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Abstract

We explore the viability of Degenerate Higher-Order Scalar-Tensor (DHOST) theories as alternatives to dark
energy. We study the solution on a static spherically symmetric spacetime in DHOST theories in which grav-
itational waves propagate at the speed of light and do not decay into scalar fluctuations. We also study the
statistical property of the density fluctuations at linear and non-linear orders.

In generic DHOST theories, the standard inverse square law of the gravitational potentials is partially broken
inside matter as Sun. The screening mechanism in DHOST theories evading gravitational wave constraints
operates very differently from that in generic DHOST theories. We derived a spherically symmetric solution in
the presence of non-relativistic matter. General relativity is recovered in the vacuum exterior region provided
that functions in the Lagrangian satisfy a certain condition, implying that fine-tuning is required. Gravity in the
matter interior exhibits novel features: although the gravitational potentials still obey the inverse square law, the
effective gravitational constant is different from its exterior value, and the two metric potentials do not coincide.
We discuss possible observational constraints on this subclass of DHOST theories, and argue that the tightest
bound comes from the Hulse-Taylor pulsar.

We investigate the potential of cosmological observations, such as galaxy surveys, for constraining DHOST
theories, focusing in particular on the linear growth of the matter density fluctuations. We develop a formalism
to describe the evolution of the matter density fluctuations during the matter dominated era and in the early
stage of the dark energy dominated era in DHOST theories, and give an approximate expression for the gravita-
tional growth index in terms of several parameters characterizing the theory and the background solution under
consideration. By employing the current observational constraints on the growth index, we obtain a new con-
straint on a parameter space of DHOST theories. Combining our result with other constraints obtained from the
Newtonian stellar structure, we show that the degeneracy between the effective parameters of DHOST theories
can be broken without using the Hulse-Taylor pulsar constraint.

The Horndeski scalar-tensor theory and its recent extensions allow nonlinear derivative interactions of the
scalar degree of freedom. We study the matter bispectrum of large scale structure as a probe of these modified
gravity theories, focusing in particular on the effect of the terms that newly appear in the so-called “beyond
Horndeski” theories. We derive the second-order solution for the matter density perturbations and find that the
interactions beyond Horndeski lead to a new time-dependent coefficient in the second-order kernel which differs
in general from the standard value of general relativity and the Horndeski theory. This coefficient can deform the

matter bispectrum at the folded triangle configurations, while it is never possible within the Horndeski theory.
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Chapter 1

Introduction

The elucidation of the evolution of the universe, so-called cosmology, is one of the most interesting topics in
humanity. With the development of technology of observations, we can test cosmology precisely. We are in the
golden ages of cosmology. The standard cosmology is based on two well-established theories in modern physics.
The first is General Relativity (GR) suggested by A. Einstein. The other is the standard model of particle
physics. Using these foundations, we can predict phenomena in the universe. Precise observations have proved
most predictions. However, there are some mysteries in modern cosmology.

Fig. 1.1 is the rate of energy components in the present universe [1]. The standard matter is about 5%, and
the remnants 95% are dark components in the universe, and we do not know these origins. Dark energy is the
component that plays a role of the present late-time acceleration [2, 3]. Based on GR and standard model, the
most straightforward origin of the acceleration is the cosmological constant. However, there is the cosmological
constant problem [4]. That is the significant discordance between the observed value and the prediction based
on quantum field theory of the cosmological constant. An interesting alternative to the cosmological constant
is modified gravity (see Ref. [5, 6, 7, 8] for reviews). On cosmological scales, modified gravity explains the
late-time acceleration while it needs to recover the result of tests of gravity on the Solar system. Its modification
produces an accelerating expansion without parameter fine-tunings and is screened on the Solar system scales.

Modified gravity is the modification of GR. The way of the modification typically is to add some new degree

of freedom (DoF) in addition to metric tensor. The simple example is scalar-tensor theories to add a new scalar

Planck 2015

standard matter
4.9%

LATE-TIME
ACCELERATION

dark matter

26.8%

STRUCTURE dark enegy
FORMATION 68.3%

Fig. 1.1 The components of the present universe [1].
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field to GR. For example, f(R) gravity [10] (see Refs. [11, 12, 13, 14] for detailed discussion) has some higher-
order corrections to Einstein-Hilbert (EH) action. By the redefinition of variables, f(R) gravity is equivalent
to the EH action and canonical scalar field conformally coupled to matter. DGP braneworld [15] has the EH
action and massless scalar field with non-linear kinetic self-interactions. Comprehensively treating these variable
models, scalar-tensor theories have been generalized in the direction based on removing ghost modes due to higher
derivatives, Ostrogradsky ghost [16, 17]. It is called the Horndeski theory [18, 19, 20] which has the most general
theory with second-order equations of motion for metric tensor and scalar field. As for further developments,
Degenerate Higher-Order Scalar-Tensor (DHOST) theories have been built [21, 22, 23, 24, 25, 26, 27]. Despite
higher-order Euler-Lagrangian equations, the system can reduce second-order equations thanks to its degeneracy.
Thus, there is no problematic ghost mode. However, due to the presence of its degeneracy, DHOST theories have
higher derivative operators. In this thesis, we would like to study the properties of DHOST theories on small
and large scales toward its tests.

This thesis is organized as follows:

Chapter 2 We overview the late-time acceleration based on GR. We introduce modified gravity as an

interesting one of the possibilities to explain the late-time acceleration which is consistent with our universe.

Chapter 3 we overview DHOST theories and introduce its viable classes evading gravitational wave con-

straints.

Chapter 4 We study the screening mechanism in a subclass of DHSOT theories in which gravitational waves
propagate at the speed of light and do not decay into scalar fluctuations. We derive a spherically symmetric
solution in the presence of a non-relativistic matter. GR is recovered in the vacuum exterior region provided
that functions in the Lagrangian satisfy a certain condition, implying that fine-tuning is required. Gravity in
the matter interior exhibits novel features: although the gravitational potentials still obey the standard inverse
power law, the effective gravitational constant is different from its exterior value, and the two metric potentials
do not coincide. We discuss possible observational constraints on this subclass of DHOST theories and argue
that the tightest bound comes from the Hulse-Taylor pulsar. This chapter is based on S. Hirano, T. Kobayashi,
and D. Yamauchi, “Screening mechanism in degenerate higher-order scalar-tensor theories evading gravitational
wave constraints,” Phys. Rev. D 99 (2019) no.10, 104073 [arXiv:1903.08399 [gr-qc]] [28].

Chapter 5 We investigate the potential of cosmological observations, such as galaxy surveys, for constraining
DHOST theories, focusing in particular on the linear growth of the matter density fluctuations. We develop a
formalism to describe the evolution of the matter density fluctuations during the matter-dominated era and in
the early stage of the dark energy dominated era in DHOST theories, and give an approximate expression for the
gravitational growth index in terms of several parameters characterizing the theory and the background solution
under consideration. By employing the current observational constraints on the growth index, we obtain a new
constraint on a parameter space of DHOST theories. Combining our result with other constraints obtained from
the Newtonian stellar structure, we show that the degeneracy between the effective parameters of DHOST theories
can be broken without using the Hulse-Taylor pulsar constraint. This chapter is based on S. Hirano, T. Kobayashi,
D. Yamauchi, and S. Yokoyama, “Constraining degenerate higher-order scalar-tensor theories with linear growth
of matter density fluctuations,” Phys. Rev. D 99 (2019) no.10, 104051 [arXiv:1902.02946 [astro-ph.CO]] [29].

Chapter 6 The Horndeski scalar-tensor theory and its recent extensions allow nonlinear derivative interactions
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of the scalar degree of freedom. We study the matter bispectrum of large scale structure as a probe of these
modified gravity theories, focusing in particular on the effect of the terms that newly appear in the so-called
“beyond Horndeski” theories. We derive the second-order solution for the matter density perturbations and find
that the interactions beyond Horndeski lead to a new time-dependent coefficient in the second-order kernel which
differs in general from the standard value of GR and the Horndeski theory. This coefficient can deform the
matter bispectrum at the folded triangle configurations, while it is never possible within the Horndeski theory.
This chapter is based on S. Hirano, T. Kobayashi, H. Tashiro, and S. Yokoyama, “Matter bispectrum beyond
Horndeski theories,” Phys. Rev. D 97 (2018) no.10, 103517 [arXiv:1801.07885 [astro-ph.CO]] [30].

Chapter 7 We summarize the conclusions in this thesis.

Through this thesis, we use the natural units, A =c=1.



Chapter 2

Modified gravity

In this section, we discuss the introduction of modified gravity. In Sec. 2.1, we show that the late-time acceleration
is explained by the cosmological constant in standard cosmology. In Sec. 2.2, we introduce modified gravity and

explain its property, screening mechanism, and self-accelerating solution.

2.1 Standard cosmology

In 1915, Einstein suggested General Relativity (GR) based on general coordinate invariance (general relativistic
principle) and equivalence principle which gravity universally couples to matter. In GR, the dynamics of spacetime

(i.e., metric tensor g, ) is determined by Einstein equations,
G =81GTy,. (2.1)

G is the Einstein tensor which is expressed by the metric tensor and its derivatives, and 71}, is an energy-
momentum tensor of matter contents. In general, these equations are non-linear, so it is difficult to solve.
Assuming the symmetry to a spacetime and matter distribution, we can solve. For example, static spherically
symmetric case or homogeneous and isotropic case are those.

Our universe would be spatially homogeneous and isotropic at a cosmological scale (which is larger than about
Mpec scales) from current cosmological observations. Assuming the homogeneity and isotropy to spacetime, the

metric tensor is determined by the Einstein equations

ds® = — dt* + a*(t)y;jda'da?, (2.2)
. 1 2 2 .
vi; = diag (1_[(72, r<, r°sin 0) . (2.3)

This is called Friedmann-Lemaitre-Robertson-Walker (RW) metric. K is the spatial constant curvature. In the
following discussion, we set K = 0 because the effect of the spatial curvature is negligible to other effects in our

universe [1]. We also use the Cartesian coordinates as spatial coordinates. The resultant metric is given by
ds? = —dt® + a*(t)6;;dx'da’. (2.4)

On the matter sector, we consider the universe filled with the perfect fluid with the energy-momentum described
by

Tp,v = (P + p)uuuu + P9, (25)

where p and p are the energy density and pressure of the fluid, and u, = (—1,0,0,0) is the 4-velocity co-moving

with this coordinate.
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Let us calculate the geometrical quantities in this spacetime. The components of the Christoffel symbol are
0 0 0 0i
I'go = L'o; = I'ip = oo = 0,
Y = a®Hyyj,
Iy =T = Hé',
4 , 1 .
Iy = (3)F;‘k = 5721(%‘1,1@ + Vit — Vikil)- (2.6)
The components of the Riemann tensor and the Ricci scalar are

Roo = —3(H + H?),
Roi = Rio =0,

Rij = (H + 3H2> Yigs
R=6 (H+2H2). (2.7)

Then, the components of the Einstein tensor are

Goo = 3H?,
Goi = Gy =0,
Gij = — <2H + 3H2) Yig - (28)

Thus, the (0,0) and (4, j) components of the Einstein equations are given by
3Ml:2’1H2 =P (29)
— M2, (3H2 + 2H) = p. (2.10)

A dot denotes time derivative of the coordinate time, and H is the Hubble parameter, H := a/a. Mp is the
reduced Planck mass, M3, := 1/(87G). The first equation is the so-called Friedmann equation. The second
equation is the so-called evolution equation for the scale factor a. Also, the Bianchi identity of the Einstein
tensor and the Einstein equation induce the energy-momentum conservation V#T),, = 0. The v = 0 component

of this conservation gives the continuity equation
p+3H(p+p) =0. (2.11)

The evolution of the universe is determined by Egs. (2.9)—(2.11), and the equation of state (EoS).
We also have the metricity, V, g, = 0. So, we can add the cosmological constant term as matter content to

the Einstein equations
G =81G T, — Aguw. (2.12)

This A is the cosmological constant. This term is known as the simplest origin of the late-time acceleration of
the universe.

Let us consider the matter contents. As matter contents, we can consider non-relativistic matter, radiation, and
cosmological constant. We wrote these components by the indices m, r, A, respectively. In the case of radiation,
the EoS parameter w (:= p/p) is 1/3. Then, from Eq. (2.11), p, oc a=*. In the case of matter, the EoS parameter
is 0. Then, from Eq. (2.11), p;m o< a~3. In the case of cosmological constant, py = MZA, pa = —MZ A, and thus
w = —1.

Next, let us derive the evolution of the universe in each era. The Friedmann equation (2.9) determines the

expansion law of the universe.
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Pmo Pro
3MEH? = a—"; +oF e
Qo O
& a® = HE (0 + 2+ aQQA> : (2.13)
a a

Hyj is the present-day Hubble parameter. p;o(i = r,m,A) is the energy density of each matter content at the
present time. Qo(:= pio/(3BME,HZ))(i = r,m,A) are the energy fractions to the total energy density at the
present time. From the Planck observation [1] on CMB (Cosmic Microwave Background radiation), we can
determine Q,9 ~ 107°, Q.0 =~ 0.3, and Qg ~ 0.7. Note that non-relativistic matter contains dark matter and
baryons, and the most component of it is dark matter. Thus, dark matter plays an essential role in structure
formation.

Usually, the scale factor is normalized to unity at present. In the early stage of the universe (¢ < 1),
the relativistic matter is dominated. After that, the non-relativistic matter becomes dominant. Finally, the
cosmological constant becomes dominant, and this situation would be that of our universe at present.

Let us study the expansion law of each stage of the universe. Radiation Dominance (RD): If the universe
becomes dominated by radiation,

2
a* ~ H%o (2.14)

Then, the solution is given by

a(t) = (2Ho/Qot) /2. (2.15)

So, the RD universe is expanding, but the rate of the expansion a is ~ 1/t. The expansion in the RD era is the

decelerate expansion. Matter Dominance (MD): If the universe becomes dominated by non-relativistic matter,

H2Q,,
2 2000 (2.16)
a
Then, the solution is given by
3 2/3
a(t) = <2H0 Qmot> ; (2.17)
< H= 2 (2.18)
3t '

So, the MD universe is expanding, but the rate of the expansion a is ~ 1/¢. The expansion in the MD era is
the decelerate expansion. Cosmological Constant Dominance: If the universe become dominated by cosmological

constant,
a* ~ H3O,. (2.19)
Then, the solution is given by
a(t) = ageoVar, (2.20)

The cosmological constant dominance is expanding, and the acceleration of the expansion @ is ~ efoV&at  This
expansion in the cosmological constant dominance is the accelerated expansion. This solution is known as the de
Sitter solution. Therefore, the cosmological constant term is the most straightforward candidate for the origin of

the late-time acceleration within GR and the standard model.
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From the joint analysis of CMB and Ia Supernova observations [1], EoS parameter for dark energy at the

“present” time is constrained to be

wae = —1.03 £ 0.03. (2.21)

This is very close to that of the cosmological constant. Does the cosmological constant drive the late-time
acceleration? However, there is the cosmological constant problem [4]. That is the significant discordance
between the observed value and the prediction based on quantum field theory of the cosmological constant. An

interesting alternative to the cosmological constant is modified gravity (see Ref. [5, 6, 7, 8] for reviews).

2.2 Modified gravity

In this subsection, we introduce modified gravity models which can explain the late-time acceleration. First, we
explain why we can modify Einstein’s general relativity. Then, we introduce the prototypes of modified gravity
models. Using prototypes, we explain why these are consistent with the tests of gravity on small scales and
quantum effects. Finally, we show the concrete cosmological dynamics of modified gravity models by using shift

symmetric Horndeski theories.

2.2.1 Why we can modify the gravity theory on cosmological scales

On scales of the Earth, Newtonian gravity is known as the appropriate description of gravity. On scales of the
Solar system, we need general relativistic corrections to Newtonian gravity. Recognizing Newtonian gravity to
be the limit of GR with slow-motion approximation, GR is our gravity law on these scales. From observations
of GWs, the gravity on strong gravitational field regime also could be GR. However, the tests of gravity are not
performed on all scales. Figure. 2.1 and 2.2 summarize where we have tested gravity. Gravity is schematically
parametrized by the amplitudes of gravitational potential GM /r and curvature GM /r3 where M is the mass of
a point source, and r is the distance from the source. General relativity is well tested in the Solar system and by
using binary pulsars. These are large curvature regions in these figures. Gravitational wave detectors will test
gravity on strong gravity regimes. Gravity on low curvature regions only partially was tested. This region is on
cosmological scales. The gravity theory can be modified on cosmological scales, and also we need to challenge

tests of gravity on cosmological scales.

2.2.2 Lovelock theorem and its break

In this section, we introduce the direction for modifications of gravity. To do so, let us consider the Lovelock
theorem [44]. In 4 dimensional spacetime, we assume that the gravity theory is constructed by the metric tensor
and its derivatives up to second order with general coordinate invariance, £ = L(guv, Opguv, 0p0s gy ). Permitting
the equations of motion based on this action to be second order, the equations of motion are uniquely determined

to be the Einstein equations with the cosmological constant,
1
EY =« (R”” — 29’“’R> + AgM”, (2.22)

where « is coupling constant. This statement is Lovelock theorem.
Treating the violation of the Lovelock theorem as a no-go theorem to go beyond the Einstein equations, ways

how to violate that is the direction to modify GR. Possibilities to violate the Lovelock theorem are as follows

e To add a scalar field,

e Higher-order curvatures,
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e Extra dimensions.

These are effectively to add extra degrees of freedom to GR. The scalar-tensor theories are its simplest models

in the case which have a scalar field in addition to the metric tensor.

2.2.3 Prototypes of modified gravity: Scalar-Tensor theories

In this section, we introduce the modified gravity models. For simplicity, we treat typical models in scalar-tensor
theories.

The simplest model is the Brans-Dicke theory [9]. The action is given by

S = / dz =g [¢R+ %(&p) (2.23)

where 1) is the scalar field, and wgp is a constant. The first term is the non-minimal coupling between the scalar
and tensor fields, and ¥ means a substitute for the gravitational constant when we compare to the Einstein-Hilbert
action. This theory was considered as a model that can change the gravitational constant by the dynamics of the
scalar field.

Second, let us consider f(R) gravity [10] (see [11, 12, 13, 14] for reviews). f(R) gravity is the generalization of
the Einstein-Hilbert action. The action is given by
M

S:2

[dtav=girs ]+ [ e V=g Lo V). (2.24)
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where f is the arbitrary function in Ricci tensors, and £, is the matter Lagrangian and ¥, is its field. Naively
speaking, there exist two additional DoFs in this action because its equation of motion is fourth order due to
D (8%g)™. This is not correct. To see it, let us consider changes in the variables. First, we introduce the

Lagrangian multiplier A to replace the Ricci scalar to the scalar field,

Sy = MT% / d'z /=g [x + () +ME = )] (2.25)

The variation for x induces A = 1 + f,. Substituting this equation into the action and varying with respect to x

again, we obtain
fox(R=x) =0. (2.26)

This requires that f,, # 0 for recovering the original action (2.24). If we define ¢ = 1+ f,(x), the action can be

rewritten by

S = /d‘*x\/?g [zwflgaR — U(@)} , (2.27)
Mg,

Ulp) = =~ x(p)e = Fx(@)]- (2.28)
Performing the conformal transformation
E _
gu,l/ — gu,y - Sogul/ (229)
and the field redefinition
o /3
o =\ 2 In e, (2.30)
we further rewrite the action as
4 E MP2’1 E 1 pv 4 Ve
S = d*z TR - §gE 8u¢8u¢ - U(¢) + d*z —-g ‘Cm(g;u/a \Ilm)v (2'31)
Ulg) = 7 = f(x(e)], (2.32)

gweXpl \[M ] - (2.33)

So, f(R) gravity is equivalent to the system with GR and the canonical scalar field with conformal couplings to
matter. Note that the frame with standard kinetic terms for metric, EH action, is called Einstein frame while
the frame with the minimal coupling to matter is called Jordon frame. Eq. (2.24) is the action in Jordon frame
while Eq. (2.33) is that in Einstein frame. Using the slow-rolling phase in the potential such as inflation, the
accelerating expansion can be realized. However, with not only the scalar field as an extra energy component
in the universe but also its non-minimal couplings to matter, the scalar field would propagate as an extra force.
There exists a suppression mechanism of the couplings to matter, and then the scalar field cannot propagate (we
will see this topic in Sec. 2.2.4). For example, there exists a viable model in f(R) gravity, so-called Hu-Sawicki
model [46],

o c(R/HE)"

f(R) =— 0T cp(R/HD)™ (2.34)

As you see, the f(R) term is sub-dominant on a higher curvature regime, R > HZ (i.e., early universe), and then

it drives the accelerating expansion on a late-time universe.
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Another example is the DGP braneworld [15]. The idea of braneworld is inspired by the D-brane based on
string theory. In this model, our world (brane) is embedded in 5-dimensional spacetime (bulk). The standard
particles are confined to the brane while gravity can propagate through the whole spacetime. The action is given
by
_ Mg

5=

M2
'z \/~Og OR + =% / d's V=g (R+ L), (2.35)

where ®)g and ®)R are the 5D metric tensor and Ricci scalar respectively. My and Ms are Planck mass in each

dimension respectively. The Friedmann equation in this model is given by

H Pm
H? = —
re  3MF’

(2.36)

where 7. = MZ?/2M3 is the cross-over scale. The origin of the model parameter is explained by the geometry
of spacetime. At early stages, H > 1/r., we recover the usual Friedmann equation. At late times, we can
obtain the solution H = 1/r., and then the de Sitter expansion can occur. This solution is called self-acceleration
brunch, the late-time acceleration can be realized if we choose 1, = H ! However, this solution is unstable under
perturbations [47, 48], so we need to generalize this model to evade this instability. However, we can capture
the property of its generalization from this model. The effective action projected in 4D flat spacetime from the

original action (2.35) in the decoupling limit (A is fixed, My — 0, and M5 — o0) is given by [49]

(67r)2 2
+ T|,
6v/6A3 " 26M2

where 7 is scalar field which is the perturbations of the position of the brane in the 5th-direction. There exist the

(Om)? — (2.37)

S = /d4x [(metric perturbations) — %
non-linear self-interactions of the scalar field. Due to this interaction, a suppression mechanism of the couplings
to matter can occur, and then the inverse power law can be kept (we will see this topic in Sec. 2.2.4).

We expect that Modified gravity can realize the late-time acceleration by using such as self-accelerating de
Sitter solution. De Sitter spacetime is a maximally symmetric solution and has conformal symmetry. In Ref. [50],
the scalar field interactions with respect to conformal invariance have been constructed at the short distance limit.
By definition, the constructed theory has a self-accelerating solution. The authors obtain the scalar interactions
by building geometric quantities with respect to conformal invariance and using the conformal transformation

Guv = €™y In 4D, these are given by

Lo = —%(am‘l, (2.38)
L3 = —%(%)26%, (2.39)
Lo= f%(aw)%(a%r)? 9,0, (2.40)
Ly = &(0@2[(3%)3 — 3(0,0,m)20%r + 2(9,0,7)%). (2.41)

The indices of £ mean the numbers of 7 in the interactions. The second one is similar to that of the non-linear

interaction in the DGP model. These interactions have the following symmetry in field space
Oum — Oum+ by, (2.42)

up to total derivatives and constant terms. b, is a constant vector. This symmetry is similar to Galilean shift
symmetry in Newtonian dynamics. So, this symmetry is called Galiean shift symmetry, and the scalar field with
Galilean symmetry in field space is called the galileon. The above interactions include higher derivatives. In

general, equations of motion are fourth order. The degrees of freedom are two against the presence of a single
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scalar field. This extra DoF is known as Ostrogradsky ghost [16, 17]. However, the galileon has no Ostrogradsky
ghost thanks to the special combination in interactions with respect to Galilean shift symmetry.

The covariantized theory of the galileon is not derived from the galileon in flat space. This is because Ostro-
gradsky ghost appears in terms of higher derivatives of metric tensor when we replace the partial derivatives to
covariant derivatives. The covariantization of the galileon has been accomplished by introducing its counterterms
to eliminate higher derivatives of the metric tensor. The covariant action which leads to second-order EoMs for

metric tensor and scalar field is given by [51]

Lo = —%(w)?, (2.43)
L3 = —%(w)?w, (2.44)
Li= S(VO)'R~ L(VoPI00) ~ (VY00 (2.45)
L5 = ~2(V6)' GV, 06— {(VOPIO0)° BV, V0606 + 2V, 9,6)°) (2.46)

The kinetic mixing couplings between metric and scalar field for £4 and L5 are the counter terms to remove
higher derivative terms of the metric tensor.

Based on the context of eliminating higher derivatives for the metric tensor and scalar field, this action can be
further generalized to the generalized Galileon[19]. As shown in Ref. [20], its action is equivalent to the Horndeski

theory [18] and the following action is given by

Sy = z_; / dz /=g L; (2.47)

Ly = Ga(p, X), (2.48)
*CB = _G3(¢a X)D¢v (249)
Ly = Gy(d, X)R + Gux[(06)* — (V. V,0), (2.50)
Ls = G5(¢, X)G'"'V V¢ — %Gu(eﬁ, X)[(@¢)* = 3(V,uV,6)’0¢ +2(V, V., 6)%). (2.51)

G, G3,Gy, and G5 are the arbitrary functions of ¢ and its kinetic term X := —(1/2)g""V ¢V, ¢. G;x denotes
X derivative of the arbitrary functions. Horndeski does not give this action. However, this action has recently
been called the Horndeski theory. This theory is the most general action which leads to second-order EoMs for
the metric and scalar field. There does not exist the Galilean symmetry explicitly, so the Horndeski theory does
not necessarily have a self-accelerating solution. We will see viable models with self acceleration in Sec. 2.2.6.
In the presence of non-minimal couplings to curvatures, the scalar field couples to matter in the Einstein frame.
Sourced by matter, the scalar field can propagate on small scales so that the inverse power law could be modified.
In the Horndeski theory, there exists a suppression mechanism of the couplings to matter, and then the inverse
power law can be kept (we will see this topic in Sec. 2.2.4).

On 17 Aug. 2017, the gravitational waves (GWs) from the neutron star (NS)-neutron star merger have been
detected. This event is called GW170817 [52]. At the end of a NS-NS merger, a gamma-ray burst would occur.
In this event, the Fermi satellite detected the gamma-ray burst, GRB 170817 [53]. Assuming the mechanism of
the gamma-ray burst, we can constrain the speed of GWs from the difference of arrival time between GWs and

gamma-ray. The bound roughly is given by
|c&w — 1] S 1077 (2.52)

The upper bound is derived from the first arrival of GWs due to its superluminal propagation when GWs and

gamma-ray emitted simultaneously (Fig. 2.3). The lower bound is derived from the time lag of the beginning of
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Fig. 2.3 The image of the difference of the arrival Fig. 2.4 The image of the difference of the arrival
time between GWs and gamma-ray with superluminal time between GWs and gamma-ray with subluminal
propagation, caw > ¢. Tobs is the difference of the propagation, caw < ¢. Tint iS the time lag of the be-
arrival time observed in the experiments, and Dpin is ginning of emitting gamma-ray against that of GWs.
the minimal distance from source object to the Earth. The maximum value of 7obs is roughy 10s in typical

models of gamma-ray burst.

emitting gamma-ray against that of GWs (Fig. 2.4). A lot of modified gravity models have been ruled out, only
modified gravity models which can survive this event have minimal or conformal couplings to matter.
In the Horndeski theory, the propagation speed of GWs on a FLRW spacetime is given by [20]
Gy — X(¢Gsx + Gsp)

ey = i ) 2.53
W Gy~ 2XGux — X(HdGsx — Gsy) (2:53)

Maybe, this should correspond to unity. If the fine-tuning for the dynamics of the scalar field exists for some
reason, the denominator and numerator in Eq. (2.53) can become the same. However, if GWs go through local
structures on the propagation, the speed of GWs can locally change due to the variation of the local value of the
scalar field [55]. This implies G4x = G5 = 0. The resultant Horndeski theory after GW180817 is given by

Ly = Ga(6, X) — Ga(9, X)0g + Ga(6)R. (2.54)

Assuming we have minimal couplings to matter in this Jordon frame, this theory can be transformed to the

Einstein frame where there are no kinetic couplings between the scalar field and metric tensor as the conformal

transformation,
Juv — QEV = G4(9)guv- (2.55)
Then, the action in the Einstein frame is
M2
S= [dio VG |Galor ) - Galo. X000 + PR 4 [ e VG L 0) (250

where L, is the Lagrangian for matter and ¥, is its field. This theory has the conformal couplings to matter.

Is the Horndeski theory the most general scalar-tensor theories to explain the late-time acceleration? This
answer is No! We will discuss the further developments of scalar-tensor theories next chapter, so-called Degenerate
Higher-Order Scalar-Tensor (DHOST) theories.
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2.2.4 Recovering General relativity: Screening mechanism

In the Solar system, GR is tested with high precision. Let us consider a static spherically symmetric spacetime
around matter, ds? = —(1 + 2®(r))dt? + (1 — 2¥(r))(dr? + r2dQ). For example, the ratio between gravitational

potentials ® and W is strongly constrained to unity,
U/d—1<0(107°), (2.57)

from the observations of the deflection angle and time delation due to the gravitational field of the Sun [56, 57].
In GR, this difference is exactly zero, ® = W. This fact implies that gravity theory at a small scale like the
Solar system is GR. Modified gravity has additional degrees of freedom (DoF's) in addition to the DoF's of the
metric tensor. These additional DoF's generically propagate at all scale sourced by the trace part of the energy-
momentum tensor. Then, the relation ® = ¥ would be violated.

We assume scalar-tensor theories for simplicity. In order to be satisfied with the relation between the gravi-
tational potentials, scalar-tensor theories should be required to suppress the propagation of additional DoFs on
small scales. This mechanism is called Screening mechanism. This mechanism is mainly induced by the effect
of nonlinear self-interactions of additional DoFs. There are two types.

The first is non-linear potential terms (this type screening is so-called Chameleon mechanism [58, 59]). In this
case, from couplings to energy-momentum tensor, the effective potential for the scalar field depends on the energy
density of matter. On a small scale, i.e., a high-dense region, the effective mass of the scalar increases drastically.
The solution of the scalar field is roughly described by the Yukawa potential, ~ e~™<#" /r where r is the distance
from a source. Thus, the propagation of the scalar can be suppressed on a small scale, and the relation & = ¥
is kept. However, the Chameleon mechanism works by the variation of the field value at local and cosmological
scales. In the transition from the RD era to the MD era, the conformal couplings to matter suddenly appear. In
Refs. [60, 61], the authors claim that this sudden appearance of matter field catastrophically kicks the value of
the field on cosmological scales to the very high energy scale near the Planck scale quantum-mechanically. The
classical background evolution would be spoiled. Due to this obstacle, modified gravity models with Chameleon
mechanism may not produce viable cosmology to explain the late-time acceleration.

The second is non-linear kinetic terms. This type of screening has kinetic screening [62] with first-order
derivatives and Vainshtein screening [63] with second-order derivatives. Because both screenings use the same
principle without different order of derivative, we focus on the Vainshtein screening and discuss it in detail. This
mechanism works typically in the Horndeski theory. Let us consider the cubic Gaileon [50] as a typical model
within Horndeski theories,

M2 (W%

1
Lo = %R - 5(V<p)2 (1 + 2A3> + (conformal couplings to matter), (2.58)

where A is the energy scale related to the late-time acceleration, A = (Mp HZ)'/3. We would like to study a static
spherically symmetric spacetime sourced by non-relativistic point source like a star. Expanding the Lagrangian
around Minkowski space, we obtain the effective Lagrangian,

0% 1

1
Lo = (metric perturbations) — 5(890)2 (1 + 2A3> + Vo oT. (2.59)
3

The first term is the schematic description of the kinetic term for h. T is the trace prat of the energy momentum
tensor for matter. The variations for h and ¢ yield the equations of motion. The equation of motion for A can
reproduce the usual laws, that is, ® = ¥ and 9,® = GM/r?. Focusing on the scalar part, the coupling to the

trace of the energy-momentum tensor sources the propagation of the scalar field. Roughly speaking, the geodesic
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Fig. 2.5 The image of the Vainshtein screening.

equation could be influenced by this scalar field as an external force. Note that this implies the violation of & = ¥
in the Jordon frame, but now we analyzed the behavior of the gravitational fields in the Einstein frame. Thus,
the violation does not appear explicitly. However, thanks to the presence of the non-linear interaction (9¢)29%,
the violation can be avoided. In the following discussion, we solve the equation of motion directly and show that
the propagation of the scalar field is suppressed in the sight of field-theoretic insights.

We analyze the dynamics of . Let us assume T/ = —M§(x)d56° and ¢ = ¢(r). Integrating the equation of

motion for w with the regularity at the center of a matter, we obtain the following equation

oo 1 [(0:0\> GM
— = —. 2.60
r + H? ( r r3 (2.60)
This is the schematic description, so we omitted numerical factors. The solution is given by
3/2
GM T
- <L 1y

Orplr) = q o (’”v) (r ) (2.61)

(ry <)

r2

, where r, := A=1(M/Mp))'/3 is called Vainshtein radius. Inside the Vainshtein radius, the gradient of the scalar
field can be suppressed by the second term in LHS, non-linear kinetic interactions. Thus, the scalar field does not
affect geodesic motions around matter as an external force. The value of r, is O(100) pc for Sun. For a galaxy
cluster, ry is O(1) Mpec. At least for Sun, the value of the Vainshtein radius is much larger than the size of the
Solar system. The cubic Galileon can pass the most tests of gravity on the Solar system scale.

We focus on the coupling to matter to interpret the physical meaning. Recalling the scalar part of the La-

grangian, it is given by

Mpy

[ 0%

1 9? 1
L, =—5(09)° (1 + ﬁ) + ——oT. (2.62)

Performing the field redefinition as
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the resultant Lagrangian is naively written by

1 1
L~ =5 (0m) + ———=rT. (2.64)

Mp1\/1+ g%ﬁ

Using the solution for ¢, Eq. (2.61), ;)QTf ~ (ry/r)3/2. Then, on r < r,, the coupling to matter is strongly
suppressed. So, we interpret the Vainshtein mechanism as the suppression of the propagation of the scalar field
due to non-linear kinetic interactions.

We expect that the Horndeski theory can pass the tests of gravity on the Solar system. However, the general
Horndeski theory does not always have successful Vainshtein screening thanks to self-interactions. In Ref. [64, 65],
(0%¢)3 terms enhance the propagation of the scalar field, that is, the coupling to matter becomes enhanced rather
than suppressed. In the same situation, the perturbations around the Vainshtein solution have instabilities [66].

In order to have successful Vainshtein screening in Horndeski theories, we should set G5 to zero.

2.2.5 Quantum field-theoretic topics for modified gravity

In the context of the quantum field theory, the non-linear operators such as

2

000 (265)
are irrelevant operators which have negative mass dimension couplings. These operators cannot be renormalizable.
The non-renormalizability means the violation of the predictability as quantum theories because couplings in
theories should be observables which renormalized due to loop corrections. Thus, theories with irrelevant operators
must be regarded as Effective Field Theories (EFT) below a certain scale of negative mass dimension couplings.
This scale is called the cut-off scale. In the above example, the cut-off scale is A. In the cubic Galileon, there is
no problem as quantum field theory as long as we treat the phenomenology in the energy scale below the cut-off

scale A. Comparing this scale to the corresponding scale to the Vainshtein radius,

1/3
A>A (ﬁ) (=1/ry). (2.66)

So the discussion for the Vainshtein screening at a classical level can be valid even if we take into account of
quantum effects [67, 68]. However, on the energy scale, A, irrelevant operators cannot be suppressed by the
cut-off scale, and then the discussion at a classical level is invalid due to back-reactions of non-perturbative
quantum effects. Theories lose their predictability. Most of these situations are regarded as the appearance
of new physics at this scale, and other sophisticated theories must appear thanks to a certain successful UV-
completed mechanism. For example, we expect the quantum gravity beyond GR exists below the Planck mass
scale.

In the context of EFT, EFT below cut-off scale should be constructed by adding possible terms based on
symmetry or integrating out heavy DoFs above the cut-off scale on an UV-complete theory. As a result, EFT has
infinite irrelevant operators suppressed by the cut-off scale, and it follows that EFT generally has Ostrogradsky

ghost due to higher derivatives. To see it, let us consider a below simple toy model in a flat space,

1 1 1 1 g
= ——(0H)?> — —M?*H? — —(0r)* — —m?*n? — Zn?H? 2.
L 2(3 ) 5 2(87r) g =y H, (2.67)
where H and 7 are the heavy field and light field respectively (M > m), and g is a coupling constant. Integrating

out the heavy field, the Lagrangian is schematically described by

1 1 — [ci i, i i
L= —5(87r)2 - §m%¢772 - Z []\/}gl) L ]\4(33 (Om)2m? .. . (2.68)
i=1
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Fig. 2.6 The regions for some effects: classical, quantum, linear, and non-linear regions in scalar field.

The summation is understood as that of irrelevant operators and M is the cut-off scale. As you see, the summation
is not the combinations to eliminate the Ostrogradsky ghost. This picture seems to be compatible with ghost-free
scalar-tensor theories such as the Horndeski theory. In Ref. [69], the authors study the equation of motion in EFT
in a perturbative way. They show that the ghost-free combinations of operators can only affect physical solutions,
and the others are higher-order effects. This could imply that we should consider only ghost-free operators in
EFT.

In the previous sections, the propagation speed of GWs should be close to that of light in GW170817 observed
in advanced LIGO and its optical counterpart event. The sensitivity of the detector in LIGO is efficient on 100
Hz (the corresponding wavelength to it is @(1000) km). This scale is roughly equivalent to the cut-off scale based
on EFT of dark energy,

A = (MpH2)Y? ~ 100 Hz. (2.69)

In Ref. [70], the authors point out this point and mention the uncertainty of the constraint on the speed of GWs in
the modified gravity model as an EFT. Based on their discussion, it will be clear whether their opinion is correct
or not with the detection of GWs with lower energy (longer wavelength) observed by spacecraft interferometer
LISA than that detected by LIGO. This discussion is based on the calculation in a flat space. On the other hand,
taking into account of the effect of curved backgrounds, the cut-off scale could be shifted. In Ref. [49], in the
background sourced by a point source, the cut-off scale can be renormalized by the ratio of the Vainshtein radius
to radial coordinate as
Ty 3/4

A = Ay~ A (%) . (2.70)

In the case of Earth, Acg(rg) ~ 10 GHz. Thus, the stringent constraint on the speed of GWs could be valid in

modified gravity models. But, the validity of this discussion is beyond the scope of this doctoral thesis.

2.2.6 Cosmological dynamics

In this section, we would like to discuss the concrete cosmological dynamics of modified gravity. Let us consider

shift-symmetric Horndeski theories with cgw = 1. These models are viably applied to alternatives to dark energy
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and can capture the typical behavior of theories with Vainshtein screening. The Lagrangian is given by

M2

L= %R + Go(X) — G3(X)0é. (2.71)

The background equations are given by
SMEH? = pus + pis (2.72)
Mg (3H? +2H) = —pm — py, (2.73)
(a®TJ) =0, (2.74)

where

py = —Ga+ T, (2.75)
ps = G2 — 2X¢Gsx, (2.76)
Jb=2XGox + 6HO)XGsx. (2.77)

The matter sector contains non-relativistic matter and radiation. From the field equation (2.74), J o a~3.
Going through the early universe, inflation, J vanishes regardless of the initial value. Thus, these models have
the attractor, J = 0. On the attractor J = 0, we have

ps = G, (2.78)
din X
= M?H? 2.
Py = G2t —— ap, (2.79)
.. din X 12apdin H
=0 = . 2.80
J0=0% fha = ax da (2.80)
The o parameters are given by
M2 H?* o = 2X (Gox + 2XGoxx) + 12HX $(Gsx + XGsxx), (2.81)
MI%IHO(B = —(éXG3x. (282)

These can characterize the linear perturbations of this model. The EoS parameter is

Do 2a dln H
=—=-1 2.83
e P Jr3(1—Qm) dlna’ (2:83)
2
— b5 (2.84)
[67:¢
Substituting above equations into BG equations,
Pe _1_
SV2HE 1—Qn, (2.85)
dln H 3 1
=——Qn—, 2.
dlna 2 14+« (2.86)
dln Qp, @
=-3(1-9Q,) - 30, ——. 2.87
dlna ( ) 1+« ( )
Using above equation, the EoS parameter for the scalar field further reduces to
Qn o
=—-1- . 2.
we 1-Qnl+a (2.88)

We would like to study the time evolution directly. Most of all models are not solved analytically, but one can

obtain it in the following situation as an example. Let us consider analytic models with the tracker condition (for
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detailed discussion, see [71, 72]). We assume that the arbitrary functions depend only on a power-law function
of X as

Gy = —co M3 H} (X)p G'3 = c3Mp) <X>p3 (2.89)
Mg H§ ) Mg H§)

where p, ¢, ¢, 5 are constants. Then, we also assume the tracker condition ¢2?H = const. and the present Hubble

kinetic energy of the scalar field Xo = M2 HZ, and ¢ = —a /(12ap) = const. by using Eq. (2.80). Substituting

a
parameter Hy. This means that we obtain the equation H = ( ) Hy if we set the present value for the

these ansatzes to the attracter J = 0, we obtain the condition for the coefficients and the relation between each

power of X

p3=p+q—1/2, (2.90)

— pey 43212 egps = 0. (2.91)
These imply that parameters are

2+p/q
- C2 HO
Qg = CWTIC (H) , (2.92)
3pscs
O = —12(]043 = CKQ¢~ (294)

From the above equations, the energy density of the scalar field becomes suppressed during an early universe if
the models are satisfied with 2 + p/q > 0(it is called cosmological Vainshtein mechanism [74]) . Most of the
scalar-tensor theories cannot be satisfied with this simple description because we restrict the form of arbitrary
functions to one power-law term of X. Generally, arbitrary functions are polynomials with respect to X, and «
parameters are not described by Q4 directly (for instance, see [73]).

Closing the late-time universe, the component of the scalar field becomes dominated. In this case, the EoS

parameter wy is

c Qn
=—1-— 2.95
6 2
ci= B (2.96)
CK
At the asymptotic limit, i.e., early time a < 1 and DE dominance (a & 1), it reduces to
—(1 1
wy ~ (1+¢c) (a < 1), (2.97)
-1 (a=x1).

Thus, in the dominant stage of the scalar field, the de Sitter expansion can be realized. This behavior is the same
as that of the self-accelerating solution in Sec. 2.2.3. This behavior is not general in Horndeski theories. There
exist models that cannot be analytically solved have this typical attractor behavior during the evolution of the
universe.

In this section, we study very viable models that have the so-called tracker solution as an alternative to the CC.
There are other models such as the early dark energy model [75] and the model which has the scaling solution [76].
In general, the dark energy constituent can become a sub-dominant component before the late-time acceleration
phase while in the tracker scenario, the dark energy is much more suppressed than other components. If the dark

energy becomes dominated before late times, the expansion history of the universe is modified. For example,
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CMB observables are very sensitive to this fact. In Ref. [77], the authors analyze the angular power spectrum

for temperature fluctuations in the theory,

£=on- 200
2w(¢) + 3 = [a2 — BIn(¢/d0)] ", (2.98)

where ¢g, g, and S are the present value of ¢ and constants. The pattern of the amplitude oscillation is
characterized by the BAO (Baryon Acoustic Oscillation), and this pattern is shifted due to the modification of
the expansion history on early stages of the universe (Fig. 2.7). It could be no consistent scenario for dark energy

without the tracker scenario.
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Fig. 2.7 The angular power spectrum for CMB temperature fluctuations in each value of the constants:
the pattern of the amplitude oscillation is shifted due to the modification of the expansion history on early

stages of the universe. For detailed discussion, see Ref. [77].
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Chapter 3

Degenerate Higher-Order Scalar-Tensor (DHOST)
theories

In this chapter, I introduce the recent developments of ghost-free scalar-tensor theories, in particular Degenerate
Higher-Order Scalar-Tensor (DHOST) theories [21, 22, 23, 24, 25, 26, 27].

3.1 Ostrogradsky ghost

We will show that there is a ghost mode, so-called Ostrogradsky ghost [16, 17], due to higher derivatives in the
analytical mechanics. Let us consider the Lagrangian L = L(q,¢,§), where ¢(t) is the position of a particle.
Varying with respect to g, we obtain Euler-Lagrange equation,

dL ddL  d*>dL

b _ddb & db 1
dg dtdq TaZdg (3.1)

Because of d?/dt?(dL/d§) # 0 in general, this equation is the 4th-order system. Changing the variables ¢ and ¢

to @1 and Q2 respectively and defining its canonical momentum as follows,

dL. ddL
pP=—-—— 2
YT dg dtdg’ (3:2)

dL
Pyi=—, 3.3
= 5 (33)
the Hamiltonian is given by

H=PiQs+ P f(Q1,Q2, ) — L, (3.4)

where f is the function in terms of @1, @2, and P>. P; and ()2 have arbitrary signs with motion. Thus, the
Hamiltonian is unbound below. Returning to the Lagrangian picture, the system has a mode with the positive
kinetic term and the other with the negative kinetic term. (Here, I do not show this fact directly. For example,
see Ref. [17]) The appearance of the additional DoF would be equivalent to the system with a mode with the
negative kinetic term. This additional DoF is called ” Ostrogradsky ghost.”

In order to construct ghost-free theories with higher derivatives, we must eliminate this Ostrogradsky ghost
under the construction of theories. In this section, we consider the system written by the single variable ¢ with its
second derivatives. Avoiding the Ostrogradsky ghost, we must eliminate the dependence of § in the Lagrangian.

Moving to the multi-variables system, this condition changes.

3.2 Degenerate theories

Next, let us consider below multi-variables system with second-order derivatives

1wy 1 .y 1. .. . s ;
L= §a¢2 - §k0¢2 + Skiid @+ bigd" + ciod’ = V(. q), (3.5)
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where there are 4 DoFs, ¢(t), and ¢'(t) (i = 1,2,3). a, ko are constants, and b;, ¢; are constant vectors, and
ki; is a constant tensor. As treated in the previous section, we define the new variables by using a Lagrangian

multiplier. Instead of qﬁ, we use () as

Lo L o . i '
L= §QQ2 + ikijq ¢ +0;Qq" + c;Qq" + 5160622 - V(o,q") + MQ — ¢), (3.6)

where A is the Lagrange multiplier. The Euler-Lagrange equations are given by

o b\ (O _ (e +ko@Q— A
<bj kij) (dl) B ( —¢Q - 55 ) ’ (3.7)
¢=Q, (3.8)

A=——. 3.9
5 (39)
. a b
The matrix
solve the system. Then, there exists an additional DoF, that is, Ostrogradsky ghost. If the kinetic matrix is

) is called kinetic matrix. If this matrix is invertible, we need ten initial conditions to

non-invertible, Dofs are degenerate. Then, the additional cannot appear on the system. The invertibility of the

kinetic matrix reads off

det (a bi) =0 ¢ detky-[a—bib;j(k~1)¥] = 0. (3.10)

In general detk;; # 0, then the condition which the kinetic matrix is not invertible is a — b;b;(k=1)% = 0.

This condition is called degeneracy condition. Applying this trick to eliminate the Ostrogradsky ghost, one can

construct multi-variables systems with second-order derivatives, such as scalar-tensor theories.

3.3 Quadratic DHOST theories

In this section, let us consider scalar-tensor theories with second-order derivatives up to quadratic order (as for
detailed discussions, see Refs. [21, 22]). The general Lagrangian is given by
Stovg] = [ '0y/=516a(6.X) = Ga(6, X)00+ J(6. X)R+ CH7 (6, X) ] (3.11)

where
cHr (¢, X) = %al(dh X)(g"*g" +g"7g"") + aa(¢, X)g"" g7 + %a3(¢7X)(¢“¢”g”" + ¢P 7 g"")
+ iazx((b,X)(qb“cbpg”” + @ g7 + PP g P + ¢V ¢ g'’) + as(9, X )M p" 9P 97, (3.12)

with X = —-V#¢V ,¢/2, ¢ = V¢, and ¢, =V, V0. f, a;(i =1,---,5) are arbitrary functions in terms of ¢
and X.
First, let us define the new variables by using a Lagrangian multiplier. Instead of ¢, we use A,. The action

related to the kinetic structure is given by

Skan = / o/ G [ (6 X)R + CP7% (6, X )V, AV p Ao + N(Sp — AL (3.13)

where A\* is the Lagrange multiplier.
To analyze the time evolution, we do the ADM decomposition. We assume the existence of a 3-dimensional
spacelike hypersurface. We introduce the normal vector n#* which is time-like. Then, the induced metric is given

by huw = gu +nun,. Using these geometrical quantities, we can express the projection of A, to the hypersurface

A, =RA,, (3.14)
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and its normal component of A,
A=ntA,. (3.15)
We also introduce the time direction vector t# which can be written by
th = Nnt + N*, (3.16)
where N* is orthogonal to n*. N is the lapse function, and N* is the shift vector. Using this vector, the time
derivative is determined as the Lie derivative with respect to it. We have
A:=t"V ,A. (3.17)
Also, the dynamics of the hypersurface is described by the extrinsic curvature

1 .

K, = ﬁ(huv - D,N, —D,N,), (3.18)

where D,, denotes the covariant derivative associated with h, .

Doing the ADM decomposition of Eq. (3.13), we obtain below kinetic part of the theories [21, 22]

Liin = AA? +2B" AK,,, + KM K, K 0, (3.19)
where
A= %[al +ag — (a3 + ag)A + asA?], (3.20)
B* = %(2@ — agA® + Afx ) — %(ag + 2a4 — 2a5A%) AP AV (3.21)
KHere = (a1 A% + fYRPPRT 4 (ag A% — f)RPYRPT - (3.22)

The structure of this Lagrangian is same as that in previous section, Eq. (3.6). The correspondence is
Ao Q, Ku < 4"y A a, B < b, K'P7 < kyj. (3.23)
So, the degeneracy condition is given by

A—B*BPKC)  =0. (3.24)

Qv po

The case A =0 and B = 0 corresponds to Horndeski theories. More general case A # 0 and B # 0 corresponds
to DHOST theories. The explicit form of this condition and its classification are given by [21, 22].

Applying to cosmology, DHOST theories must be stable under perturbations around the FLRW background.
In Ref. [78, 79], the authors study the stability of tensor perturbation in the quadratic DHOST theories. They
find that the stable class in the theory is conformally/ disformally related to the Horndeski theories. This class
is called class I DHOST theory [21, 22]. The degeneracy conditions read off

as = —ay # —f/X, (3.25)
4 = gy (/e —20x)* = 20] — 0y X316 fx + 03

+4X (3a1asf + 162 fx — 16a1 f% — 4a3 + 2asffx)} (3.26)
a5 = m(za1 CasX — Afx)ar(2ar + 3asX — Afx) — dasf). (3.27)

Thus, there are 5 free functions G, G, f, a1, and ag.
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3.4 Partial breaking of Vainshtein screening

As we see in Sec. 2.2.4, modified gravity models recover the standard result in GR in the Solar system. In
the class I DHOST theory, however, the standard behavior of the gravitational potentials is recovered around
matter while it is violated inside matter [0, 81, 82, 83, 84]. The gradients of gravitational potentials inside the

Vainshtein radius are given by

% = G]\fz(r) + TlGMTH(T), (3.28)
%’ - G]\i(”) - %GMTI(T) +T3GM (1), (3.29)
where
(87G)~' =2f —2X fx — 6X?as, (3.30)
T, = (fx :3;@3)2, (3.31)
T, = 8??‘, (3.32)
1= Ix 4@3);2% (3.33)

M (r) is enclosed mass inside a radius r and G is the gravitational constant in DHOST theories. Thus, the strength
of the partial breaking inside matter depends on T parameters, and in particular, T is used for constraints on
DHOST theories. Existing constraints on DHOST theories mainly come from the Newtonian stellar structure
modified due to the partial breaking of the Vainshtein mechanism, which is characterized by a single parameter
Y (the definition here is for theories with cZy = 1) [80, 82, 83]. The lower bound on Y; has been obtained
from the requirement that gravity is attractive at the stellar center: T; > —2/3 [85]. The upper bound is given
by comparing the minimum mass of stars with the hydrogen burning with the minimum mass of observed red
dwarfs: T < 1.6 [86]. There are several attempts for improving the above bounds [87, 88, 89, 90, 91], including

the one concerning the speed of sound in the atmosphere of the Earth [90].

3.5 GWs constraints

As we see in Sec. 2.2.3, we can constrain the speed of GWs close to that of light. In the class I DHOST theories,
the propagation speed of GWs on a FLRW spacetime is given by [78, 79]

f

2
= . 4
CGw f_Xal (33 )

Thus, we must choose a; = 0 for ¢y, = 1.

The dark energy field spontaneously breaks Lorentz symmetry. So graviton can decay into the dark energy
field. Usually, this channel is not more efficient than other scatterings. In Ref. [92, 93], the authors study efficient
decay channels of graviton into the dark energy field in the context of effective field theory of dark energy. The
most efficient interaction is given by

5 = M /d4:c P Yy (3.35)
ymmw M§1+2~121 ij 0I5, :
where +;; is tensor perturbations and m is dark energy field. 74 is the time-dependent mass scale related to

background spacetime. (see Ref. [92] for details) In this calculation, they assume that the propagation speed of
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GWs is unity. The ratio of the decay rate to the present Hubble is given by

Dy 20 (A3 ‘ (1-¢3)?
=1 ) s/ )
Hy 0 <A* 4807mc? (3:36)

where ¢, is the propagation speed of dark energy field which in general is not unity. A, is the model-dependent
parameter. Estimating the ratio, we chose the energy of graviton to the scale which is observed in advanced
LIGO, A3. This is because GWs propagating on cosmological distance has been observed in advanced LIGO.
Thus, this huge ratio must be much smaller than unity. In the class I DHOST theory with cow = 1,

A
/Ti X as. (3.37)

So as should vanish.
Under the above two GWs constraints, the resultant class I DHOST theory which is viable to explain the origin

of the late-time acceleration is given by

3/%

2f

The disformal coupling to matter can change the propagation speed of graviton. Of course, this theory is related

L =Gy, X) = G3(¢, X)0o + f(¢, X) R+ —=- s 07 . (3.38)

to the viable Horndeski theory through the conformal transformation without matter [92]. The explicit form of

this theory in the Einstein frame is given by

S = / d'z /=g [G2<¢,x> — G(¢, X)06 + Mf’lR] + / 4% \/=§ L (G ¥m), (3.39)

1

guu = Wgwu (340)

where L,, is the Lagrangian of matter and ¥y, is its field. Note that the screening mechanism in this surviving

theory is different from that of generic quadratic DHOST theories. We will discuss this topic in the next section.
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Chapter 4

On the screening mechanism in DHOST theories
evading gravitational wave constraints

In this chapter, we study the screening mechanism in a subclass of DHSOT theories in which GWs propagate
at the speed of light and do not decay into scalar fluctuations. This topic is based on S. Hirano, T. Kobayashi
and D. Yamauchi, “Screening mechanism in degenerate higher-order scalar-tensor theories evading gravitational
wave constraints,” Phys. Rev. D 99 (2019) no.10, 104073 [arXiv:1903.08399 [gr-qc]] [28].

As we saw in the previous section, the Lagrangian for DHOST theories in which gravitons propagate at the

speed of light and do not decay into dark energy is described by

3f 3fx

2f
where R is the Ricci scalar, ¢, = V.0, ¢ =V, Vo0, X 1= —¢,0"/2, and fx = 0f/0X. Cosmology derived
from the Lagrangian (4.1) is explored in Ref. [117]. It turns out that in this particular subclass of DHOST theories

L= G2(¢7 X) - G3(¢7X)D¢ + f(¢7 X) ¢M¢ua¢ay¢m (41)

the screening mechanism operates in a different way from that in generic DHOST theories, as already inferred
in Ref. [92]. The purpose of the present chapter is to clarify how the (breaking of the) Vainshtein screening

mechanism occurs in the above theory.

4.1 Screening mechanism in DHOST theories without graviton decay
A weak gravitational field is described by the line element
ds? = —[1 4 20(t,x)]dt?* + [1 — 2U(t, x)]dz?, (4.2)
with the scalar-field configuration
o = ¢o(t) + (¢, T). (4.3)

Here, ¢(t) is a slowly evolving background determined from the cosmological boundary condition and n(t, x) is
a fluctuation. Since we are interested in gravity on scales well inside the horizon, we ignore the cosmic expansion.
Following Refs. [66, 80], we expand the action in terms of the metric perturbations and 7, keeping the higher-

derivative terms relevant to the screening mechanism in the quasi-static regime. The resultant effective Lagrangian

is given by
Log = f|-200°0 + 4(1 - 28)06%® — %(aﬂf 448 (1 _ 325) 092D + f%\l,az 2(?1/25) o5
+ %(67?)28277 + W(é‘wf@% - fﬁf 5 (0m)?0"w + fcﬁ/\za 7000 OO
ffig; (01)% — W@E)% + ﬁfj}gg Vi + G?Aﬁgo( )2327%} v (4.4)



Chapter 4 On the screening mechanism in DHOST theories evading gravitational wave constraints 26

where we introduced dimensionless quantities

_ RGsx
- 2f1/2 ’

5= D3 fx

_Js

and defined an energy scale A := (¢(2) /fY/?)Y/3. The dot denotes the differentiation with respect to ¢t. The explicit
expression for the coefficient 7 is not important here. In deriving the Lagrangian (4.4) we ignored (230 since ¢g
is a slowly varying field. We assume that matter is minimally coupled to gravity, so that we add the term —®p
where p = p(t,x) is the density of a nonrelativistic matter source. The Lagrangian (4.4) is a particular case of
the general effective Lagrangian for the Vainshtein mechanism in DHOST theories [81, 82, 83]. However, the
screening mechanism in this particular subclass operates in a very different way than in generic cases, as we will
see below.

Let us consider a spherically symmetric matter distribution, p = p(¢,r), where r is the radial coordinate.
Varying the action with respect to ¥, ®, and 7, we obtain the following equations:
(1-8)x+ (1-2B)y — 2z —2Bz(rz) + %Bi =0, (4.6)
o — € + (1 - 38)Be]a + 28(2 — 38)y + 2(1 — 26)=

20 .
+28(1 - 38)z(rz) — A—f (1-3B)i = A, (4.7)
and
*F(mvi7mlaj7jjlam//7y7y.ay/aza’évz/) :0’ (48>

where the prime denotes differentiation with respect to r and we defined the dimensionless variables as

- fl/Qq)l f1/2\11/
= — = = 4.

R EPA A C Asr 7 (4.9)

1 M(t,r) 1 M(t,r)
A= . = 4.10
sngg 13 Swfl/2A3  p3 7 (4.10)

with
M(t,r) = 471'/ p(t, 7)r2dr (4.11)
0

being the mass contained within r. In deriving Eqs. (4.6)—(4.8) we integrated the field equations once and fixed
the integration constants so that x, y, and z are regular at » = 0. The explicit form of F is complicated.
From Egs. (4.6) and (4.7) we have

_ A+ 25(1 = Bla(ra)’ d B

S e e (4.12)
o= U= Qﬁ)AQ:ﬂ%; COLIG R ;@165”6 (4.13)
where ¢ and ¢y are written in terms of a, 3, and €. Then, substituting Eqs. (4.12) and (4.13) to Eq. (4.8), we
obtain
o =301 - 0)2 + [y =200 - )T ) o o (1-2m)e 204~ 20— ppd. (aaa)
where we defined
¢im Gofox (4.15)

2f1/2 ’
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and the explicit expression for ¢z (which is written in terms of a, 8, etc. and their time derivatives) is not
important. As expected from the degeneracy of the theory, the final result (4.14) is just an algebraic equation
for x, with no derivatives acting on z. In generic quadratic DHOST theories, however, one would obtain at this
final stage a cubic equation for x. The present theory is special in the sense that the coefficient of the cubic term
vanishes identically.

From now on, let us consider the case where the source is static, p = p(r). Then, since we are assuming that
q50 is approximately constant, A is also independent of time. Thus, A in Eq. (4.14) can be neglected.

One may define the typical radius ry below which nonlinearities are large by A(ry) = 1. We are mainly
interested in the solutions to Eq. (4.14) for A > 1 both inside and outside the matter source. Outside the matter
distribution we have A oc r =3, whereas we have (r3A)’ # 0 inside.

Let us first consider the exterior region. For A > 1 we have
1[a+(1-28)¢—2¢ 1"°

xz:l:i (@—33(1-7) A . (4.16)

From this it can be seen that the terms linear in x in Eqgs. (4.12) and (4.13) are suppressed relative to the other

terms. We thus find, irrespective of the sign of Eq. (4.16), that

_ald—B) — B(13 — 2B)¢ + 25¢

Bla 36102

. 4 —7B) — 11501 - 28)€ — 25¢ ,
B 8(ar —3B8)(1 — B)? ’

This shows that ® # W in general, implying that the present subclass of DHOST theories does not evade the

(4.17)

(4.18)

solar-system constraints. However, if the parameters satisfy*!
3a—&(14+108) +2¢ =0, (4.19)

GR is recovered, yielding

& O=V=" " (4.20)

The effective gravitational constant is given by

1
6mf(1-B)
Thus, fine-tuning is needed in order for the screening mechanism to work successfully in the vicinity of a source.

This is in contrast to generic DHOST theories [80, 81, 82, 83].

GNout = (4.21)

Next, let us look at the interior region. We have two branches, one of which is given by

B (7.314)/

ng(af?;BS) 7> 1, (4.22)

T :

and the other by

Lot (20062 A o) (4.23)

(I : =z~ 2601 — ) Ay

*1 More precisely, the condition for successful screening is B[3a — £(1 + 108) + 2¢] = 0. Clearly, the case with 8 = 0 corresponds
to the subclass of the Horndeski theory. This is the trivial case exhibiting the Vainshtein mechanism [64, 65, 66].
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In Branch I, the behavior of gravity is far away from the normal one:

— 9/83 (TSA)/ 7"3 "n_ (TSA)/
y= (1— B3¢z 13 [( A) , ] +0(4), (4.24)
3 7“3 l 7“3 l
S (1 _gg)dgz : 7";’4) [(TgA)N - ;4) ] +0(4), (4.25)

where Eq. (4.19) was assumed. It then follows that

M/M// (M/)Q

o
P~ U x 2 3

(4.26)

We therefore conclude that this branch would not describe the stellar structure appropriately, and hence must
be excluded.
Branch II is phenomenologically more interesting. In this branch, all 2’s in Eqgs. (4.12) and (4.13) can be

neglected, leading to

A ,_(1-2p)4
YTau—p T 20-p2
& 0 ! M g (1—2p8)d. (4.27)

T 16rf(1-B)Z 2
From this we see that the effective gravitational constant inside the matter distribution is different from the

exterior value by a factor of (1 — 3)~%:

GnNjin = GN’OM- (4.28)

This must be contrasted with the way of breaking the screening mechanism in generic DHOST thoeries, where
M’ and M" appear in ® and ¥’ as corrections to the standard gravitational law with the same gravitational
constant as the exterior one [80, 81, 82, 83]. We also see that ® and ¥ do not coincide in the matter interior.
One should note that Eq. (4.19) is not used to derive Eq. (4.27).

Let us finally comment on the solution for A < 1. We have two branches, namely, © ~ y ~ z ~ A and
x ~y ~ z ~ 1. By inspecting the explicit solutions to Eq. (4.14), we find that the former branch, which is

phenomenologically more acceptable, is matched onto Branch II if
B(l—p)es <0 (4.29)

is satisfied.

As an example, we show in Fig. 4.1 the Branch II profiles of x, y, and z for A(r) = B(r)/B(1000) (namely,
ry = 1000) with B(r) = (r® + 1)~!. The density profile mimics a star with the radius 7 ~ 1. The parameters
are given by E =a =1, § =(=1/4, and ¢5 = 1. (For  we plot an exact solution to Eq. (4.14), but for y and z
the terms linear in x are ignored because they are subdominant for r < ry.)

We also present in Fig. 4.2 the Branch II solution for the NFW density profile, p(r) = po/[(r/rs)(1 + 1r/rs)?]
with 75 = 1 and pg chosen so that ry = 1000. The parameters are again given by ¢ = a =1, 8 =( = 1/4, and

cs = 1. Since there is no definite surface in this case, we see deviations from GR everywhere.

4.2 QObservational constraints

We have seen that though the particular subclass of DHOST theories (4.1) could evade solar-system tests by
requiring the fine-tuned relation (4.19), (i) ® and ¥ do not coincide inside the matter distribution, and (ii) the
gravitational constant in the matter interior is different from its exterior value. Let us discuss briefly possible

observational constraints on such modifications of gravity.
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Fig. 4.1 An example of a Branch II solution for ryy = 1000 and the stellar radius ~ 1. The dashed line
corresponds to the potentials in GR with the gravitational constant G n,out-
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Fig. 4.2 The Branch II solution for the NFW density profile. The dashed line corresponds to the potentials
in GR with the gravitational constant Gn out.

The difference between the two potentials in the nonvacuum region, ¥/® — 1 = —23, can be measured by
comparing the X-ray and lensing profiles of galaxy clusters, as has been investigated for different types of modifi-
cations in Refs. [113, 118, 119]. In particular, the constraints obtained for beyond Horndeski theories in Ref. [113]
read |®/Pgr — 1| < O(1071) and |¥/Pgr — 1] < O(1071). Thus, we would expect constraints of the same order
of magnitude, |3| < O(1071), from galaxy clusters.

A different value of the gravitational constant inside the Sun would lead to changes in the solar structure, and
thereby modify the sound speed and solar neutrino fluxes. Based on the solar standard model, it has been argued
that a relative difference of O(1072) is still allowed by observations [120]. Thus, the Sun could potentially be
used to test a different value of the gravitational constant inside extended objects.

Note, however, that currently the most stringent bound comes from the difference between the measured value
of the gravitational constant, Gn(= Gn,out 0r Gn,in), and the gravitational coupling for GWs, Ggw, which is
constrained from the orbital decay of the Hulse-Taylor pulsar: —7.5x 1073 < Gaw/Gn—1 < 2.5x 1073 [83, 121].

In the present case, we have Ggw = (167 f)~1 [78, 79], so the constraint is given by
6] < O(107?), (4.30)

which is orders of magnitude tighter than the possible constraint from galaxy clusters.
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4.3 Summary

In this chapter, we have studied the screening mechanism in a particular subclass of degenerate higher-order
scalar-tensor (DHOST) theories in which the speed of GWs is equal to the speed of light and gravitons do not
decay into scalar fluctuations. By inspecting a spherically symmetric gravitational field, we have found that
the screening mechanism operates in a very different way from that in generic DHOST theories [30, 81, 82, 83].
First, the fine-tuning is required so that solar-system tests are evaded in the vacuum exterior region. This is
in contrast to generic DHOST theories, in which the implementation of the Vainshtein screening mechanism
outside the matter distribution is rather automatic. Second, the way of the Vainshtein breaking inside extended
objects is also different from that in generic DHOST theories. We have shown that in the interior region the
metric potentials obey the standard inverse power law, but the two do not coincide. Moreover, the effective
gravitational constant differs from its exterior value. However, the current most stringent bound comes from the
fact that the effective gravitational coupling for GWs is different from the Newtonian constant [83, 121], rather
than from the above interesting phenomenology. The obtained constraint is as tight as

‘Xfx‘ < 0O(1073). (4.31)

f

Thus, we conclude that the allowed parameter space is small for DHOST theories as alternatives to dark energy

evading gravitational wave constraints.
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Chapter 5

Constraining DHOST theories with linear growth
of density fluctuations

In this chapter, we investigate the potential of cosmological observations, such as galaxy surveys, for constraining
DHOST theories, focusing in particular on the linear growth of the matter density fluctuations. This topic
is based on S. Hirano, T. Kobayashi, D. Yamauchi and S. Yokoyama, “Constraining degenerate higher-order
scalar-tensor theories with linear growth of matter density fluctuations,” Phys. Rev. D 99 (2019) no.10, 104051
[arXiv:1902.02946 [astro-ph.CO]] [29].

One of the most stringent constraints on gravity theories is obtained from the gravitational wave event
GW170817 [52] and its optical counterpart GRB 170817A [53], which gave the constraint on the speed of GWs,
caw, as |caw — 1| < 10715, This observation can be used to rule out scalar-tensor theories which predict a vari-
able gravitational-wave speed at low redshifts [95, 96, 98, 99, 100, 101, 82]. One finds that there still is a broad
class of viable scalar-tensor theories. In particular, a certain subclass of quadratic DHOST theories [21, 22, 23]
survived after this event.

Of course, even before GW170817 lots of stringent constraints on local gravity had been obtained, implying
that gravity must be consistent with GR at least on small scales and in the weak gravity regime. Therefore,
viable scalar-tensor theories are required to have a mechanism that suppresses the fifth force mediated by the
scalar field on small scales, and Vainshtein screening is a typical one of such mechanisms in the Horndeski and
related theories. Interestingly, DHOST theories generically exhibit Vainshtein screening outside matter, whereas
its partial breaking occurs inside [30, 82, 81, 83]. As the gravitational laws inside an astrophysical body differ
from the standard ones, this phenomenon leads to a modification of its internal structure, which can be used
to constrain DHOST theories [85, 86, 87, 88, 89, 90]. The authors of Ref. [83] applied this idea to the DHOST
theories satisfying céw = 1 and obtained constraints on the parameters which characterize the theories.

In this chapter, in addition to the above constraints, we investigate the possibility of constraining DHOST
theories from the current/future precise cosmological observations. In particular, we focus on the linear evolution
of the matter density fluctuations, which can be measured by observations of large scale structure. Measuring the
linear growth rate of large-scale structure, f(a), is known to be a powerful tool to test modifications of gravity
responsible for the present cosmic acceleration. To compare the observational data with theoretical predictions,
the simplest approach is to introduce an additional parameter called gravitational growth index, -, defined in

terms of the linear growth rate and the fraction parameter of non-relativistic matter Qy, as [122]

_dInf
7T A,

(5.1)

The purpose of this chapter is to obtain a novel constraint on DHOST theories with céw = 1 from the observations
of the linear growth rate. To do so, we develop a formalism to describe DHOST cosmology during the matter

dominated era and the early stage of the dark energy dominated era, and evaluate the growth index at high
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redshifts. We expect that the current observations of the growth index yield new constraints on DHOST theories
which are complementary to the existing bounds.

The chapter is organized as follows. In Sec. 5.1, We introduce cosmological perturbations and overview the
evolution of density fluctuations. In Sec. 5.2, we derive cosmological background equations in class I quadratic
DHOST theories. Then we consider linear cosmological perturbations and derive the evolution equation of the
density fluctuations. In Sec. 5.3, we introduce our formalism to model DHOST cosmology and evaluate the
growth index as a probe of modifications gravity. We thereby give novel constraints on DHOST theories from

current observations in Sec. 5.4. Finally, we discuss our results and future prospects in Sec. 5.5.

5.1 Cosmological perturbations

Inflation and Big-Bang cosmology pass many cosmological observations. Inflation is the accelerating expansion
of the universe and can solve the problems of Big-Bang cosmology. Also inflation generate the seed of the density
fluctuations of large scale structure. In this section, we see the evolution of density fluctuations based on the
initial conditions generated by inflation.

Let us consider so-called cosmological perturbation around a background spacetime. The metric is given by
9uv = Guv + 69uu, where g, is the background metric and dg,, is the metric pertrubation. From the Einstein

equations, the equations of motion in terms of the linear perturbation is given by
0G 1w (0gpy) = 871G 0T ). (5.2)

This is the perturbed Einstein equations. Determining the form of the metric perturbations dg,,,, we derive the

dynamics of these from above equations.

5.1.1 Metric perturbations and gauge freedom

The metric perturbation 6g,, depends on gauge transformations because the theory has 4D-diffeomorphism. Due
to an infinitesimal transformation 2* — z# := z# 4 £, the transformation of g, is given by the Lie derivative

along &#, that is,
5§,uu = 59;“/ - g#l/,pr - gﬂpgp,u - gpv’gp,,u' (5‘3)

For convention, we decompose 6g,,, to the scalar, vector, and tensor-type variables under the symmetry in FLRW

spacetime, O(3) . The concrete form of the metric perturbation is given by
ds* = —(1+ 2A)dt* — 2a(B,; + S;)dtdx’ + a*[(1 — 2¢)8 + 2E ;5 + 2F; j) + hijldz’da’, (5.4)

where A, B ,v, and E are the scalar-type variables, and S;, F; are the vector-type variables, and h;; is the
tensor-type variable. The vector type is transverse, and the tensor type is transverse and traceless. Thanks to
linearity, the equations of motion on each types are independent of the other types. In the following discussion,
we focus on the scalar-type perturbations at a linear level to mention the dynamics of density fluctuations. The

scalar perturbations are given by
ds® = —(1 4 2A)dt? — 2aB ;dtdz" + a*[(1 — 2)6 + 2E ;;]dz"dz? . (5.5)

For example, 1 is related to a geometric quantity. Let us consider a ¢ = const. hypersurface. Then, the intrinsic

curvature is given by

4
3 2
( )R = ia2a 1/}7 (56)
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where 02 := §%9,0; is the 3-dimensional spatial Laplacian. ¢ is the so-called curvature perturbation. The each

components of the perturbed Einstein tensor are given by

0GY = 6H(¢) + HA) — a%fﬂ [w +d’H <E + f)] , (5.7)
6GY = —20;(¢) + HA), (5.8)
6GE = 2[¢ + 3HY + HA + (3H? + 2H) A5}

+ (aiaj _ ;a;ia?) L}Z(zp —A)+ (14 3H) (E + f)} . (5.9)

A dot denotes a derivative with respect to the cosmic time.
Moving to the right hand side of the Einstein equation, we set the energy-momentum tensor of fluids. The
4-velocity of fluids is defined by u* = (1 — A, a=10%(v + B)). v is the velocity potential. The components of the

energy-momentum tensor are given by

STY = —dp, (5.10)

STO = dylalp + p)v] =: d;dq, (5.11)
, , 1,

8T} = opdt + (8@ - 36;-62> o1l (5.12)

where §p, dp are the fluctuations of the energy density and pressure respectively, and §11 is the anisotropic stress.

These scalar-type metric perturbations depend on a gauge transformation a# — a# + £# (E* = (8t, 0'5x))below

A — A-bt, (5.13)
1 .

B — B-— =6t +adz, (5.14)
a

E — E -6, (5.15)

v — Y+ Hét. (5.16)

Also, the energy-momentum tensor transforms according to the law of the transformation for tensors. Then, the

fluid fluctuations are changed by

op — dp — pot, (5.17)
op — Op — pot, (5.18)
dq — dq— (p+p)dit, (5.19)
ST — 6IL. (5.20)

Let us consider the relationships between these perturbative quantities and observables. The perturbative
quantities depend on a gauge transformation (5.3), but observables are not independent of gauge freedom. First,
we discuss the gauge invariant way. Eliminating the spatial gauge dependence dz?, we consider below quantity,

B

=E+ —. 5.21
o + . ( )

Then, 0 — o — dt/a under a gauge transformation. So, rewriting the Einstein equations by this quantity, we
can eliminate the spatial gauge dependence. In the matter sectors, the perturbative variables depend only on a
time-dependent gauge transformation without dII. Thus, in order to describe the gauge-invariant equations of
motion in terms of scalar-type variables, we can kill the remaining the time-direction gauge shift d¢ with o. For

example, the gauge-independent values are
6GY = 6GY — a>GYo, (5.22)
6GY == 6GY) — a®(Gf — G /3)0;0, (5.23)
6@; = 0G, — a2G§»0. (5.24)
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As for matter sector, we can obtain the gauge-invariant variables by using T instead of G. These treatment is
the so-called gauge-invariant perturbation theory [123, 124, 125].
For convention, let us consider the gauge-invariant quantities related to A and . It is convenient to use the

below combinations,

®:=A— (a’0)’, (5.25)
U :=1 +a’Ho. (5.26)

These are the so-called Bardeen variables and are broadly used to describe the evolution of density fluctuations.
Going to Fourier space and rewriting the variables by above gauge-inv. variables, the components of Einstein
equations in (0,0)(0,4) are given by

2

3H(W + H® — a®’Ho) + ];—2‘11 = —4rGop, (5.27)
U+ HO — a>Ho = —47Géyq, (5.28)

where k is the length of a comoving wave-vector. In matter sector, we have not defined gauge-inv. values. We
define the gauge-inv. variable §p(¢1) = §p — 3Hq. Combining the Egs. (5.27) and (5.28), we can obtain the

Poisson equation,

k2
— V= A GoplED, (5.29)

(G is equivalent to that at a comoving gauge

In the context of a gauge fixing which we will discuss after , dp
which this coordinate is the comoving frame with fluids, v = 0.

The trace and traceless parts of the Einstein equations in (i, j) are
U — & = 8rGIlI, (5.30)

U+ 2H) — HA — (3H? + 2H)A = 47G (5p + §v25n> : (5.31)

From (5.30), we can obtain ¥ = ® without an anisotropic stress dII. In the case without ¢II, combining Eq. (5.31)

rewritten by ® and ¥ and ¥ = ®, we obtain the evolution equation of the gravitational potential ®,

. . . 2.2
& —3(1+ A HD + [BH(1 + ) + 2H)D + &

2 ® = 471G opyad, (5.32)

2
s

2

where ¢ :

is the propagation speed of fluids, ¢; := (9p/dp)|s = p/p. The source term in the right hand side of

above equation, dpn.q, means the fluctuation of entropy,

Pnaa = 0p'FD — 25p(h), (5.33)
opleh .= 6p — a*po. (5.34)

Assuming the component of fluid, we can obtain the evolution of the gravitational potential.

The conservation laws of the energy-momentum tensor §(V,T/') = 0 are given by
. . k2 9
0p+3H(6p +bp) = 3%(p +p) = —51dq + a*(p + p)a], (5.35)
. 2
8¢ +3Hdq+ (p+p)A+dp = §k26H. (5.36)

The first is the relativistic version of the energy equation, and the second is called the Euler equation. Because we

have Bianchi identity of the Einstein tensor G;; and the Einstein equations, above conservation equations (5.35)
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and (5.36) are not independent. However, it is convenient to calculate the dynamics of fluids, that is, the density
fluctuation.

It is convenient to fix the gauge freedom instead of using gauge-invariant variables. In this section we will use
a Newtonian gauge. In this gauge, we fix B = F = 0 (= o = 0). This means that A = ®, ¢ = ¥, §p(¢D) =
6p — 3Héq, 6p'SD) = §p. These dynamical variables have no gauge freedom.

5.1.2 Evolution of density fluctuations

Our universe is filled with rich structures, stars, galaxies, clusters, and super clusters. However our universe is
close to homogeneous and isotropic universe at Oth order. If our universe is perfectly homogeneous and isotropic
universe at an initial state, these rich structures cannot be born. Fortunately, inflation can generate classical
fluctuations of spacetime from quantum fluctuations. Transferring these fluctuations to density fluctuations
during the evolution of the universe, the rich structures can be realized.

The gravity plays an important role of making structures. The density fluctuations grow due to the gravity
and the evolution of the universe. When the density of matter increases beyond certain threshold value, the
structure such as stars can be born. This is called gravitational instability. Cosmological observations can
observe the statistical property of density fluctuations based on the perturbative calculations. We would like to
study the evolution of density fluctuations in terms of non-relativistic matter deeply inside horizon scales which
we can observe at a linear level. In order to the gravitational evolution of the density, the density fluctuations
need to grow at early times. The higher-order corrections can be negligible. The non-linear property of density
fluctuations will be discussed in Ch. 6.

Deeply inside sub-horizon scale (k < aH), rewriting Eqs. (5.35)(5.36) by ®, & := 6p'GD /5, 6p, v instead of

5p(GD and 6p(SD at a Newtonian gauge, we obtain equations for matter,

5’+Z=0, (5.37)
k2 p

y+ Ho="|o— P |, .

o+ Hv a[ ﬁ(1+5)} (5.38)

0 is the so-called density fluctuation. In the RD era, dp can affect the dynamics of the system. Also, we have the

Poisson equation (5.29),
1 ., _
aﬁa P = 47TGp5t0t. (539)

Note that the cosmological constant does not appear on the Poisson equation. Here, we do not restrict the single
fluid component. The dynamics of gravitational potentials is determined by the total fluid. So, we wrote the
sub-scription tot to emphasize it. In the above system, there are the four unknown variables under the three
equations. So, we need to add the extra information for matter content, equation of state parameter w.

In order to the gravitational evolution of the density, the density fluctuations need to grow at the early time
when these are much smaller than unity. We study the evolution of density fluctuations at linear level where the
higher-order effect can be negligible.

For simplicity, let us consider only non-relativistic matter universe, that is, Einstein de Sitter universe. Then,
we can neglect the entropy fluctuation dpyaq (recall §p = ¢2pd + dpnaq). Combining Eqs. (5.37) and (5.38) to

eliminate the velocity potential v, we can obtain the evolution equation of the density fluctuation 6,

. . k2
0+ 2HS — (47rGﬁ ;2 >50. (5.40)

Thanks to linearity, Fourier modes do not mix with each other. This picture is not used to go to non-linear order.
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We can understand the behavior of the solution in Eq. (5.40) without solving concretely when we regard §
as the position of a particle. The first term is the acceleration of a particle, the second one is the friction, and
the third one is the potential term which can change its sign. Thus, this equation is equivalent to that of 1
dimensional motion with the friction and the potential V' (§) = —(47Gp — c¢2k?/a?)§?/2. Note that in this case
the friction term and potential term are time-dependent.

If the coefficient of the potential 47Gp — c2k?/a? is negative, the potential is convex downwardly. Then, §
cannot grow, and dampedly oscilate. This situation happen in the case with the large sound speed. Because
fluids with the large sound speed have large pressure, the gravitational force cannot grow the density of matter
against it. Also, at a small scale, there is no sufficient mass to grow gravitationally. This oscillation due to the
pressure is called the acoustic oscillations.

If the coefficient of the potential 47Gp — c2k?/a? is positive, the potential is convex upwardly. The density
fluctuation can gravitationally grow even if there exist the friction term and the pressure of fluids. The friction
term is induced by the cosmic expansion, it prevents the grow of the density fluctuation from the gravitational
force.

These two different situations are separated by kj. It is determined by the condition that the coefficient of the
potential vanishes, that is,

a/4ArGp

Cs

ky = (5.41)

The corresponding wavelength in the real space is

Ay = 4]%& =cq Glﬁ (5.42)
It is called Jeans length. This quantity give the criteria of the structure formation. Therefore, the modes smaller
than it cannot grow against the pressure while the modes larger than it can do. Considering the mass included
in the volume whose sides are Jeans length,

3

s (5.43)

it is the threshold of minimum mass which can form the structure. This Mj is called Jeans mass.

My := p\3 =

The speed of non-relativistic matter (includes dark matter) is sufficiently smaller than the speed of light. In
the MD era, the Jeans length is much smaller than the horizon size Iy := ¢/H ~ ¢/(Gp)/? (A\j ~ (cs/c)lu < lg).

Thus, the structure formation occur broadly inside the horizon due to the gravitational instability.

5.1.3 Growth of density fluctuations thanks to gravitational instability

We focus on the modes with wavelengths larger than the Jeans length, and we derive the growing solution. This
growing solution describes the linear growth of density fluctuations for dark matter during the MD era and after
that. This is the important fact on the structure formation.

At a scale much larger than the Jeans scale, k < k;, the evolution equation for density fluctuation (5.40) is
given by
6+ 2HS — 4nGps = 0. (5.44)
As you see above, this equation does not depend on the wave-number k. This equation holds in Fourier space.
Thus, the evolution of the density fluctuation is independent of that at other positions.

At first, let us consider the Einstein de Sitter universe which is filled with non-relativistic matter and K = A = 0.

The background dynamics is given by Eq. (2.18), H = 2/3t. Then, the background energy density is given by
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p = (6mGt?)~1. The above equation reduces to

. 4. 92
25 25— 4
bt b —30=0 (5.45)

Assuming the power law form of solutions, §  t", we obtain the general solution
6= At*® + Bt™ 1, (5.46)

where A and B are integration constants. The first term is the growing mode solution which increases in time,
and the second one is the decaying mode solution which decreases in time. The decaying mode is irrelevant in
the structure formation while the growing mode plays an important role of the growth of density fluctuations.
The time-dependence of the growing mode is propotional to t2/3. This dependence is same as that of the scale
factor in the Einstein de Sitter universe. Therefore, the growth of density fluctuation is given by J « a in the
MD era.

In general situation, for example, after the matter dominace, we can obtain the solution for ¢ if we give the
expansion law of the universe. To eliminate the first-order derivative we introduce the variable y = ad. Then,

the equations (5.44) is rewritten by this new variable as

i — (“ n 47TG,0) y = 0. (5.47)
a

By the way, the evolution equation for the scale factor (2.9) and the conservation law of matter at the background

level (2.11) have been given by

a 47G A

- =5+ 4
Y 3 Pt (5.48)
p=—3Hp. (5.49)

Differentiating the evolution equation in time and using the conservation law, we obtain
a _\ .
a — ( + 47er) a=0. (5.50)
a

Comparing this equation to Eq. (5.47), y = a is the particular solution in this ordinary differential equation. Let

us study the general solution. Assuming the form of the solution, y = aw(t), Eq. (5.47) further reduces to
aw + 24w = 0. (5.51)

We can solve this equation in terms of 1 imediately. The solution is 1 o< ¢~2. Integrating once in time

dt da

Summarizing above result, the independent solutions in Eq. (5.44) are
H(*_da__. D
§ o {Hfo a3 H3 + (553)

We recall the Hubble parameter in general era (5.58) has been given by

Qm 1— Qo — 0
HHO\/BO+QA0+02AO. (5.54)
a a
This is the monotonous decreasing function in time. Thus, the above solution defined by D, in Eq. (5.53) is
the growing mode while the below one is the decaying mode. This function D, (t) is the so-called linear growth

factor.
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It is known that the linear growth factor D, is described by the integral form

dzr

5 1
Dy = —-aQy, —,
+ 2a /0 (Qm/$+QA1’2+1—Qm—QA)3/2

(5.55)

where we fix the integration constant as D; — a at the limit ¢ — 0. In the limit a — oo, the cosmological

constant becomes dominant. Then, H = const. From Eq. (5.53), the linear growth factor is

D, = const. (5.56)

Thus, the matter density become sparse due to the accelerating expansion, and the density fluctuation cannot
grow. The decaying mode can be negligible after sufficient time. The density fluctuations at the present time are

given by
0(k,t) = Dy (t)or(k), (5.57)

where §7, (k) is the initial distribution of the density fluctuations. *!

Note that above discussion we have derived the evolution of density fluctuations of “dark matter”, so not
baryon. As you know, structures are constructed by baryon. In the theoretic prediction, baryon grows under
gravitational potentials made from dark matter due to gravitational couplings. The density fluctuations of baryon
are sourced by that of dark matter. In the MD, baryon’s density fluctuations becomes same dynamics as that of
dark matter (so-called catch-up) The relation between baryon and dark matter fluctuations is known as biased
relation. At a linear level, baryon’s density fluctuations is related to that of dark matter as shifted with constant
factor, d, = bd. In fact, we can observe statistical property of §, with red-shift space distortion in cosmological

observations.

5.1.4 Gravitational potential and velocity field

The time evolution of gravitational potentials is determined by the solution of the density fluctuations (5.57) and

the Poisson equation (5.39),
1 5 _

In the MD era, p oc a=3. Then, the time evolution of gravitational potential is given by ® o D, (t)/a(t)|mp ~
const. In the dark energy dominance, p = const. Then, ® o a?(t)D, (t)|pep ~ const.

Going to Fourier space, the solution in the Poisson equation is

k
Ok, t) = —477Ga2ﬁM

12
2772
a*H
From the first line to the second one, we used the Friedman equation (2.9).
Let us study the behavior of the velocity field at linear order. In the previous section, we decomposed the
tensor quantities to pure scalar-type, vector-type, and tensor-type variables. The 4-velocity has the vector-type
component. In the fluid equations which will be derived later, we linearize this equation and take the rotation,

(gt + H> €ijrdvF =0 & 070" o a™? (5.60)

This means that the rotational modes of the velocity (so-called vorticity) decays proportional to a~! due to the

cosmic expansion.

*1 For convention, the linear growth factor sometimes is normalized by that at the initial time.
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Neglecting this decaying component, there is the single scalar-type variable v which is the divergence component

of the velocity field v*. For convention, we define the velocity-divergence field 4 as

- ‘Z;’I (: %) . (5.61)

Using the continuity equation (5.37) and the solution of the density fluctuation (5.57), we can obtain the relation

between ¢ and 6

0 =—f(t)s, (5.62)
where
_dlmDy Dy
f(t) = =t = T (5.63)

This function means the time evolution rate of the growth factor, and is called linear growth rate.
Roughly speaking, f is given by the time derivative of the growth factor. Differentiating Eq. (5.55) in time,
we obtain the below integral

-1

an 1 dx
=1 € : 5.64
! 2 AT Uo (o /T + Qo2 + 1 — Qg — Qa0)3/2 (5.64)

In the Einstein-de Sitter universe, f = 1 identically. The rate f is the criteria of the distinguishment of the theory
of gravity discussed in this thesis. In the era after the matter dominance but sufficient near (i. e, 1 — Q,, < 1),

we obtain the approximate expression of f

6
frl-g1=0n)
~ Q6/11 (5.65)

This value, 6/11, is the typical value of GR, and is the landmark of the test of gravity on large scale structure.
In general, this power law index is called growth index which we introduced Eq. (5.1). In Sec. 5.4, we estimate

the growth index in DHOST theories.

5.2 DHOST theories: background and perturbation equations
5.2.1 Action

We recall the action of the generic quadratic DHOST theories [21, 22] which is given by

5
Ga(¢, X) — Ga(¢, X)O¢ + Ga(¢, X)R+ Y ai($, X)Li | ,

i=1

S = /d‘*wfg

where we have several functions of the scalar field ¢ and its kinetic term X := (—1/2)¢,¢". The Lagrangians L;

are quadratic in the second derivatives of ¢ and are given by
L, = d)lw(ﬁ/w» Ly = (D¢)2’ Ly = (Dd))(b“(;ﬁm,gi)uv Ly= ¢N¢up¢pu¢va Ls = (¢M¢uu¢y)27

where ¢,, ;== V¢ and ¢,, :=V,V,¢.
In order for this higher-derivative theory to be free of Ostrogradsky ghosts, we must impose the degeneracy
conditions that relate G4 and a;. The quadratic DHOST theories are classified in several subclasses [21, 22],

among which we are interested in the so-called class I theories, because theories in other subclasses exhibit some
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pathologies in a cosmological setup [78, 79]. (The class I DHOST theories are conformally/disformally related to

the Horndeski theory [22, 23].) As shown in Sec. 3.3, the class I degeneracy conditions are summarized as
ai+a; =0, B2=-687, f3=-2611201+an)+pA(1+ar)], (5.66)
where

M? =2(Gy +2Xay), M?ar =—-4Xa;, M?*ag = —4X(Gyx +a1),
M?B; = 2X (Gyx — as + Xaz), M?By =4X (a1 + as — 2X (a3 + ay) + 4X2as),
M?B3 = —8X (Gax + a1 — Xay). (5.67)

Here we write the derivative of a function f(X) with respect to X as fx. We thus have 3 constraints among
6 functions (G4 and «a;), leaving 3 free functions in addition to G2 and G3. These a-parameters are related to
linear perturbations (we will see in next section).

Note that the propagation speed of GWs is given by CQGW = l+ar. The gravitational wave event GW170817 [52]
and its optical counterpart GRB 170817A [53] have placed a tight bound ¢y ~ 1. We therefore have ar ~ 0,
provided that this constraint is valid at low energies where dark energy/modified gravity models are used [70].

Imposing ar = 0 amounts to taking a; = ay = 0, but for the moment we do not require this.

5.2.2 Background equations in shift-symmetric DHOST theories

In the rest of the chapter we focus on the shift-symmetric subclass of DHOST theories, in which the Lagrangian
is invariant under a constant shift of the scalar field, namely ¢ — ¢+ const. This means that the free functions
contained in the Lagrangian are dependent only on the scalar field kinetic term X.

As a matter component we only consider pressureless dust and assume that it is minimally coupled to gravity.
For a homogeneous and isotropic background, ds? = —dt* + a?(t)d;;dz’da?, ¢ = ¢(t), with the matter energy

density pm, the gravitational field equations read

3MPH? = o+ py, (5.68)
M2 <2H n 3H2) = ps, (5.69)
where H = a/a (a dot denotes differentiation with respect to t), and
. 1
ps =0T — Ga — M*H? (6ﬁly - 252?/2) , (5.70)
d

py = Go + 2M*H? [(aB +381)y — <B1 + 5:) yQ} + 2M251& (yH), (5.71)

with J being the shift current defined shortly. Here we defined y := d)/ (H gf)) and

1 dM?

R Vo T (5.72)

 ¢XGsx | am B B2
ap =~ e + ) B3—am)p1+ o7 + 8+ 5 | V- (5.73)

The scalar field equation can be written using the shift current as
J+3HT =0, (5.74)

where

. . . .
¢J =2XGox + M?H? [%{M — 6ap + 6 (aM51 + ﬁl) +681y — - <04M52 + 62) y]
Y H 2 H

+6M23,H — M%% (yH). (5.75)
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Equation (5.74) implies that in the expanding Universe J = const/a® — 0 and hence attractor solutions are
characterized by J = 0.

The background equations (5.68), (5.69), and (5.74) contain the higher derivatives ?, (;S, and H. However,
the degeneracy conditions (5.66) allow us to reduce the system to the second-order one. It is not so obvious to

demonstrate this explicitly, but one can follow Refs. [84, 126] to see that it is indeed possible to do so.

5.2.3 Density perturbations
Let us study matter density fluctuations in the Newtonian gauge. The perturbed metric in the Newtonian gauge
is given by
ds? = — [1+2®(t, )] dt? + a®(t) [1 — 2V (¢, x)] §;;da’da’. (5.76)
We write the perturbation of the scalar field as
o(t,x) = ¢(t) + n(t, x). (5.77)

It is convenient to introduce a dimensionless variable Q) := Hr/ q.S, and we will use this instead of . The density

perturbation is defined by
Pt @) = ()1 + 3(1, ). (5.78)

We study the quasi-static evolution of the perturbations inside the sound horizon scale*?. The quasi-static
approximation indicates that ¢ ~ He < 0;¢, where € is any of perturbation variables. This does not mean to
drop all the time derivatives and the Hubble parameter, because one may expect that V2®/a? ~ H?6 ~ H 5~ d
and hence the time derivatives acting on § cannot be ignored in general. Expanding the action to second order

in perturbations under the quasi-static approximation, we obtain the following effective action:

Set = / d*z Leg, (5.79)
with
M?a 2 2 2
Leg = B (Clq) + coW + Cg,Q)a Q+ 4(1 + OéH)\I’a b — 2(1 + OZT)\I/a v
— B3®0?® + |4a g—2(25 +5,)§+(45 +5:)Q 2?°Q ¢ — a®p,, B (5.80)
3 Hyp 1 3 1 3) 2 Pm ¥, .
where
cp=—4 [aB —ag + %(1 +anm) + 26—]‘} , (5.81)
ay
co =4 |:OLH(]. +aym)+am —ar+ H} , (5.82)
H g —dém 30  H
K ::_2{ (”““gz) (0 — ) =g o S g o —an
H B3 B3 o H 3 H '\ B3  adauBs B3
—2— B+ 201 20 e () B aMEs B .
2t (e + o <+aM H2> g \m) 2 T ta 0%
and
Pm
O, = . .84
m 3MZ2H? (5.84)

*2 The validity of the quasi-static approximation has been discussed in Refs. [127, 128, 133]. See also Refs. [130, 131, 132].
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We have three terms whose coefficients are written solely in terms of 51 and SB3. (The latter can be expressed in
terms of ay, ar, and 81 using the degeneracy condition given by Eq. (5.66).) These are the new terms in DHOST
theories. The other terms are present in the Horndeski and GLPV theories, but as ¢; and c3 are dependent on
(/1 and (3 one can see implicitly the contributions of these parameters characterizing DHOST theories.

The field equations are derived by varying the effective action with respect to ®, ¥, and (). Going to Fourier
space, they are given by

B 281 + B3 Q a?  _
(1+aH)\IJ——3<I>+b Q+ 12 3H+ sz P =0, (5.85)
(1-}-04’1‘)\11— (1+aH)¢+b2Q+aH% =0, (586)

Q Cf?

W d
VU + @+ b3Q + 4aHE —2(261 + 53) + b4 +2(461 + ﬁg) =0, (5.87)

where k denotes a comoving wavenumber in Fourier space and ®, ¥, and ) are now understood as the Fourier

components. Here, the coefficients b; (i = 1,2,3,4) are defined as

1 2
_— +<1+aM>aH+%<aH) 50

bs := 2¢3 + (451 + B3)

H .
<1+aM = )(1+on)+01‘5“[4

2
+2(1+au )dt (W) n jt? (2511{4253), (5.90)
by :=2 <1+aM—]§I> (464 +ﬁ3)+dt( ﬂl[_}’—ﬁ3) (5.91)

Since matter is assumed to be minimally coupled to gravity, the fluid equations are the same as the standard
ones, and hence under the quasi-static approximation the matter density fluctuations d(¢, ) and the velocity
field u’(t, ) obey

5+ 16@[(1 +8)u'] =0, (5.92)
' + Hu' + 1uj8 u' = féa@. (5.93)

At linear order, these equations are combined to give

.. . k2
0+ 2HO + E(I) =0, (5.94)

where we moved to Fourier space. The effects of modified gravity come into play through the gravitational
potential ® which is determined by solving Egs. (5.85)—(5.87).

Let us then solve Egs. (5.85)—(5.87) to express &, ¥, and @ in terms of 0 and its time derivatives. We will
follow the same procedure as that used in [30]. This procedure is feasible thanks to the degeneracy of the theory.
Solving Egs. (5.85) and (5.86) for ® and ¥ and substituting these solutions into Eq. (5.87), one finds that @ and
Q terms are canceled due to the degeneracy, and hence () can be expressed in the form

) .
*#Q = KQd + VQ% (5.95)
where the explicit expressions for the time-dependent coefficients kg and v are presented in Appendix A. Finally,

substituting this back into Eqs. (5.85) and (5.86), the gravitational potentials ® and ¥ can be expressed in terms
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of 6,4, and ¢ as

k? 5 0
_GQHQ(I):H¢5+V‘I>E T e Fg (5.96)
i 0 0

The explicit expressions for the time-dependent coefficients p;, v;, and k; (i = ®, ¥) are also shown in Appendix A.
Within the Horndeski theory we have pu; = v; = 0 and in the GLPV theory we still have pug = 0. That is, pg
first appears in DHOST theories beyond GLPV. Equation (5.96) allows us to eliminate ® from Eq. (5.94) and

we obtain the closed-form equation for § as

54 (24 OHS - ngE¢H2§ o, (5.98)

where the additional friction ¢ and the effective gravitational coupling (multiplied by 87M?) Zg are written in

terms of ug ,ve , and kg as

2ue — Vo
o 7 5.99
— (5.99)

2 R®
Hp = —— . 5.100
* T 30w 1 — e (5.100)

These two functions characterize modification of gravity. The evolution equation (5.98) has essentially the same
form as that in DHOST theories with ¢,y = 1 [34] and in the GLPV theory [107, 133]. Whether or not ¢, =1
does not play an important role in determining the qualitative form of Eq. (5.98). In the case of the Horndeski
theory (o = 81 = 0), the additional friction term vanishes, ¢ = 0, and the result of Ref. [134] is recovered.
Equation (5.98) tells us that, even in DHOST theories under the quasi-static approximation, the evolution of
the matter density fluctuations is independent of the wavenumber, so that as usual (see Eq. (5.57)) we can write

the growing solution to Eq. (5.98) as
3(t, k) = D4 (t)on(k), (5.101)

where d1, (k) represents the initial density field. The effect of the modified evolution of the density perturbations

is thus imprinted in the growth factor, D (¢). Introducing the linear growth rate f := d(irllnlz;f, the evolution
equation can be written as
df din H 9 3
2 — =0OnEs =0. 102
dlna+( et dlna>f+f 2 » =0 (5.102)

Given the expansion history and the dynamics of the scalar field, one can obtain the evolution of the linear growth

rate by solving the above equation.

5.3 Modeling DHOST cosmology in the matter dominated era

We consider possible cosmological constraints on DHOST theories from observables during the matter dominated
era and in the early stage of the dark energy dominated era. To do so, we assume that during these stages y, G,

a; (1 =H, M, B, T), and /3, can be expressed as a series expansion form in terms of € := 1 — Q,, (€ 1) as

y =10+ O(e), (5.103)
G2 = g2M*H?e + O (%), (5.104)
o; = cie + 0 (7)), (5.105)
B =Be+0(e?), (5.106)
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where yo, g2, ¢;, and 8 are constants. Note that the expansion of a; and f; starts at O(e), as modifications of
gravity are supposed not to be significant at early times. As seen below, the background equations are consistent
with Egs. (5.103)—(5.106). The expansion coefficients (yo, g2, ¢;, 8) are not all independent parameters. We will
express some of them in terms of the other coefficients and the parameters of an underlying model.

Substituting Egs. (5.103)—(5.106) to Egs. (5.70) and (5.71), one finds, for the attractor solutions (J = 0), that

ps = — (g2 + 68yo) M>H?z + O (£?) (5.107)
Py = [92 +2(cp +38)yo — 28y; ] M?H?¢ +2M*ByoHe + O (%) . (5.108)

Noting that 3M2H? — p,, = 3M2H?c = p,, we have
g2 = =3 (1 +2Byo) . (5.109)

The effective dark energy equation of state parameter, wy := pg/pe, can be expanded as
wy = w® + O(e). (5.110)

From Egs. (5.107)-(5.109) and H/H? = —3/2 4+ O(e) we obtain

2 3
w® = -1+ 3 (CByO — 8% — 5@3) : (5.111)

Using the above expression for w(?), one has the following useful formulas valid up to O(e):

H 3 0 2 3 0 2
To proceed further, let us assume that Gy o< XP, where p is a constant model parameter. This assumption

leads to the relation XGox = pGs. Using this assumption and Eq. (5.112), we find

0=0¢J = [2pgz +3(yo tem — 2¢8) — 98 + 63 (cem — 3w ) + Gﬂyo} M?H?c + O(e?). (5.113)
Equations (5.111) and (5.113) give

w® = —1- % (cu +2p), (5.114)

cB——p—C;+B<yO+‘;’>. (5.115)

Thus, w®) and cp are expressed in terms of the model parameter p and the other coefficients.

In the following we consider tracker solutions characterized by the condition
H$*! = const, (5.116)

where ¢ is a constant. Such tracker solutions have been studied in the context of the Horndeski theory [71, 72]
and its extensions [84, 117, 126]. For instance, the cosmological solution discussed in [84, 126] corresponds to the
case with p = 2 and ¢ = 1. In this thesis we regard ¢ as another model parameter. For the solutions satisfying
Eq. (5.116), it is easy to see that

3
. 11
Y =1, (5.117)

In what follows we will use ¢ instead of yq
So far we have not imposed ¢y = 1 (& at = 0), as ar does not appear explicitly in the background equations.
Upon imposing o = 0, it follows from the definitions that M? = 2G4 and MZ?ay = —4XG4x, which implies

another relation between the parameters:
aM = —yag = CM = —YoCH- (5.118)

Thus, under the assumption of céw = 1, we have four independent parameters, (p,q,cq, ), in terms of which

ga, M, cB, as well as w(®)| can be expressed.
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5.4 Constraining DHOST cosmology
5.4.1 Growth index

Let us derive the solution to (5.102) in a series expansion form in terms of e. We start with expanding ¢ and Z¢
in terms of e. Since o; = O(e) and 81 = O(e), we have ¢ — 0 and Z¢ — 1 for ¢ — 0, so that, to O(¢), ¢ and Zg

can be written as
c=cWe+0(E?), EZp=1+2Ve+0(2), (5.119)

)

where ¢(Y) and Eg can be written in terms of the parameters introduced in the previous section. See Appendix A

for their explicit expressions. Then, Eq. (5.102) reduces to

(em — 3w(0))53—‘£ + [; + <<(1) — ‘;’wm)) 5} f+ - g {1 - (1 - ESI,”) 5} + O(e?) =0, (5.120)

where we used Eq. (5.112). The solution to this equation is given by

3(1—w®) 426 —32{)
=1- O(e?). 5.121
/ [ 5 — 6w + 2¢y e+0() ( )
From the solution (5.121) we immediately obtain
3(1 — w®) 4 260 — 32V
= O(e). 5.122

v 560 120y 0 (5.122)

It is easy to see that the standard result v = 6/11 is recovered for w® = -1, ey =M = Eg) = 0. Substituting

the explicit expressions for Eg ) and ¢V [Egs. (A.13) and (A.14)] into Eq. (5.122), one can evaluate an approximate

form of the growth index v during the matter dominated era and the early stage of the dark energy dominated
era satisfying ¢ < 1:
3[(1—w(0)) —CT} 2

2
— _Z _ _ _ 300
Y= 5 — 6w + 2exp S [CB cM + T ﬁ(CM 3w )}

Louth {6(1 +w®) + (em — cr) {1 —2(em — 3w<0>)]

)
+ en = Ben = 30 )] [5 = 2(ent = 30 )] + 5(cn + 8) (ent - 3w(0))} +0(e), (5.123)
where
Y= %(5 — 6w + 2cy) {3(1 +w®) +2(em — cr) + [1 —2(em — Bw(o))] [CB —cu — Blem — 3w @ + 1)} } .

(5.124)

The first two terms in Eq. (5.123) are the generalization of the previous results derived in the case of the
Horndeski theory [162] and the third term appears when at least either of ¢y and 8 is nonvanishing, namely
when one considers theories beyond Horndeski. Equation (5.123) is general in the sense that we have not yet

imposed ar = 0. Now, imposing ar = 0 (= ¢r = 0), as discussed around Eq. (5.118), v can be written in terms

of (pqu CH, B) as

3
7 T2(23 4 6p+ 109)(3p + 11q)

{ [(p +4q) (=3 + 6p + 10q) — 8pq2}

3q(1 4 2¢)(—3 + 6p + 16¢) (cu + B)? }
2pq + 3qcu + (3p + 5¢)3

1
5 |(=3+6p+100) + 8¢ (3p + 2q)] . (5.125)
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Fig. 5.1 The allowed parameter region in the S-cu plane obtained from the gravitational growth index in
the shift-symmetric quadratic DHOST cosmology after GW170817. The parameters are given by (p,q) =
(1,1/2) (red), (1, 3) (green), and (3,1/2) (blue). The first set of the parameters corresponds to the solution

discussed in [84, 126].

5.4.2 Observational constraints

In this section, we investigate constraints on DHOST theories based on current observational limits on the
gravitational growth index . For instance, clustering measurements from the BOSS DR12 give the limit as
v =0.52£0.10 in Ref. [136] (based on the analysis in Fourier space) and v = 0.609£0.079 in Ref. [137] (based on
the analysis in configuration space). The constraints from BOSS DR14 are given as v = 0.55 £ 0.19 in Ref. [138]
and v = 0.580 & 0.082 in Ref. [139] (by adding tomographic analysis). Since the typical value of the deviation
from the central value of 7 in the current observations as shown above can be roughly estimated as < 0(0.1), let
us employ v = 6/11£0.1 as a conservative constraint. For a given set of the model parameters (p, ¢), this can be
translated into constraints on (3, cy) using Eq. (5.125). The parameter regions in the 5-cy plane allowed by the
constraint v = 6/11 & 0.1 are plotted in Fig. 5.1 for (p,q) = (1,1/2) (red), (1,3/2) (green), and (3,1/2) (blue).
One finds from Fig. 5.1 that a constant-y curve for fixed p and ¢ is a hyperbola in the S-cy plane for (p,q) and
~ that we are considering. This means that we have degeneracy between cy and [ in the observations of the
growth index. In contrast, in the GLPV theory we have § = 0, and hence we can obtain for instance the following
constraints on cy: —0.4 < cg < 0.4 for (p,q) = (1,1/2), —0.4 < ¢ < 0.5 for (1,3/2), and —1.1 < ¢y < 0.7 for
(3,1/2). Deriving the constraints for other values of (p,q) is straightforward. It should be emphasized that the
constraints we have obtained in Fig. 5.1 are those at high redshifts satisfying 2, ~ 1.

To compare our results with previously known constraints, it is necessary to make further assumptions that
connect the series expansion of ey and (31 to their present values. Specifically, we assume that ay = cg (1 — Qm),
B1 =B (1—Qu), and the leading order expression of v [Eq. (5.125)] are valid all the way up to the present time.
Hereafter we focus on the specific parameter values (p,q) = (1,1/2), which corresponds to the model discussed
in [84, 126], and demonstrate the allowed parameter region. Though details of constraints will be different for
different choices of (p, q), we expect that the order of the bounds is approximately the same.

Existing constraints on DHOST theories mainly come from the Newtonian stellar structure modified due to

the partial breaking of the Vainshtein mechanism, which is characterized by a single parameter Y1 := —2(ay +
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Fig. 5.2 The allowed parameter region obtained from the gravitational growth index in the shift-symmetric
quadratic DHOST cosmology after GW170817 is shown by the red area in the 8-cy plane. The parameters
are given by p = 1,q = 1/2. For comparison, the existing constraints —2/3 < T < 1.6 [85, 86] are shown
by the gray area.

B1)?/(am +2B1) (the definition here is for theories with ¢y, = 1) [80, 82, 83]. The lower bound on T has been
obtained from the requirement that gravity is attractive at the stellar center: Y1 > —2/3 [85]. The upper bound
is given by comparing the minimum mass of stars with the hydrogen burning with the minimum mass of observed
red dwarfs: T1 < 1.6 [86].

There are several attempts for improving the above bounds [87, 88, 89], including the one concerning the
speed of sound in the atmosphere of the Earth [90]. Aside from the constraints from the Newtonian stellar
structure, another constraint has been proposed, which comes from precise observations of the Hulse-Taylor
pulsar. This can severely constrain the effective parameters through the coupling of GWs to matter [33, 121]
—7.5x 1073 < apg + 38 < 2.5 x 1073, However, when deriving this result, several assumptions have been made
and the resultant constraint would depend on the details of how the screening mechanism operates in a binary
system. In this thesis, we try to constrain the effective parameters without taking into account these potentially
more stringent bounds, and use the most conservative constraint: —2/3 < T < 1.6.

We plot in Fig. 5.2 the allowed parameter region in the 5-cy plane obtained from the constraints on the growth
index (red) and stellar structure (black). As shown in Fig. 5.2, combining our results and the conservative
constraints discussed above can break the degeneracy between cy and 8 without using the Halse-Taylor pulsar
bound. The overlap region between these gives the constraints on both parameters: —1.0 < ¢y < 1.7 and
—47<p<18.

Note that recently it was pointed out in Ref. [92] that the absence of gravitational wave decay into scalar modes
requires ag + 251 = 0. As seen from the fact that the denominator of T; vanishes when this is satisfied, this is
a special case which has not been explored so far. It would be interesting to investigate the behavior of gravity

in this limiting case in detail, but it is beyond the scope of this thesis, and we do not consider this constraint.

5.5 Summary

In this chapter, we have considered a possibility to constrain degenerate higher-order scalar-tensor (DHOST)

theories by using the information about the linear growth of matter density fluctuations. In DHOST theories,
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the evolution equation for the linear matter density fluctuations is modified in such a way that the effective
gravitational coupling is changed by the factor Z¢ and the friction term has an additional contribution ¢H, both
of which can be expressed in terms of the effective parameters «; and (; used in the literature.

We have constructed cosmological models in DHOST theories as a series expansion in terms of 1 — €. In
doing so, we have assumed for simplicity that cosmological solutions under consideration are attractors in shift-
symmetric theories and subject to the tracker ansatz. The resultant cosmology is characterized by two model
parameters (p,q) and four independent effective parameters in general (i.e., six parameters in total), and upon
imposing ¢y = 1 the number of independent parameters reduces to four in total. Our construction thus
provides a concise description of DHOST cosmology during the matter dominated era and the early stage of the
dark energy dominated era.

We have then explicitly expressed the gravitational growth index 7 in terms of (p, ¢) and the effective parame-
ters. We have found that the constant-y curve in the S-cy plane generically is a hyperbola for ¢4,y = 1 and fixed
(p,q). One can thus obtain constraints on a certain combination of the effective parameters at high redshifts by
using the observations of the growth index alone.

Under the additional assumption that our leading order results in 1 — €2, expansion can be extrapolated all
the way to the present time, we have compared the constraints from the growth index with the previously known
bounds. Combining our results and the constraints from modifications of the gravitational law inside stellar
objects, we have shown that the parameter degeneracy between ay/(1 — Q) and 81/(1 — Q) could be broken
without using the Hulse-Taylor pulsar constraint, though our results slightly depend on the model parameters.
Future-planned observations for large-scale structure would exclude the currently allowed region of the parameter

space and serve as tests of the viability of DHOST theories.
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Chapter 6

Matter bispectrum beyond Horndeski theories

In this chapter, we study the matter bispectrum of large scale structure as a probe of these modified gravity
theories, focusing in particular on the effect of the terms that newly appear in the so-called “beyond Horndeski”
theories. This topic is based on S. Hirano, T. Kobayashi, H. Tashiro and S. Yokoyama, “Matter bispectrum
beyond Horndeski theories,” Phys. Rev. D 97 (2018) no.10, 103517 [arXiv:1801.07885 [astro-ph.CO]] [30].

Since the Horndeski theory [18, 19, 20] shares the same structure of nonlinear derivative interaction as the
Galileon theory [50], the Vainshtein screening mechanism can naturally be implemented [64, 65, 66]. It is expected
that this derivative nonlinearity is imprinted in the one-loop dark-matter power spectrum and the bispectrum.
This point has been investigated within the Horndeski theory in Refs. [141, 142, 143]. Higher derivative operators
arise in DHOST theories beyond Horndeski, and one of the interesting effects due to them is the partial breaking
of Vainshtein screening inside matter [80]. These new interactions will also participate in the one-loop matter
power spectrum and the bispectrum, which could be a probe of modified gravity theories beyond Horndeski. See
Refs.[83, 85, 86, 87, 88, 109, 110, 111, 112, 113] for other probes of DHOST theories.

The purpose of this chapter is to investigate the impact of the new operators of the Gleyzes-Langlois-Piazza-
Vernizzi (GLPV) theory [106, 107] on the matter bispectrum. As the GLPV theory (without the so-called Fj
term) is the simplest extension of the Horndeski theory in the context of degenerate theories, this work is a first
step to study how new nonlinear interactions beyond Horndeski affect non-Gaussianity of large scale structure.

This chapter is organized as follows. In the next section, we derive our basic equations for the matter density
perturbations ¢ in the GLPV theory. We then give a second-order solution for ¢ in Sec. 6.2. In Sec. IV, the
matter bispectrum in the GLPV theory is evaluated and its particular feature is emphasized. In Sec. V, we give
a short comment on the implication of the recent GWs constraints for the theory. We draw our conclusions in
Sec. VI.

6.1 Basic Equations
6.1.1 The GLPV theory

The action of the GLPV theory is given by [106, 107]

S = /d4x\/jg(£ + L), (6.1)
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where*!

L= G2(¢7X) - G3(¢7X)D¢
+ Ga(¢, X)R + Gax [(00)* — ¢2,]

+Ga(6, X)Gud" — $Gox[(00)° — B(00)62, + 20,

1 vpo i/ v op
_ §F4(¢,X)e“ 7 e o 0ud”, ¢,
1

— §F5(¢7 X)EILV’DHGM/VIPIO./ (bH ¢M¢”V¢pp¢ao'7 (62)

and Ly, is the Lagrangian of the matter components. Here we use the notation ¢, = V¢, ¢ = V.V, ¢,
Gx := 0G/0X, and €*’?? is the totally antisymmetric Levi-Civita tensor. The above Lagrangian has six arbitrary
functions, G; (i = 2,3,4,5) and F; (j = 4,5), of ¢ and X := (—1/2)¢,¢". The GLPV theory is an extension of
the Horndeski theory, and Eq. (6.2) reduces to the Horndeski Lagrangian in the case of Fy = F5 = 0.

Among wide classes of theories described by the GLPV action, we focus on those with G5 = F5 = 0 in the
present thesis. This is a reasonable restriction because the G5 term not only hinders the recovery of the Newtonian
behavior of the gravitational potentials on small scales in a cosmological background [64], but also causes some
instabilities inside the Vainshtein radius [66]. Since the F5 term has the structure similar to the G5 term, the
same pathologies are expected, though this has not been confirmed explicitly so far. In the absence of G5 and F5,
the GLPV theory is degenerate without further conditions [22], so that there are at most 3 propagating degrees
of freedom in any background spacetime. This nature is desirable in view of Ostrogradsky instabilities.

One of the interesting consequences of the Fj term is the partial breaking of the Vainshtein screening mechanism
inside matter sources [80, 83, 85, 86, 87, 88, 109, 110, 111, 112, 113], where derivative nonlinearities are significant.
It turns out that the partial breaking of the Vainshtein mechanism generically occurs in degenerate higher-order
scalar-tensor theories [81, 82, 83, 84]. In the present thesis, we study the impact of the nonlinearities of the Fj
term on the matter bispectrum. Some studies in this direction have already been undertaken in the context of
the Horndeski theory in Refs. [141, 142, 143], and this work is an extension of [141].

6.1.2 Effective action under the quasi-static approximation

We consider cosmological perturbations in a homogeneous and isotropic cosmological background. The field
equations governing the background evolution are found in Ref. [80]. As we are not interested in the evolution
of the universe in a particular modified gravity model, here we simply assume that the field equations admit a
solution that is very close to the usual ACDM model. This is in principle possible because we have the four free
functions in the theory that can be tuned if necessary.

The perturbed metric in the Newtonian gauge is given by
ds? = —(1 +2®)dt* + a*(t)(1 — 2¥)dx?, (6.3)

and the perturbed scalar field is written as

o(t,x) = ¢(t) + 7 (t, ), (6.4)

where a barred variable denotes the background quantity. It is convenient to introduce the dimensionless scalar

field perturbation as Q(t,x) := Hn/ (;_5 We only consider nonrelativistic matter and write its energy density as

pm(t, @) = pm(t)[L + (¢, 2)], (6.5)

*1 Concerning the factors in front of Fy and Fs, we follow the convention of Ref. [80] which is different from the one used in
Ref. [106, 107].
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where ¢ is a density contrast.

We expand the action (6.1) in terms of the perturbations. Since we are interested in the evolution of the density
perturbations inside the (sound) horizon, we employ the quasi-static approximation, Ve > ¢ ~ He, where V;
is the spatial derivative, a dot stands for the time derivative, and € is any of ®, ¥, or w. As we have shown
in Sec. 5.4, this does not mean to drop all the time derivatives and the Hubble parameter and hence the time
derivatives acting on § cannot be ignored in general. In the case of the GLPV theory, we will also have terms
like V2W in the perturbation equations, which must be retained as well.

The crucial point in the perturbative expansion is that, in the Horndeski and GLPV theories, the second
derivatives of perturbations can be large on small scales even though the first and zeroth derivatives are small, so
that the terms nonlinear in the second derivatives cannot be neglected. This is the very reason why the Vainshtein
screening mechanism (partially) works. This is also the key nonlinearity for the matter bispectrum.

Noting that the matter Lagrangian can be written as £, = —®p,,0, we have the following effective action

governing the perturbation evolution in the quasi-static regime [30]:

Seft = / dtd*z a® [N) +1:<NL>} : (6.6)
where
2y 29
£ — —M?(1+ aT)\IfV 5+ 2M3(1 + OéH)\IJVT
a a
H 30, H
—MQ[I_Iz 5 -‘r(l-‘rOéM'f'I_Iz)(OéB—OéH)
B — g V2Q
+ T +(OéT _QM):|Q a2
v2
— 2M2(aB — OzH)q) a2Q
& &
+2M? {ozH(l +an) + o —ar + ;] v GQQ
T V2Q
_ 2
— PP+ 2M O~ (6.7)
and
M2 « +C¥ ,C
LB — Vel {ag —3(ag —ar) +4ap —apy(2+ag +ayg) — GHH} afj
M2 0@ )2 02 2M? VvV, UV;QViVIQ
+ 2192(0@_(”{)(I> at 2H2aT at  H2 an at
2 L4
+ ﬁ(ac —oafg + OéT)aT;v (6.8)
with
1
L3 = —i(VQ)QVQQ, (6.9)
1
L4 = _i(VQVQ(?), (6.10)

0® = (V2Q)? — (V:V,Q)% (6.11)
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The time-dependent parameters in the coefficients are defined by

M? =2(Gy — 2XGyx — 2X?Fy), (6.12)
dln M?
ay = H 1 I;t : (6.13)
HM?ap = —¢(XGax — Gup — 2XGayx) — 4HX
X (Gax +2XGaxx +4XFy 4+ 2X*Fyx), (6.14)
M?ar = 4X(Gyx + XFy), (6.15)
M?apy = 4X?Fy, (6.16)
and
o Pm
Q= 7 (6.17)

which were introduced and used in Refs. [107, 144, 145, 146]. (we follow the convention of Ref. [107].) We have

defined another useful parameter as
M?ag = 4X (Gax +2XGyxx +4XFy +2X?Fyx), (6.18)

which first appears in the cubic order action.

The physical meanings of those parameters are as follows: M is the effective Planck mass, oy is its evolution
rate, ap is the braiding parameter that characterizes the kinetic mixing of the scalar field and the metric, and
a1 parameterizes the deviation of the speed of GWs from that of light. The ay parameter signals novel effects
compared to the Horndeski theory. The last term in Eq. (6.7) and the last term in the second line in Eq. (6.8),
which generate third-order derivatives in the equations of motion, are proportional solely to this parameter and
hence appear for the first time in the GLPV theory. Note that Q, cannot always be interpreted as the familiar
density parameter, because the Friedmann equation is modified and we do not necessarily have the equation of
the form 3M?H? = p,, + the energy density of the scalar field. This is related to the fact that the distinction
between the geometry (the “left hand side” of the gravitational field equations) and the energy-momentum tensor
is ambiguous in the presence of nonminimal coupling.

If all the o parameters vanish and M = Mp; (the Planck mass), the nonlinear part of the Lagrangian, L(NL)
vanishes and the quadratic Lagrangian £(?) reduces to the standard expression in GR. In view of this, we assume
that

an,ap,ar, g, <K 1, (6.19)

in the early stage of the matter-dominant universe, so that standard cosmology is recovered. In the late-time
universe, however, the effect of modification of gravity emerges, which is assumed to be responsible for the

accelerated expansion. In this stage we assume O(1) modification from GR, i.e.,
an,ap,ar, ag,ag = O(1). (6.20)
This is equivalent to assuming that

¢ ~ Mp1Hy, Ga ~ MEH3, Gsx ~ Mp'Hy?,
Gy~ ME, Fy ~ M52H7*, - (6.21)

in the late-time universe, where the Hubble parameter is roughly given by its present value, Hy.
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6.1.3 Field equations in Fourier space

Now we move to the field equations that can be derived by varying the effective action (6.6) with respect to ¥, ®,

and Q. They are given, in Fourier space,*3 by

Fru(t,p) - Gr(t,p) ~ 45Q(1.p) + May LLP )1 = Tl Q@

M? 1 .
TSI;{(QT)?’ /d3k1d3k2 6B (ky + ko — p)kk3 B(k1, ka)Q(t, k1)Q(t, ka), (6.22)
2
- p2 [gT\IJ(tp) + A2Q(t7p)] - %ﬁma(tap) = - QGQ;IQF[tap; Qa Q]7 (623)
U(t, p)

B, B
= 0 F[t,p,Q,Q]+ - F[t7p,Qa\I]]

2
AoQ(t,p) — A1¥(t,p) — Ax®(t,p) — M ap T a2H? a2H?2

H

By
+ mr[ﬂp;@ D]

M3« 1
— g @7 / d*k1d’ky 6 (k1 + ko — p)RTk3 (K, k) Q(t k1 ) (¢, o)
C 1
WSHW /d3k1d3k2d3k3 5@ (ky + ko + ks — p)
X [—k3k3k3 + 3k3 (ko - k3)? — 2(ky - ko) (ko - k3) (k3 - k1)]Q(t, k1) Q(t, k2)Q(t, k3),
(6.24)

where for Y, Z = ¥, ®, (Q we defined

1 ] . )
w2 = s /d%lddkzd(d)(kl 4 ks — p)EE (K - k)Y (1, 1) Z(E, Keo), (6.25)
and we introduced
ki-k
alky, ks) =1+ (1k722) (6.26)
2
(k1 - ko) k1 + ko)?
ki,ko) = 6.27
6( 1, 2) Qk%k% ) ( )
ki ky)?
Y(ki, ko) =1 - (ks ko) }g%;) (6.28)
1R2
The coefficients Fr, Gz, A1, Aa, -+ - all have the dimension of (mass)? and are written in terms of M? and the

« parameters as presented explicitly in Appendix B. One finds that there are four terms proportional to ay in
Egs. (6.22)—(6.24) (the fourth term in the left hand side of Eq. (6.22), the second term in the right hand side
of Eq. (6.22), the fourth term in the left hand side of Eq. (6.24), and the fourth term in the right hand side of
Eq. (6.24)). Those are the new terms beyond Horndeski. The other coefficients contain ay, but they are not
new in the sense that even in the case of ay = 0 those coefficients do not vanish and just reduce to the known

expressions in the Horndeski theory [141].

6.1.4 Fluid equations

Since it is assumed that matter is minimally coupled to gravity, the fluid equations are the same as the usual ones.

Under the quasi-static approximation, the conservation and Euler equations for nonrelativistic matter expressed

*3 Our convention for the Fourier transform is

fltz) =

(Qi)B /d3p f(t,p)eP®.
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in terms of the density contrast § and the velocity field u’ are given by
.1 .
0+ —Vil(1+0)u'] =0, (6.29)
. 1 - 1_,
'+ Hu' + gu]Vju’ = fEV”I). (6.30)

Modification of gravity comes into play in the evolution of matter density perturbations through the gravitational
potential ® in Eq. (6.30), which is determined by Egs. (6.22), (6.23), and (6.24). Going to Fourier space,
Eqgs. (6.29) and (6.30) are written as

) t, 1
(HP) +0(t,p) = — @) /d3k1d3k2 6@ (k1 + ko — p)a(ker, k2)0(t, k1)d(t, k2), (6.31)
O(t, p H 2
1
= — (27T)3 /d3]€1d3k‘2 6(3)(k:1 + k2 - p)ﬁ(kl, kg)e(t, kl)e(t, k2)7 (632)

where we introduced a scalar function defined as 0 = V,;u’/aH.

6.2 Matter density perturbations in GLPV theory

Based on the set of the equations obtained in the previous section, here, we derive the bispectrum of the matter
density perturbations, §, and highlight the impact of the new operators in the GLPV theory as the simplest
extension of the Horndeski theory . In order to investigate the matter bispectrum at the tree level, we need
to consider the perturbations up to second order under the assumption that the perturbations initially obey
Gaussian statistics. Before deriving the matter bispectrum from the second-order perturbations, let us begin

with giving a linear evolution equation for the matter density perturbations.

6.2.1 Linear perturbations

Since we are considering the minimally-coupled matter there is not any modification in the continuity and Euler
equations even in modified theories of gravity such as the GLPV theory. Thus, the linear evolution equation for
the matter density perturbations in Fourier space is given by the standard one as Eq. (5.94). The modification
of gravity is encoded in ® that is determined from the modified Poisson equation.

As we have shown in Sec. 5.4, we truncate Eqgs. (6.22), (6.23), and (6.24) at the linear order and solve them
for &, ¥, and @, we obtain the modified Poisson equation. Even under the quasi-static approximation, those
equations contain ¥ and Q Thanks to the degeneracy of the system, it can be straightforward to express ® (and

the other two variables) in terms of 0 and its derivatives. The final result one thus arrives at is:

P 5
2 )
_CLQPHQ\II = Iﬂ?q;(s-f—l/q;ﬁ, (6.34)
2 5 b}
_aszq):“@d"‘V@E THe g (6.35)

The explicit forms of the coefficients are given in Appendix B. The difference from that in the result of DHOST
theories is the absence of py (see Eq. (5.97)). Equation (6.35) allows us to eliminate ® from Eq. (5.94), leaving
a closed-form, second-order evolution equation for § is given by the same equation, Eq. (5.98). Therefore, we can

also obtain the same growing solution to the equation as Eq. (5.101).
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Using Eq. (5.94), one can eliminate ¢ from Eq. (6.35). Then, replacing § with fH&, we can rewrite Eqs. (6.33)-
(6.35) as

2

f#cg = (kg + frq) 6 = Kq3§, (6.36)
fHQ‘I’ (ko + fro)d = K, (6.37)

3
fH2<I> (2 mZe — <f> § =t Ky, (6.38)

where we recall that the definitions of Z¢, ¢, and f are given in Egs. (5.99), (5.100), and (5.63) respectively.

These equations are convenient for the second-order analysis in the next subsection.

6.2.2 Second-order perturbations

To investigate the bispectrum of ¢ at the tree level, we need to solve the perturbation equations up to second
order. Let us now move to the second-order analysis of the matter density perturbations based on the equations
derived in the previous section. Substituting the first-order solutions (6.36)—(6.38) to the right hand sides of
Egs. (6.22)—(6.24), we obtain, up to second order in 4,

,  Q L PH? (o By
Fr¥ —Grd — AsQ+ M a5 = -D7 o M aHKQV\/g( )+ KQW (p) ), (6.39)
a® a H B
Gr¥ + A2Q + Tprma —p2—— 2 KQ W, (p), (6.40)
2 v o a*H? 2 2
AgQ — AT — Ad — M ang = D+p—2 [M?ag KoKy Wa(p) + (BoKj — BiKyKq — BaKeKqg) Wy (p)]
(6.41)
where W, (p) := Z[p; as(ki, k2)], Ws(p) := Z[p; B(k1, k2)], and W, (p) := Z[p; y(k1, k2)], with
1
Ilp; Y (K1, k2)| == @y /d3k1d3/€2 0P (ky + ky — p) Y (K1, k2)0w (k1) oL (ka). (6.42)
Here we introduced a symmetrized version of a(kq, k2) as
. 2 4 1.2
(lor, Ry = 14 K2k k) (6.43)

2k3k3
Note that we have the following relation: Ws(p) = Wa(p) — Wy (p). The functions W,, W3, and W, are
dependent on the initial density field dy,(k), but not on modification of gravity.

From the nonlinear fluid equations (6.31) and (6.32) with the analysis of the linear perturbations in 6.2.1, we

can obtain the following equation up to the second order in dy,:

.. . 2 ~ ~
5+ 206+ Lo = H*DY (SaWa = S, (6.44)
a
where
~ s 3 _
S0 =2/ + 50mEs <, (6.45)
S, = f2 (6.46)

The second-order nonlinearity due to the modification of gravity, which appears in the right hand sides of

Egs. (6.39)—(6.41), is introduced through the gravitational potential ® as follows. Repeating the same procedure
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as in the linear analysis, we can write @}, ®, and ¥ in terms of J, its first and second derivatives, and the
second-order terms in the right hand sides of Egs. (6.39)—(6.41) as

) .
P )
B 2H2Q = HQ(SJFVQE +D-2&- (TQOLW@ 7TQ7W'y)a (6.47)
)
afHQ ¥ = kgl + vy + DY (reaWa = 7w W,), (6.48)
P’ 0 5 2
0,2H2(I) H@(S-FV@E +/J,q>m +D+ (T@awa _Tq’“/W’Y)ﬂ (649)
where
M? H 2 2
TQa = — (A2QTKQ + G1KoKu), (6.50)
1 Bs 2 H
Ty = 5 { BoG7 + AQQT + = <T+ 3M*ayuGr ( 3HQ>> — M?apgAsGr | K
M? D2 ByK32)
~B1G2Ky K — BoG2Ke K + andr (D3 > ) : (6.51)
2 DiH
M3«
Toa = A (AgK% + AQgTKQK\I/) , (6.52)
. BQK% — QAQTQ,Y
Ty = 267
1 24 By 2 2 H 2 2| 72
:_Z{ B(]A2gT+ A 2 <—S+3M aHA2 (14—3]_[2)) - M aHA2 KQ
M2ay Ay (DIBK3)
—B1A2Gr Ky Kq — BaAsGrKe Kq + 2H 2 +DQ HQ , (6.53)
+
- 1lr — A3 —2M? 1+f+£ + Mgt \2ay K2 (6.54)
Toa = gT T T 3 ag 2 TQo O —F— H ag Q .

H 2

1 H B
Toy = gT{]:TT\IVY_ A3—2M20H <1+f+m>] TQ—Y—FMQCYHTQ’Y - <1—M2aH> K(%} (655)

We then eliminate ® from Eq. (6.44) and obtain the evolution equation for ¢ capturing the effect of the second-

order nonlinearity of the scalar field:

. . 3

S+ (2+¢)Ho — 5QmEcpH%s = DI H? (SaWa — SyW,). (6.56)
In the right hand side we defined S, and S, by

(1 - ,u‘b) Soc(t) = S’a + Toa, (657)
(1~ 1) 84 (t) i= B, + 7or, (6.59)

The second-order nonlinearity due to modification of gravity appears in all of these 7 coefficients, but it should
be emphasized that 7o = 0 for ay = 0 (i.e., in the Horndeski theory ), while 74, # 0 in general if gravity is
modified anyway (see Table 6.1). In other words, 7¢,, is a new term beyond Horndeski. The solution to Eq. (6.56)

up to second order in J;, can be written as

§(t,p) = D1 (t)or(p) + DA (t) / Bleyd®ky 6P (ky + ko — p)Fa(t, ky, k)L (k1) o (F2), (6.59)

1
(2m)?
with the second-order kernel defined as

Fg(t, k)l, k)g) = n(t)as(kl, kg) - ;)\(t)"}/(kl, kg), (660)
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where k(t) and A(t) are the solutions of the following second-order differential equations,

B4 [Af + 2+ <) Hfk+ H? <2f2+ ‘;’Qmap) k= H?S,, (6.61)
A+ [Af + (24 )]H + H? (2f2 + 29,@5) = ;HQSW, (6.62)

supplemented with the condition that s, A — 1 in the early time (it is easy to check that K = X\ = 1 indeed solves
Egs. (6.61) and (6.62) if all the « parameters are negligibly small and Q,,, = 1). In the Horndeski limit (ay = 0),
these expressions reproduce the result of Ref. [141]. Especially, since ¢ = 0 and 7¢, = 0 in the Horndeski theory
(see Table 6.1), the right hand side of Eq. (6.61) reduces to H? (2f2 + 3QmE¢/2), so that k(t) = 1 at any time.
In this case the second-order kernel (6.60) therefore depends only on A(t) [141]. Thus, we find that a new feature
in the GLPV theory beyond Horndeski is the x term that is different from 1 and is time-dependent in general.

This is the main result of this chapter.

’ ‘ ACDM ‘ Horndeski ‘ beyond ‘

S 0 0 v
2o 1 v v
1% 0 0 Ve
Toa 0 0 v
Ty 0 v Ve

Table 6.1 Summary of the parameters in the second-order evolution equation for §, (6.56) with Egs. (6.57) and (6.58).

6.3 Matter bispectrum

61/TT 815/t

Fig. 6.1 (color online) The reduced bispectrum as a function of 612, with fixed k1 and k2. We adopt the
isosceles triangular configuration with ki = k2 = 0.01h/Mpc in the left panel (a), and the distorted triangle
with k1 = 5k2 = 0.05h/Mpc in the right panel (b). In both panels, we take a different value for «(t) to be
1.0 (gray solid line), 0.9 (blue dashed line), and 1.1 (orange dashed line), while A(¢) is fixed to be 1.

Finally, let us investigate the matter bispectrum as an observable for probing such quasi-nonlinear evolution

based on the above analysis for the matter density perturbations up to second order. The power spectrum and
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Fig. 6.2 (color online) The reduced bispectrum as a function of 012, with fixed k1 and k;. We adopt the
isosceles triangular configuration with k1 = k2 = 0.01h/Mpc in the left panel (a), and the distorted triangle
with k1 = 5k2 = 0.05h/Mpc in the right panel (b). In both panels, we take a different value for A(¢) to be
1.0 (gray solid line), 0.9 (blue dashed line), and 1.1 (orange dashed line), while x(t) is fixed to be 1.

the bispectrum of the matter density perturbations are respectively defined by

(8(t, k1 )(t, ko)) =: (2m)303) (y + ko) P(t, k1), (6.63)
(6(t, k1)0(t, k2)d(t, ks)) =: (2m)363) (kg + ko + k3)
X B(t,k‘l,kg,k’g). (664)

Here, for simplicity we assume that the initial density field d;, obeys Gaussian statistics, and, by making use of

the expression (6.59), the matter bispectrum at the tree-level can be evaluated as

DY) B(t, ki, ko, k3)
= Q[Fg(t, kl, kQ)Pll(kl)Pll(kQ) +2 CyCliC terms], (665)

where Pj; represents the power spectrum of the initial density field defined by
<5L(k1)6L(k2)> =: (277)35(3)(k1 + kg)Pll(k‘l). (666)

As we have mentioned before, we assume that standard cosmology is recovered in the early stage of the matter-
dominant universe. Thus, here, we calculate Pj;(k) adopting the best fit cosmological parameters taken from
Planck data [147].

As usual, in order to investigate the shape of the bispectrum in Fourier space, let us introduce a reduced
bispectrum which is defined by

_ B(t, k1, ko, ks3)
DA (t)[Pr1(k1)Pr1(k2) + 2 cyclic terms]’

Q123(t, k1, ko, k3) (6.67)

From Eq. (6.65), we have

2[Fy(t, k1, ko) P11(k1) P11 (ka) + 2 cyclic terms]

t, ki, ko, k3) =
Q23(t, k1, ko, k) [P11 (k1) P11(k2) + 2 cyclic terms]

. (6.68)

Thus, the reduced bispectrum does not depend on the linear growth function D, and the effect of modification
of gravity is encoded in the second-order kernel, F5(t, k1, k2). As we have discussed, the characteristic feature of
the GLPV theory beyond Horndeski with ay # 0 is that « in the second-order kernel is different from 1 and is

time-dependent in general.
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To demonstrate how this new feature beyond Horndeski distorts the shape of the bispectrum, we plot in
Figs. 6.1(a) and 6.1(b) the reduced bispectrum as a function of #12 which is the angle between ki and ko, with k4
and ko fixed. In these figures, we take different values of k as k = 1.0 (gray solid line), 0.9 (blue dashed line), and
1.1 (orange dashed line) while we fix A = 1.0. As one can see, except for the squeezed configurations (612 — 7 in
Fig. 6.1(a)), the reduced bispectrum becomes larger for x > 1 and smaller for x < 1.

As a comparison, we show in Figs. 6.2(a) and 6.2(b) the reduced bispectrum for different values of A. In these
figures, & is fixed to be 1 which corresponds to the case with ay = 0. Compared with Figs. 6.1(a) and 6.1(b), one
finds that the deviation of A from unity would give a large effect on the reduced bispectrum only for 615 ~ 27/3
in the left panel and 615 ~ 7/2 in the right panel. Thus, the effect of the GLPV theory on the matter bispectrum
is significant for #12 — 0. In other words, the matter bispectrum with 615 = 0 is considered to be a powerful
probe of the GLPV theory beyond Horndeski.

6.4 GWs constatints

The gravitational wave event GW170817 [52] and its optical counterpart GRB 170817A [53] placed a tight
constraint on the propagation speed of GWs, |caw — 1| < O(1071%). The consequences of this constraint on the

Galileon theory, the Horndeski theory, and its extensions have been discussed in Refs. [73, 81, 82, 83, 84, 98, 99,

100, 101, 102, 148, 149, 150, 151, 152, 153, 154].*2 In terms of the functions in the action, the constraint reads

lar| < O(1071%) =  Gux + XF; ~0. (6.69)

This must hold at least in the late-time universe. Upon imposing ar = 0, we have ayg = ag, while aps, ap, and
ag itself are still allowed to be O(0.1) — O(1) [99]. A further constraint can be obtained from the Hulse-Taylor
pulsar under the additional assumption that the scalar radiation does not take part in the energy loss, which
leads to |ay| < O(1073) [83]. This implies that O(1073)-O(1) deviation of x from its Horndeski value (x = 1) is
still possible, depending on the assumption one makes. This fact also is true in DHOST theories [164]. As shown
in Sec. 3.5, generic quadratic DHOST theories have the catastrophic decay channel of GWs into dark energy
field. In GLPV theories, the decay rate in this channel is proportional to ag [164]. Thus, GLPV theories needs
to be generalized to DHOST theories in order to evade this catastrophic decay.

6.5 Discussion and Summary

In this chapter, we have studied the matter bispectrum of large scale structure as a probe of the so-called
“beyond Horndeski” theory or the GLPV theory of modified gravity. We focused on the nonlinearity generated
from derivative interactions of the metric perturbations and the scalar degree of freedom and derived a second-
order solution of the matter density perturbations §(¢, k). We have shown that a new, time-dependent coefficient
K appears in the second-order kernel in the GLPV theory. Since we have x := 1 in GR and even in the Horndeski
theory [141], this is certainly a characteristic feature of the theory beyond Horndeski. Based on this second-
order solution, we have evaluated the matter bispectrum and found that the effect of nonstandard values of k
can be seen in the bispectrum at the folded configurations (k1 + ko = k3). We thus conclude that a deformed
matter bispectrum at the folded configurations can be a unique probe of “beyond Horndeski” operators. Note
that there exist several scenarios where the primordial curvature perturbations would acquire the folded-type
non-Gaussianity during inflation (see, e.g., Ref. [157]) and such a type of primordial non-Gaussianity could also

deform the matter bispectrum at the folded configurations. However, if we can precisely measure not only the

*2 See Refs. [95, 96, 97, 121, 155, 156] for earlier works before this event on the prospects of measuring cr
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dependence of #15 but also the scale dependence of the matter bispectrum, it would help us discriminate the
signature of beyond Horndeski from such a folded-type primordial non-Gaussianity.

It is not sufficient to detect the shape dependence of matter bispectrum in current observations (for example,
see [158]). In Refs. [159, 160, 161], combining matter power spectrum and bispectrum, these authors have
discussed the improvements of cosmological parameter fitting in galaxy surveys. In Ref. [162], they estimate the
constraint for the growth index « and A within Horndeski theories from the future galaxy surveys, SKA and
Euclid surveys. Using the same analysis, we might estimate the constraint for A and x for DHOST theories
from future galaxy surveys. Alternatively, the possibility to detect the signals of A and « is discussed from CMB
lensing [163].

In light of the recent GWs constraints, there is a growing interest in the so-called DHOST theories which
are more general than the one considered in this chapter but evade the stringent constraints. In Ref. [164], the
authors study matter bispectrum in DHOST theories. That feature is the same as that in GLPV theories. We

have caught the typical feature of matter bispectrum beyond Horndeski theories.
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Chapter 7

Conclusions

In this thesis, we have studied the properties of Degenerate Higher-Order Scalar-Tensor (DHOST) theories on
small and large scales toward its tests as alternatives to dark energy.

In Ch. 2, we overviewed the late-time acceleration based on General Relativity (GR). We introduced modified
gravity as an interesting one of the possibilities to explain the late-time acceleration which is consistent with our
universe.

In Ch. 3, we overviewed DHOST theories and introduced its viable classes evading gravitational wave con-
straints.

In Ch. 4, we have studied the screening mechanism in a particular subclass of DHOST theories in which the
speed of Gravitational Waves (GWs) is equal to the speed of light and gravitons do not decay into scalar fluc-
tuations. By inspecting a spherically symmetric gravitational field, we have found that the screening mechanism
operates in a very different way from that in generic DHOST theories [80, 81, 82, 83]. First, the fine-tuning is re-
quired so that solar-system tests are evaded in the vacuum exterior region. This is in contrast to generic DHOST
theories, in which the implementation of the Vainshtein screening mechanism outside the matter distribution is
rather automatic. Second, the way of the Vainshtein breaking inside extended objects is also different from that
in generic DHOST theories. We have shown that in the interior region the metric potentials obey the standard
inverse power law, but the two do not coincide. Moreover, the effective gravitational constant differs from its
exterior value. However, the current most stringent bound comes from the fact that the effective gravitational
coupling for GWs is different from the Newtonian constant [83, 121], rather than from the above interesting
phenomenology. We conclude that the allowed parameter space is small for DHOST theories as alternatives to
dark energy evading gravitational wave constraints.

In Ch. 5, we have considered a possibility to constrain DHOST theories by using the information about the
linear growth of matter density fluctuations. In DHOST theories, the evolution equation for the linear matter
density fluctuations is modified in such a way that the effective gravitational coupling is changed and the friction
term has an additional contribution. We have constructed cosmological models in DHOST theories as a series
expansion in terms of 1 — Q,,. In doing so, we have assumed for simplicity that cosmological solutions under
consideration are attractors in shift-symmetric theories and subject to the tracker ansatz. Our construction
provides a concise description of DHOST cosmology during the matter-dominated era and the early stage of
the dark energy dominated era. We have then explicitly expressed the gravitational growth index « in terms of
the effective parameters in DHOST theories. One can thus obtain constraints on a certain combination of the
effective parameters at high redshifts by using the observations of the growth index alone. Under the additional
assumption that our leading-order results in 1—{),,, expansion can be extrapolated all the way to the present time,
we have compared the constraints from the growth index with the previously known bounds. Combining our
results and the constraints from modifications of the gravitational law inside stellar objects, we have shown that

the parameter degeneracy between ag/(1—y,) and 51/(1— Q) could be broken without using the Hulse-Taylor
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pulsar constraint, though our results slightly depend on the model parameters. Future-planned observations for
large scale structure would exclude the currently allowed region of the parameter space and serve as tests of the
viability of DHOST theories.

In Ch. 6, we have studied the matter bispectrum of large scale structure as a probe of the GLPV theory of
modified gravity. The GLPV theory is the simplest extension of the Horndeski theory in DHOST theories. We
focused on the nonlinearity generated from derivative interactions of the metric perturbations and the scalar
degree of freedom and derived a second-order solution of the matter density perturbations. We have shown that
a new time-dependent coefficient x appears in the second-order kernel in the GLPV theory. Since we have k := 1
in GR and even in the Horndeski theory [141], this is certainly a characteristic feature of the theory beyond
Horndeski. Based on this second-order solution, we have evaluated the matter bispectrum and found that the
effect of nonstandard values of k can be seen in the bispectrum at the folded configurations. We thus conclude
that a deformed matter bispectrum at the folded configurations can be a unique probe of “beyond Horndeski”
operators. In light of the recent GWs constraints, there is a growing interest in DHOST theories which are more
general than the one considered in this chapter but evade the stringent constraints. In Ref. [164], the authors
study matter bispectrum in DHOST theories. That feature is the same as that in GLPV theories. We have
caught the typical feature of matter bispectrum beyond Horndeski theories.

As future directions, we had better investigate the one-loop matter power spectrum in DHOST theories.
Because the scale dependence in the amplitude of matter bispectrum appears, we expect that the higher-order
corrections to the power spectrum are larger than that of Horndeski theories of GR. In future observations of
large scale structure, the detectability of higher-order correlation functions will be improved. In this sense, the
analysis of the one-loop power spectrum in DHOST theories would be motivated.

In this thesis, we focus only on the density fluctuations deeply inside the horizon. Future surveys, such as
the SKA project, could detect the correlations near the cosmological horizon. At the horizon scale, (general)
relativistic corrections appear, for example, the time derivative of gravitational potentials. Then, the galaxy
number count can be affected. In scalar-tensor theories, one assumes that quasi-static approximation is valid
on the evolution of the scalar field, and the time derivatives of the scalar field are negligible deeply inside the
horizon. At the horizon scale, the time derivatives of the scalar field cannot be negligible, so the effect of the scalar
field could appear on observables such as the galaxy number count. We would like to formulate the (general)
relativistic effect of the scalar field in Horndeski theories or DHOST theories based on Ref. [165]. Also, we would
analyze the scale dependence of bias parameters between dark matter and baryon fluctuations due to non-linear

scalar self-interactions based on Ref. [166].
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Appendix A

Explicit expressions for some coefficients in

Chapter 5

Let us write down explicitly the coefficients in Eqgs. (5.95)—(5.97). The coefficients in Eq. (5.9

30
Yo = 5z N
30
RQ = 82,7{ {61 + 2(2ﬁ1 + ﬂ3)]f<1> + (CQ - 40£H).7:q;

M? d [ F d [ F
e (3) e (3]}

where we have defined the some dimensionless parameters as
1
SNo = an(1+ an) — 5(1 + ar) (261 + B3),
SFe=1+ar, SFy=1+ay,

= (1 + OZT)B3 ’

§=(1+an) -

The denominator Z can be written as

g e g v

Z = 411{5@61 —|—5\p62 — [b3+ 2<2B1+53) 5 — 4aH : }}

where c¢1, ¢a, and by were defined in Eqgs (5.81), (5.82), and (5.90). We have also defined
SEs =bi(1+ar) —ba(1+an),
SE¢ =b1(1+ am) — %bzﬂs-
The coefficients in Egs. (5.96) and (5.97) are
ta = Navq,

a2HVQ) )

1 d
Vg = —5aVQ +Na HQ"‘ma(

3 Na d 2 2
Kag = §mea—€a:‘€@+m&(a H K}Q) s

for a = ¥, ®, where

SNy =—(14au)p1 — %ﬂ&
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) are given by

(A1)

(A.2)

(A.12)
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The coefficients in Eq. (5.119) are given by

¢ = % (e + B)? (em — 3uw(?), (A.13)
=0 = ¢p + % s — en + ex = Blew - 3w<0>)]2
- CH;B{GQ +w®) + (ex — c) [1 —2(em — 3111(0))}
+ o = Blew = 36®)] [5.= 2(ent — 30)] +3(eir + ) (ent - 3w<0>)} , (A.14)
where
Z=3(1+w) +20u + [1 = 2(en — 30©) | e — en — Blew — 30 +1)]. (A.15)

We can then finally obtain the explicit expression + in the main text by sustituting Egs. (A.13) and (A.14) into
Eq. (5.122).
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The coefficients of Eqgs. (6.22)—(6.24) and
Egs. (6.33)—(6.35) in Chapter 6

The coefficients of Eqs. (6.22)—(6.24) are given in terms of the o parameters by
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SQm dB - aH

H H
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The coefficients of Eqs. (6.33)—(6.35) are given by
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