0, /A 6.11
eu - _Wv s YUy (T) . ( )

These satisty g, = n(a)(ﬁ)e,aa)eg,ﬁ), where 7(q) () = diag(—1,1,1,1). From Egs.

(6.2)—(6.11), the components of the 4-momentum in the LNRF are given by

p(u):<A(r)E—2M2L/r /R L ) (6.12)

(r=M)yA@) = =M T \JAQr)

We consider the situation where two massive particles, named particles 1
and 2, collide head-on in the equatorial plane of the extremal Kerr black hole
and produce two massless particles, named particles 3 and 4. For each particle

i (i=1,2,3,4), we write p®, E, L, m, V(r), and o as p(“), E;, L;, my, Vi(r),

i
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and o;, respectively. The components of the total 4-momentum of two colliding
particles in the LNRF are obtained as

P+ Y = (T, R,0, ), (6.13)
where
_ 2
7= pi0 4+ pf0) = ADELF Ey) = 2MA (L + La) /1. (6.14)
(r— M)/ A(r)
‘s ™ T‘
R=pf" +pf) = —— CVEITADETAVEAGIE (6.15)
(#) | () Li+ Ly
D= — iz 6.16
»7 4 py ) (6.16)

We note that T is always positive because of the forward-in-time condition.
Without loss of generality, we assume that particle 1 moves radially outward,
while particle 2 moves radially inward. For simplicity, we assume that particles

1 and 2 have the same mass and zero angular momenta and are marginally
bound

01 — —02 = 1, (617)
Ly =Ly =0, (6.18)
E1 =mi = E2 = M2 =M. (619)

In this case, the spatial components of the total 4-momentum p( ) (I) (I=

r, 0, ga) Vamsh Thus, the LNRF coincides with the center-of-mass frame (CMF)

and p ) 4 pg ) yields the CM energy. When we denote the radial position of the

collision as r,, where M < r, < 2M, i.e., we assume that the collision occurs in
the ergoregion, the CM energy is expressed as

N N 2maJA(r)

The local conservation of the 4-momenta can be written as

P 4+ p¥) = pi 4+ pi) = Een(1,0,0,0). (6.21)

From the above equations, the 4-momenta of the two massless particles 3 and
4 moving on the equatorial plane can be written as

FEem .

p;(),“) == (1,cos,0,sin ) , (6.22)
Fem .

pfl“) == (1,— cosa,0,—sina). (6.23)

This implies that the spatial velocity of particle 3 makes an angle o with ey),
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where —m < o < 7. From the components of the 4-momentum, we obtain

(%) _
sina = Ps __ M= M) (6.24)

ey gy e

CoOsSx = =

Ty -Gy A

where we have defined b = L3/ Fs.

Now we consider the escape of particle 3 from near the horizon to infinity.
We define an escape cone S, which is the range of angles in the CMF along which
particle 3 must be emitted to escape to infinity. The condition for particle 3
to escape to infinity is determined by investigating a radial turning point, i.e.,
V3(r) = 0. Solving V3(r) = 0 for b, we obtain b = b (r), where

&

P B 037"*\/ () \/ L 2M(b— M2

(6.25)

B B 4M?
bi(ry=r+ M, b_(r)(r+M+r_2M>. (6.26)
This mean that particle 3 with impact parameter b = by (r) has the turning
point at r, see Sec 5.1.2 for more detail. The numerical plot of b = by (r) is
given in Fig. 6.1. For 2M < b < by(r.), particle 3 can escape to infinity
irrespective of the sign of g3. On the other hand, for —7M < b < 2M, particle
3 can escape to infinity only if o3 = 1 is chosen.
We define critical angles as the boundaries of the impact parameters to
escape to infinity:

ar=aloz =—1, r =1, b=2M), (6.27)
ag =aloz =—1, r =7, b=0b1(ry)), (6.28)
am=aloc3 =1, r=r,, b="0b1(rs)), (6.29)
ay=aloz3=1,r=r,, b=-TM). (6.30)

From Egs. (6.24)—(6.30), we find

sinar >0, cosag <0, (6.31)
sinag =sinag =1, (6.32)
sinary <0, cosa > 0. (6.33)
Therefore, we can find
oy <o = o < of. (634)

This means that the escape cone S is given by

a € (o, ag). (6.35)
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Figure 6.1: The condition for particle 3 to escape to infinity is determined by
investigating a radial turning point, i.e., V3 = 0. Solving V3 = 0 for the impact
parameter b, we obtain b = b1 (r). The radial turning points for particle 3 with
b = by (r) are plotted by the black solid lines. The range of b where particle
3 can escape from r = r, to infinity depends on whether it moves initially
radially inward or outward. If particle 3 moves initially inward, the maximum
and minimum values of b with which particle 3 can escape to infinity are given
by the blue dashed lines labeled ay and aj. The values of the blue dashed lines
labeled ay and oy are given by by (r.)/M and 2, respectively. If particle 3 moves
initially outward, the maximum and minimum values of b with which particle 3
can escape to infinity are given by the red dotted lines labeled oy and agy. The
values of the red dotted lines labeled o and apy are given by by (r.)/M and
—7, respectively. Please notice that the blue dashed line labeled oy and the red
dotted line labeled ap take the same value, i.e., ag = aqy.

The escape probability P is given by the ratio of the angle of the escape cone to
27 if we assume that particle 3 is emitted isotropically in the CMF and confined
to the equatorial plane. It is given by

S  ar—ay

p="
2T 2

(6.36)

6.2 Super-Penrose process and escape probabil-
ity

The components of the time-transitional Killing vector £ in the Boyer-Lindquist
coordinates are given by &* = (1,0,0,0). Using Eq. (6.7), its components in
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the CMF are given by

g0 = (TM,o,o 2M2/7’> . (6.37)

A(r) VA(r)
From Egs. (6.20), (6.22), (6.24), (6.25), and (6.37), E3 is given by

v 2M? :

Therefore, the energy extraction efficiency is given by

Es 1 2012
21+ _gna). 6.39
"= B+ E 2< Y =D Smo‘) (6.39)

Because the Killing vector £# becomes spacelike inside the ergoregion, the con-
served energy E4 can be negative. Thus, if « satisfies

ry(re — M)

sina > -~ (6.40)

the energy extraction efficiency can be larger than unity, i.e., the collisional
Penrose process occur.

We assume that the collision point is near the horizon and its radial position
is given by

M
=T 0<ex 1. (6.41)
—€

The explicit form of the critical angles is given by
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o= + O(e), (6.42)
ag = am = g, (6.43)
ay = —1—786 + O(€?). (6.44)

See Fig. 6.2 for the schematic diagram of the situation.
From Egs. (6.36), (6.42), and (6.44), the escape probability is obtained as

P— — A4
BETL (6.45)
in the horizon limit € — 0. From Egs. (6.39) and (6.41), if sina = O(1), 7 is
given by

_ B3 sina

- =2 oq), (6.46)

n
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Figure 6.2: The schematic diagram of the critical angles and the escape cone for
particle 3, i.e., the range of angles in the CMF along which particle 3 must be
emitted to escape from r = r, to infinity. The colored arrows denote the spatial
velocities of particle 3 with the critical angles. The colored sectors denote the
escape cone for particle 3. The escape probability is given by the ratio of the
angle of the escape cone to 27. If particle 3 moves initially inward, the maximum
and minimum values of o with which particle 3 can escape to infinity are given
by a; and ay. Particle 3 emitted radially inward in the range o € (an,aq)
bounces back at the turning point and can escape to infinity. If particle 3
moves initially outward, the maximum and minimum values of o with which
particle 3 can escape to infinity are given by am and agy. Particle 3 emitted
radially outward in the range « € (ary, aq] can directly escape to infinity. Since
ag = aqq, we represent the spatial velocities of particle 3 with ag and ay as
the one arrow colored half blue and half red.

and this diverges to infinity in the limit ¢ — 0. Only if sina = O(e), n turns
out to be finite. if particle 3 is emitted along the angle apy, n becomes
Es 1
=22 =~ 4 0(. 6.47
n=gt =5 +0() (6.47)
This means that the proportion of the particles with finite energy is minuscule.
In other words, almost all the particles which escape to infinity have arbitrarily
large energy.
From Egs. (6.24) and (6.41), the relation among the emission angle «, impact
parameter b, and € is given by

b 2
2M —b = Tema + O(e%), (6.48)

if sin @ = O(1). Therefore, almost all the particles which escape to infinity have
an impact parameter b = 2M + O(e).
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Here, we focus on a special set of parameter values of the colliding particles
where particles 1 and 2 have the same mass and zero angular momenta and are
marginally bound. However, we would like to stress that it is not a singular
example but a typical one which provides a picture that we believe is represen-
tative of more general collisions in the super-Penrose process. Even if we do
not assume the above assumptions, the escape probability takes a value of the
order of unity and almost all the escaping particles have arbitrarily large energy
except for the sets of fine-tuned parameter values.
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Chapter 7

Conclusions

In this thesis, we have studied a collision of two geodesic particles and dust
thin shells in the Banados-Teitelboim-Zanelli (BTZ) spacetime and an energy
extraction by using a particle collision in the Kerr black hole spacetime.

In Chap. 3, we have investigated the collision of two particles in the BTZ
black hole spacetime with the negative cosmological constant and angular mo-
mentum. We have obtained a general formula for the CM energy of two geodesic
particles in the BTZ black hole spacetime. We have shown that the CM energy
of two ingoing particles in the near horizon limit can be arbitrarily large if either
of the two particles has a critical angular momentum (3.17) and the other has
a noncritical angular momentum. We have shown that the motion of a particle
with a subcritical angular momentum is allowed near an extremal BTZ black
hole and the CM energy for a rear-end collision at a point near the extremal
BTZ black hole can be arbitrarily large in the critical angular momentum limit.

Since colliding particles near horizon have large energy, the self-gravity of
the particles affects on the collision. The self-gravity caused by the high energy
collision will affect the large CM energy and it will be limited to a finite value.
This consideration is shown in Chap. 4 by using a collision of two shells.

In Chap. 4, we have investigated the rear-end collision of two dust thin
shells in the rotating BTZ spacetime to investigate the effects of the self-gravity
of colliding objects on the high energy collision. The shells divide the BTZ
spacetime into three domains and the domains are matched by Darmois-Israel’s
method. From the junction condition, all the domains must have the same
angular momenta J and this implies that the shells and domains corotate.

We have revealed that there are two effects of the self-gravity of thin shells.
First, we have shown that the mass of inner shell affects its critical condition
(4.54). Second, the position of the event horizon changed from z¥ to z because
of the masses of two shells.

We have considered the shell collision in five cases according to the value of
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J. The cases I (J < ¢My), L (J = £My), and I (J = £M>) would be especially
interesting cases because of following reasons. The case I is a usual astrophysical
situation as a black hole sub-extremely rotates and two objects collide near its
event horizon. In case II, the black hole extremely rotates initially and the
collision of two falling shells corresponds with the BSW collision of two particles
with an arbitrary high CM energy in the extremal black hole spacetime. In case
I, inner shell 1 can be satisfied the critical condition that the effective potential
for shell 1 becomes V; () = V/(x31) = 0 on the extremal event horizon z = xi!
as with the BSW process in extremal black hole spacetimes [1, 3]. In cases I-1I,
the CM energy of the shells can be arbitrarily large if inner shell 1 satisfies the
critical condition and if outer shell 2 does not. However, an observer outside
the event horizon 4! cannot see the products of the collision with the arbitrary
large CM energy because it occurs inside the event horizon zZ.

An observer at z > a:? may see products after the collision if a shell colli-
sion occurs in a region z! < x. We have obtained the finite upper bound of
the CM energy of the collision in the region z! < z (4.65)-(4.67). We have
concluded that the self-gravity of colliding objects suppresses its CM energy and
the observer in the region x! < z can only see the suppressed collision.

We have also found a test shell limit. We have shown that the CM energy
and the effective potentials for shells in the test shell limit are very similar to
the ones of particles. The test shell limit would help us to understand the effect
of the self-gravity of the thin shells on the collisions.

In Chap. 5, we have investigated the particle collision and the energy ex-
traction efficiency, where a critical particle (particle 1) and subcritical particle
(particle 2) collide near the event horizon of the extremal Kerr black hole and
then two particles are produced, one of which escapes to infinity (particle 3)
and another falls into the black hole (particle 4). We have proposed an ana-
lytic approach to the collisional Penrose process with the expansion in powers
of small parameter €, which is parameterized the near-horizon collision (5.15).

We have considered the series expansion of the radial momentum in powers
of e for each particle. By using the expanded radial momentum and its conser-
vation, we have estimated the energy extraction efficiency. We have found that
the upper limits of the collisional Penrose process restricted in the equatorial
plane of the extremal Kerr black hole are given by (2 + v/3)(2 — v/2) ~ 2.186
and (24 +/3)? ~ 13.93 for the BSW and Schnittman collision, respectively. The
former is realized for inverse Compton scattering, while the latter can be uni-
versally attained for the various reaction of particles.

Chap. 6, we have investigated the analytic formulation of the energy ex-
traction efficiency and the escape probability in the super-Penrose process. We
have considered the situation where two massive particles, named particles 1
and 2, collide head-on in the equatorial plane of the extremal Kerr black hole
and produce two massless particles, named particles 3 and 4.

We have focused a special set of parameter values of the colliding particles,
where particles 1 and 2 have the same mass and zero angular momenta and are
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marginally bound. In this case, the spatial components of the total 4-momentum
of the colliding particles vanish in the LNRF, and hence the LNRF coincides
with the CMF. We computed the escape cone, i.e., the range of angles in the
CMF along which particles must be emitted to escape to infinity, and computed
the escape probability. We showed that the escape probability approaches 5/12
and almost all the escaping particles have arbitrarily large energy with an impact
parameter b — 2M in the near-horizon limit of the collision point. We would
suggest that very high-energy particles with impact parameter b ~ 2M are
produced by the super-Penrose process and can be in principle observed from
rapidly rotating black holes in astrophysics.

In this thesis, we have compared the shell collision and the particle collision
in the BTZ spacetime in order to investigate the effects of the self-gravity of
colliding objects on the high CM energy collision. Since we have shown the
self-gravity of colliding objects suppresses its CM energy, next we need to verify
the effect on the energy extraction efficiency. The energy extraction by using
the collision of two spherical charged shells in the Reissner-Nordstrom black
hole spacetime is founded by Nakao et al. [65]. Thus, we need to investigate
the energy extraction by using the shell collision in the rotating black hole
spacetime.
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