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Abstract

We address the question of how one can modify the inflationary tensor
spectrum without changing at all the successful predictions on the curva-
ture perturbation. We show that this is indeed possible, and determine the
two quadratic curvature corrections that are free from instabilities and af-
fect only the tensor sector at the level of linear cosmological perturbations.
Both of the two corrections can reduce the tensor amplitude, though one
of them generates large non-Gaussianity of the curvature perturbation. It
turns out that the other one corresponds to so-called Lorentz-violating Weyl
gravity. In this latter case one can obtain as small as 65% of the standard
tensor amplitude. Utilizing this effect we demonstrate that even power-law

inflation can be within the 20 contour of the Planck results.
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Chapter 1

Introduction

Inflation [I}, 2] plays a crucial role in cosmology of the very early Universe. In particu-
lar, single-field slow-roll models of inflation generically produce nearly scale-invariant,
adiabatic, and Gaussian curvature perturbations as the seeds for cosmic structure [3].
The theoretical prediction matches observational results e.g. of the Planck experiments
fairly well [4, B 6 [7]. During inflation primordial tensor modes (gravitational waves)
are generated as well. The tensor amplitude is conventionally parametrized by the
tensor-to-scalar ratio, r, and the Planck constraint on r is given by r < 0.10 (95%
C.L.) [7]. Some of the single-field slow-roll models predict larger tensor modes, and
hence have been excluded by current observations. One would then ask whether one
can reduce the tensor amplitude somehow to save such models. This is the question
which we discuss in this chapter.

General relativity is an underlying assumption of standard inflation models, and
nonstandard dynamics of the tensor modes can be obtained by modifying this grav-
itational sector. In doing so, one generically expects that the behavior of the scalar
perturbations is also modified. This is however what we want to avoid, because the
standard inflationary predictions on the scalar perturbations are so successful. In this
chapter, we therefore explore the possibility of modifying only the tensor modes and
try to retain the same structure of the scalar sector as in general relativity, in order
not to spoil the remarkable agreement between the standard theoretical predictions of
the scalar perturbations and observations.

It is natural to consider quadratic curvature terms in the action beyond general

relativity since such corrections are expected to arise as signatures of new physics



1. INTRODUCTION

at high energies. Below we look for quadratic curvature terms that modify only the
tensor sector of cosmological perturbations without introducing any pathologies such
as ghost instabilities. It turns out that there are two independent combinations of the
curvature tensors fulfilling the above requirements. Both combinations do not change
the quadratic action for the scalar perturbations, and one of them has no impact on
the cubic action as well. The resultant quadratic curvature terms are not of the form
R2, RuwRM, ete. which are familiar in the literature [9, 0], but they have nontrivial
coupling to the derivative of the inflaton field. We study in detail how the tensor
amplitude and tilt are modified, and discuss the implications for observations.

The organization of this thesis is as follows. We review the inflation theory in the
next chapter. In Chapter 3, we review 3 + 1 decomposition of spacetime and derive
the gravitational Hamiltonian and the constraints of spacetime. In Chapter 4, we
construct the theories with quadratic curvature terms and calculate the spectrum of
the primordial tensor perturbations. We summarize this thesis and consider the outlook

in the last chapter. We review the cosmological perturbation theory in appendix.



Chapter 2

Inflation

We review inflation.

2.1 Friedmann equations

Our universe has various structures. These structures have been made by the fluctua-
tions. Therefore our universe is not completely homogeneous. But if the deviation from
the homogeneity is small, we can consider the universe is homogeneous at background
and inhomogeneity is the perturbation on this homogeneous background. Additionally,
by the observation of CMB radiation, we can see almost the same signals from all direc-
tions. Hence, we can assume that the universe is homogeneous and isotropic globally.
This assumption is called the cosmological principle.
We can use the FRW metric for the homogeneous and isotropic universe.

2

dr
1 — kr?

ds? = —d? + a2(1) +72(d0* +sin® 0do?) | (2.1)

where k denotes the curvature of three dimensional spacelike hypersurfaces. k = 0,
k = 41 and k = —1 are expressed as flat, positively curved and negatively curved
hypersurfaces, respectively.

The Einstein equations are given by
GH =8rGT". (2.2)

The definition of the Einstein tensor is

1
G/U/ = RMV — igMVR, (23)
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and Riemann tensor, Ricci tensor and Ricci scalar are also defined by

A — A A A A
R ppv r uv,p r po,v t FUWF op F”WF ov > (2.4)
R = R (2.5)
R = gijuu ’ (26)

where the connection is given by

1
F>;w = 5 Aa (gau,u + Gow, p — g,uu,a) . (27)
In the Einstein equations eq. (2.2)), the left hand side is the Einstein tensor G, which
is the geometric quantity depended on the spacetime and the right hand side 7% is a
stress energy tensor of matter.

For the perfect fluid, the stress energy tensor is given as
TV, = (p+ p)utuy +pdhy, (2.8)

where p is energy density, p is pressure and u* is 4-velocity of fluid. In the rest frame

of the perfect fluid, the stress energy tensor becomes

—p 0 0 0
0 p 0 0

T‘;:OOPO (2.9)
0 00 p

Using the Einstein equations and the stress energy tensor of perfect fluid, we obtain

the Friedmann equations

&G k
H?>=""p— = 2.10
5P 3 (2.10)

) k
3H? +2H = —8nGp— — (2.11)

a

and
a A7G

= 3 2.12
. 3 (p+3p) , (2.12)

where the dot means the derivative with respect to the cosmic time. From these equa-

tions we can get
p+3H (p+p)=0, (2.13)
this equation can be derived from the conservation law of the stress energy tensor

T, =0. (2.14)



2.2 Problems in the hot big bang universe

2.2 Problems in the hot big bang universe

There is unnaturalness about the initial condition for the universe in the standard hot

big bang theory. The inflation was proposed as the solution for the problems in 1980s.

2.2.1 Flatness and horizon problems

Our universe is now almost flat. The density parameter of spatial curvature is defined

as
k
Q= 2.15
k (QH)Q ) ( )
and the constraint on today’s value of this parameter is given by
0% — 0,000 +0.005  (95% CL) , (2.16)

with the Planck and the observation of the baryon acoustic oscillations [g].
In the radiation dominant and matter dominant eras, the expansion of the universe

is decelerating. The scale factor varies as
axtt (0<p<l), (2.17)
while the Hubble parameter varies as
H= %9 . (2.18)
Therefore the density parameter of spatial curvature increases as
Q| oc ¢2(17P) (2.19)

If the universe has expanded with deceleration from the big bang to today, in the
early time the curvature of the universe was so small that the universe was extremely
flat. This unnaturalness is called as the flatness problem.

There is another problem in the big bang theory. We consider the light traveling
along the radial direction in flat spacetime. Taking ds? = 0 in FRW metric eq. ,

we obtain

cdt = a(t)dr, (2.20)
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here we put ¢ without omission. Integrating this from early time t, to time ¢, we get
the comoving distance
toe
de(t) = —dt. 2.21
0= [ (221)
In consequence the particle horizon which is defined as the physical distance for light

traveling between the time ¢, and ¢ is given by

du(t) = a(t)de(t)
b edt
- / cdt (2.22)
t. a(t)
If the universe expand with deceleration as a o< t? (0 < p < 1), we obtain
ct
1-p

b -1
= ——cH 2.2
ool (2.23)

by taking ¢, — 0 in eq. (2.22) . Here cH ! is called as the Hubble radius and the value

of this radius in today is

du(t) =

cHy' 2~ 10 cm. (2.24)

From eq. we can see that the causal region become smaller and smaller
with going back in past. For example, in spite of the fact that at the time of photon
decoupling (z ~ 1090) the particle horizon is much smaller than today’s size, the
photon of CMB has almost the same temperature over the large scale such as the
particle horizon size in today (=~ ¢ H; 1). This fact implies that the much larger region
than the particle horizon at the time when photon decoupled from electrons causally

connected. This is the horizon problem.

2.2.2 Solution for problems: accelerated expansion

Inflation is defined as the accelerated expansion phase in the very early universe, that
is,
a>0. (2.25)
We consider when the scale factor grow as a o« tP. The density parameter for
spatial curvature is given by eq. . Therefore in the accelerated expansion, that
is a x tP (p > 1) Q decrease very rapidly.



2.3 Inflaton field

We consider the scale in which the comoving length is given by 1/k. The physical
scale given by a/k is expanding very rapidly with the cosmological expansion. But the
Hubble length H~! is proportional to a!/?, that is, it is slowly varying as compared
with the comoving length. It is possible that the region with causality at the beginning
of inflation is expanding over the Hubble length.

From eq., if

p< —g : (2.26)

we can get the accelerated expansion eq.(2.25)) .

2.3 Inflaton field

How can we get the condition of eq.(2.26|) for inflation? We can do this by the scalar
field called inflaton.
The simplest action for inflaton with Einstein gravity is given by

1

S2Ii

/ dlz/—gR + / d*z/—g (—;8‘%)8,@— V(¢)> . (2.27)

The stress energy tensor for scalar field is

T = 0,600~ g, (3060004 V(@) ) (225)

The energy density and pressure for inflaton are given by
= PV, (229
p = 5PV, (230

respectively. The EOM of inflaton is

¢+3Hp+V' =0, (2.31)
where
V= (31‘;. (2.32)
Friedmann eqs. are
H? = % (;4232 +V(¢)> : (2.33)
H = —41G¢?. (2.34)
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where we ignore the spatial curvature term k/a? in eq. because if inflation oc-
curred it decreases so rapidly.

From eq. and eq., we can see that if the potential of inflaton is dominated
relative to the kinetic energy, or in other words, the variation of ¢ in time is sufficiently

slow,
¢ < V(9), (2.35)

then we obtain

p=—p, (2.36)

and as a result the accelerated expansion phase can be possible.

2.4 Slow-roll inflation

In the previous section we considered the behaviours of the single scalar field and the
expansion of universe. We can see that the second term of EOM of the inflaton eq.
is the friction which is propotional to the ¢. The coefficient of the friction is the Hubble
parameter. The cosmic expansion interrupts the scalar field varying. If the gradient
of the potential dV/d¢ is sufficiently small, the scalar field is slowly varying and the
universe can grow rapidly. In this case, the acceleration of ¢ in the EOM eq. is
small compared to the friction term, so that the force by the potential is balanced with

the friction by the cosmic expansion, we can derive approximately

b~ —3}2 . (2.37)
The conditions for this approximation are given by
1.5
§qb < V(e), (2.38)
o] < 3H|4], (2.39)

called as slow-roll conditions. The first of these conditions eq. (2.38)) is necessary for the
universe to undergo accelerated expansion. The second condition eq. (2.39) is necessary

for scalar field to change slowly.



2.5 Curvature perturbations from inflation

Inflation occurs if the time derivative of the Hubble parameter H is sufficiently

small compared with H2. Then we define slow-roll parameters as

H
- £ (2.41)
= He :
We also define the slow-roll parameters with potential as
M2 V/ 2
— pl
= — | = 2.42
v = () (2.42)
V//
ny = Mﬁ,v , (2.43)

These parameters are related with the flatness of potential. With there parameters,

the slow-roll conditions are expressed as

o <1, (2.44)
Inv| < 1. (2.45)

If the slow-roll conditions are satisfied, we obtain the relations

€ ~ ey, (2.46)
n = 4ev—2’l7v. (2.47)

2.5 Curvature perturbations from inflation

If there are some fluctuations before inflation, they disappears during inflationary ex-
pansion. Therefore the remaining fluctuations in the universe today were generated

from quantum fluctuations in inflation [111, 12} 13| 14} 15 [16].

2.5.1 Quadratic action for curvature perturbations

We calculate the quadratic action for curvature perturbation in a comoving gauge. In
this gauge, the fluctuation of the inflaton field is set to zero: d¢ = 0.
With the ADM metric

ds? = —N2de? + ’Yij(dyi + N'dt)(dy’ + N/dt) . (2.48)
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we consider the perturbation as follows

where the 6V, x, ¢ are scalar perturbations. We substitute these into the action eq. (2.27))

and expand the second order in perturbations and after that we get

Sy = / dt d®z [—a3(3 — €)H25N? + (—2aHd*x — 2a9*¢ + 6a>HC)ON

+2a0?x¢ — 3a3C% + a(dC)?| . (2.50)

To take a variation of this action with respect to d N and x gives the constraints

_ <
N = (2.51)
0%¢ :
2 _ 0% 2
o*x = 7 +ea“(. (2.52)

Inserting these constraints back into the action and doing integration by parts, we get

the quadratic action for the curvature perturbation

S = / dt &3z a?’;f; {g'? - alz(ag)Z] (2.53)
= / dtd3zea? [g‘2 — ;(ag)Q] : (2.54)

We define the Mukhanov-Sasaki variable

v=2z(, (2.55)
where
éQ
2 = a2m (2.56)
= 2d%. (2.57)

Changing the cosmic time to the conformal time, defined by dr = dt/a, and using the

Mukhanov-Sasaki variable, we obtain
"

S = ;/dex?’ |:U/2 — (O)? + 02|, (2.58)
z

10



2.5 Curvature perturbations from inflation

where the prime denotes here the derivative with respect to the conformal time. We
can see this action is the same form with a harmonic oscillator with time-dependent

mass

"
9 z
. 2.59
m? = -2 (259
By varying this action eq. (2.58)), we can get the so-called Mukhanov-Sasaki equation
"

V' —Av—Zw=0. (2.60)
z

In Fourier space this becomes

Z//
vZ+<W——Z>vk—O, (2.61)
where
d3z ik
Uk(T)E/(27r)3/2€ kxy(r, ). (2.62)

To analyze the behaviour of modes, here we consider the de-Sitter expansion for

example
(1) = ! (2.63)
A7) =~ .
and we can obtain
22
—=—. 2.64
z T2 (2.64)
For the short wavelength limit, that is,
k
AN 2.65
aH (2.65)
eq. (2.61)) becomes
vy + k2o =0, (2.66)
and the solutions are given by
V(T) = —m kT (2.67)
V2k

11



2. INFLATION

For modes with the wavelength much longer than the horizon, taking the long wave-

length limit such as

k
0 2.68
aH (2.68)
eq. (2.61]) becomes
// Z//

The solutions of this equation are given by

o), o) [ d() (2.70)

where the first is a solution for growing modes and the second is for decaying modes.

The solution for growing modes gives

Vg X Z (2.71)
o« 171, (2.72)

As a consequence we can see the curvature perturbation ( freezes out on the superhori-

zon scales,
v
G = (2.73)
x const. (2.74)

2.5.2 Power spectrum

We can get the general solution of eq. (2.61)) as
v = apvr(T) + aT_kUZ(T) , (2.75)

where the v and the complex conjugate vy, are the linearly independent solutions and

ap and al . are the constants. The Wronskian of the mode functions given by
W vk, vi] = vpvy — vjvf (2.76)

is constant in time. To normalize the mode function we use the Wronskian condition

as

Wlvg,vi] =1. (2.77)

12



2.5 Curvature perturbations from inflation

To do the Fourier transformation of eq. we get
v(r,x) = /d3k [Uk(T)akeik'm + UZ(T)aLe_ik'm} . (2.78)
(27)3/2
Next we quantize the scalar field. The action of eq. can be seen for the scalar
field in flat spacetime except for the time-dependent mass term. Firstly, we derive the
canonical momentum for the Mukhanov-Sasaki variable v

87[/
o’
= J(r,x). (2.79)

w(r,x) =

Next we promote the field v and the momentum 7 to operators v and 7, and impose

the commutation relations

[0(7, ), 0(7, y)] = [#(7, ), 7(T,y)] = 0, (2.80)
[0(7, ), #(T,y)] = id(x —y). (2.81)
In eq. ( , we promote ap and a;rc to operators aj and &L
d3k 4 :
o(r, @) = / B [on(rane™® + vp(ryafe =] (2.82)

The Wronskian condition eq. (2.77)) ensures that the relations of egs. (2.80) and ([2.81))

are equal to the following commutation relations

[ak, aL,] — 5k — k), (2.83)
law,awe| = [a},al| 0. (2.84)

We can regard &L and ag as the creation and annihilation operators, respectively. We

define the vacuum state |0) with the annihilation operators by
ar|0) =0. (2.85)
We define the power spectrum with this vacuum state as
(0]0g D1 [0) = Py (k) (k + K). (2.86)

In the de-Sitter expansion, the solutions for the Mukhanov-Sasaki equation eq. (2.61))

are given by

e—ik’r i eikT i
w(r) = ams <1_k¢7>+ﬁ\/ﬂ <1+k7) , (2.87)

13



2. INFLATION

where a and 3 are arbitrary constants. We can choose the positive frequency mode in

Minkowski spacetime as an initial condition for mode functions, that is,

1 .
li = ——¢ T, 2.88
lim wp(7) VT (2.88)

With this condition, we can set & = 1 and = 0 and the mode function becomes

or(r) = 6_\/2%7 (1 _ é) . (2.89)

Taking the superhorizon limit, we obtain

1
lim vg(7)

= —. 2.
kt—0 i\/ik3/27- ( 90)

The power spectrum of v on superhorizon scale can be calculated with eq. (2.86)) and
eq. (12.90)

1
2k372

1

= 55 H)?. (2.91)

From the relation eq. (2.55) between v and (, we can derive the power spectrum of ¢

Py
Pr=—2. (2.92)

22
2.5.3 Curvature perturbations from slow-roll inflation

At the last of the previous subsection, we get the power spectrum of the curvature
perturbations eq. in the de-Sitter background. Here we consider the power
spectrum from slow-roll inflation. First we show an example with the previous results
and next we analyze the power spectrum with slow-roll approximation.

Firstly we consider the simple example in the quasi de-Sitter background. The
difference from the exact de-Sitter expansion is characterized by the slow-roll parameter
€. In this case, we can use the results of the previous subsection eqgs. , and
(12.57))

P,
P = —
1 H?
= 2.
4k3 € (2.93)

14



2.5 Curvature perturbations from inflation

The curvature perturbation ( freezes out at the horizon crossing k = aH. Therefore

we can evaluate the power spectrum as

1 H?

P:(k) = — . 2.94
C( ) 4k’3 € bl ( )
We define the dimensionless power spectrum as
k3
and we obtain
1 H?
k)= —— . 2.
PC( ) 8772 € kol ( 96)
We define the spectral index as
dIn P,
=1 . 2.
N + ok (2.97)

In the exact de-Sitter background, the spectral index ngy = 1, that is, power spectrum
is independent of wave number k£ and we call this as scale invariant spectrum.
Next we analyze the mode functions under the slow-roll approximation. To begin

with we show the slow-roll parameters € and 7 again and define new one £ as

H é 7
=—— = — = —. 2.
‘= =g =g (2.98)
In the Mukhanov-Sasaki equation for mode
Z//
¢+<H—Z>W:m (2.99)

we consider the term z”/z. z is defined as 22 = 2a%¢ in eq. (2.57) . We can obtain

2 1

— = aH |1+ = 2.1

z a < + 2TI> , (2.100)
o ) 301 1,

_— = — - - = - . . 1
. (aH) (2 €+ 2?7 26n+ 477 —i—n{) (2.101)

These two equations are the exact relation without slow-roll approximation. Here we

define the Hubble parameter with conformal time as

H

CL/
a

: (2.102)

15



2. INFLATION

and we can see this Hubble parameter has the relation as
H=aH. (2.103)

The derivative with respect to conformal time related with the derivative with respect

to cosmic time as
— =a—. (2.104)

Then we can obtain the exact relation

d(H™1)
dr

=—(1—e¢). (2.105)

At the first order in slow-roll parameters, we can obtain

|
TR (2.106)
T

and with eq. (2.101]) and (2.103]) we can get

21 3
“a (2 °n) . 2.1
o> ( +3e+ 2?7) (2.107)

We define a new variable v by

2 v —1/4
— = 2.108
ANy i} (2108)
and at the first order in slow-roll parameters we get
3 1
~ = =n. 2.109
v 5 + €+ 2?7 ( )

The variable v is constant at first order in slow-roll approximation. The Mukhanov-

Sasaki equation becomes

2_-1/4
vl + <k2 - ”/> v =0, (2.110)

72

and this equation can be solved with the Hankel functions of the first and second kinds

as

wlr) = | TR [aH (k) + H ()] (2111)

16



2.5 Curvature perturbations from inflation

where a and [ are constants of integration. Hankel functions have the following prop-
erties

Hl(,l)(Z)HIEZ),(Z) - HLI)/(Z)HI(?)(Z) _ _ﬂ (2‘112)

)
Tz

HY* (@) = HP) (). (2.113)

where z is real, and the asymptotic behaviours at * — oo are given as

HW (z) — % exp [z (:1: - Z - %)} , (2.114)
H? (z) — % exp [—i (:U — % — %V)] . (2.115)

With these asymptotic forms and the initial condition for mode functions eq. (2.88)),

we can determine the constants of integration as

o = exp [Z;T <1/+;>} , B=0. (2.116)

As a result, we can obtain a solution for mode functions

op(T) = /%eiw(uﬂ/mn\/fm[{y)(_m) , (2.117)

The asymptotic behaviour of Hankel function of the first kind in the limit of z — 0 is
given by
2 _. I'(v)
HY(z) > \[ —im[2gv=3/2__ ) _gmv 2.118
Therefore the asymptotic behaviour of the mode function eq. (2.117)) in the superhorizon
limit, —k7 <« 1, is given by

1 I'(v)
in(v—1/2)/26v—3/2 1/2—v

With these behaviours and eq. 1D and using z ~ 71/27% we find the power spectrum
of curvature perturbations
3

Pe= o2m?

P~ BT (2.120)

at the first order in slow-roll approximation. Finally we define the spectral index of

scalar perturbations ns by

Pr(k) oc k™1 2.121
¢
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2. INFLATION

If ny = 1, the spectrum is said to be scale invariant. From eq. (2.109) and ([2.120)), we

can see

ng—1 = 3—2u, (2.122)
= —2—1. (2.123)

In the exact de-Sitter expansion the spectrum is scale invariant.

2.6 Non-gaussianity

We consider the bispectrum defined by

(Cler CheaCios) = (2)%68 (k1 + ko + keg) Be (K, ko, ks) (2.124)

where we use the Fourier modes as [l

G = / dPre (). (2.125)

We define the so-called fy paremeter by

6
Be(ky, ko, ks) = ¢ fnn(ky, ko, ks) [Pe (k1) Pe(ka) + Po(ka) P (ks) + Pe(ks) Pe (k)] -
(2.126)
where the power spectrum F; is defined by
(01Ck1 Gz [0) = Pe (k) (2m) 3 (Rer + k) - (2.127)

If B; = 0, the fluctuations are gaussian. If B # 0, there is deviation in the fluctuations
and it is called non-gaussianity [14, [17, 18], (19, 20].
2.6.1 In-in formalism

Here we give a short review about the in-in formalism to calculate the primordial non-

gaussianity.

Tn this subsection the definition of the Fourier mode is different from other section. P in this
subsection is also different from that defined at other place in this thesis. But the P, is the same over
the thesis.
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2.6 Non-gaussianity

We start with the Lagrangian

5 = [ atetionte.0.du0)

- e,

(2.128)

(2.129)

where ¢, denotes generic fields. The canonical momentum for this system is defined by

Mg = % . (2.130)
Oba
We can get the Hamiltonian of this system as
H{¢o(t), ma(t)] = / Brgm, — L. (2.131)
We impose the equal time commutation relations as
[Pa(x,t), Tp(y,t)] = i0apd(x — 1Y), (2.132)
[d)a(l', t)’ ¢b(ya t)] = [ﬂ-a(wv t)a 7Tb(y? t)] =0. (2133)
The Heisenberg EOMs are given by
bal@,t) = i [H[$(t), 7(t)], da(x, )], (2.134)
To(x,t) = i [H[p(t), w(t)], ma(x, t)] . (2.135)

Next we consider the backgrounds, ¢q(x,t) and 7(x,t) and the perturbations,

0o (x,t) and om,(x,t), as

¢a(mat) = an($7t) + 5¢a(mat) )
To(x,t) = To(x, t) + 0mg (2, 1) .

The backgrounds evolve as the classical EOMs as

- OH
¢a(w7t) - 87—_[_& 9
Fol, 1) = —3;2,

where H is the Hamiltonian density given by

Ho(t), n(t)] = / B Hpa(x, t), ma(, 1)].
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2. INFLATION

The commutation relations become

[5¢a(ma t)7 571'1)('!/, t)] = Z.5ab5(aj - y) ) (2'141)
[6¢a(ma t)7 5¢b(yv t)] = [67Ta(w7 t): 57Tb(ya t)] =0. (2'142)

We can expand the Hamiltonian as
Hip. (0] = HEOA0]+ Y [ oo
—i—;/d?’x%i?:méﬂa(a:,t) + H[5¢(t), o (t); 1]
(2.143)

where H[0¢(t),dm(t);t] denotes terms of quadratic and higher orders in perturbations.
EOMs become

Sda(a,t) = i [ﬁ[éqﬁ(t), S (): ], 0z, t)} : (2.144)
Sia(, 1) = i [ﬁ[&p@57r(t);t],57ra(w,t)] . (2.145)
The solutions for these EOMs are given by

S¢a(a,t) = U (¢, t0)0¢a(z, t0)U (t, o) , (2.146)
oma(x,t) = U (L, to)oma(x, to)U(t, o) (2.147)
where the unitary operator U (t,ty) satisfies
%U(t,to) = —iH[6p(t), 6m(t); ]U (¢, o), (2.148)
with the initial condition

Ulto, to) = 1. (2.149)

We divide H into a free-field Hamiltonian Hp and an interaction Hamiltonian Hipy

as
H = Ho+ Hipt . (2.150)

In the interaction picture
SpL(z,t) =i [Ho[09 (t), 67 ();1],60%(2,1)] | (2.151)
o7t (,t) = i [Ho[0¢ (t), 0! (t); 1], oml(z,1)] , (2.152)
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2.6 Non-gaussianity

where we added a superscript I as a label of interaction picture fields, and the solutions

are given by

SpL(x,t) = Uy (t, t0)d¢a (s, to)Uo(t, to) , (2.153)
57:(5(56, t) = U(;l(t, to)(STl'a($, to)Uo(t, to) s (2154)
where Uy obeys
d .
aU{)(t, to) = —ZHO[5(;5(t0), 57r(t0); t] Uo(t, to) (2.155)

with the initial condition
Uo(to,to) = 1. (2.156)
We consider the expectation value of an operator ()

(QUQ[0¢a(, 1), dma(, 1)]|$2)
= (U (t,10)Q[6¢a(, 1), 0ma (e, 1)U (L, 0)|2)
= (QUF (¢, t0)Uy ' (t,t0)Q[0ba(, 1), 6ma (@, 1)]Us (£, t0) F (¢, t0) |€2)
= (QUF (1, 10) Q6 (2, 1), g (, 1) F (t,10)|) , (2.157)

where
F(t,to) = Uy (t,t0)U(t, to) - (2.158)
We can derive

d o _
—F(t,tg) = —iUy "Hint [0 (t0), 07 (to); t|U UG U

dt
= —iH{,[6¢1(to), 01 (to); tIF (¢, to) , (2.159)
where we write
HL [6¢1(t0), 61 (t0); t] = U (¢, to) Hins [06(to), 0 (to); ]Un(t, to) , (2.160)
and with
F(to,t) =1. (2.161)
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2. INFLATION

We can get the solution

F(t,ty) = Texp [—z’ /to dtH] (¢ )] (2.162)

Here T denotes the time ordering.

Finally, we get the expectation value of any operators as

Q) = (U (t,t0)Q(to)U (L, to))
= (U (t,t0)Uo(t, to) Q' () Uy ' (¢, t0) U (t, o))
= (F7(t,t0)Q"( )F(t to))

— <[Texp dt "HE (t ’))] Q' (t) [Texp< /to dt'Hi (t ’))D ;

(2.163)
where T denotes anti-time ordering. In the second line we use Q! (t) defined as
Q(to) = Uo(t, t0)Q" ()Uy ' (t, t0) - (2.164)
2.7 Primordial tensor perturbations
In this section we review the gravitational waves from inflation [13], 15, [16] 21].
We start with the Einstein-Hilbert action
Sgn = 21/€/d4x\/jg72, (2.165)
where k = 87 . We consider the tensor perturbations as
ds? = a®(7) [—dT2 + (035 + hij) dxidznj] . (2.166)
We impose the gauge conditions to tensor perturbations
hi=0, &hy;=0. (2.167)
Calculating the Ricci scalar and using the gauge conditions, we obtain
S = i / dr &3z a*(r) (h”‘jh;j - akhijakhij) . (2.168)
where the prime means the derivative with respect to 7. We define the new variable as
1\ /2
wij (T, ) = <4/€> a(t)hij(t, @), (2.169)
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2.7 Primordial tensor perturbations

then the action is given by the canonically normalized form

1 .. .. a” ..
= 2/d7- d3z (u'”ugj — OuTOFu;; + au”my) :

(2.170)

This form of action can be seen as two scalar fields with mass a” /a on the flat spacetime.

Therefore to quantize the tensor perturbations we can use the analogy of quantization

in Minkowski spacetime. We derive the EOM from this action

"
a
— Auij — ;UU =0.

Next we consider the Fourier decomposition.

dgk )\ A k-
=Y [ gkt
A=1,2

where the polarization tensor has the properties

ey (k)el) (k) = 6%,
kKey(k)=e)(k) = 0.

(2

We consider the canonical momentum as

oL
6u¢j ’

7 =
and we impose the commutation relation as

[uij (1, @), 7 (1,y)] = id(x — y).

We decompose the operator uz as

Imposing the Wronskian
L dug duy

Udr T
and in the short wavelength limit k/aH — oo choosing the mode as

1
up(T) > ——e€

V2k

The creation and annihilation operators satisfy

—ikT

[ag,a;ﬂ = Srd(k—1).
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2. INFLATION

We define the vacuum with the annihilation operators by
apl0) =0. (2.179)

Finally we define the power spectrum of tensor perturbations as

7 11ij Pr(k; T ik-(z1—x
(Ol hij (T, 21)hY (1, 22)|0) = /d3ki7(rk3)e k(@i —a2) (2.180)
The EOM of gravitational waves in Fourier space is given by
d?uy, , a’
— k4 — — = 2.181
(e w0, (2181)
and in the de-Sitter expansion this becomes
02 + <l<: — T2> up=0. (2.182)
The solutions are
1
up(1) = = {C1[k7 cos(kT) — sin(k7)] + ColkT sin(kT) + cos(k7)]} , (2.183)
T

where C', Cy are the arbitrary constants. To set these constants we consider the limit
kT — —o0. In this limit the mode becomes eq. (2.177)) so that

Oy = \@23/2 Oy = \/5713/2 (2.184)

Consequently the power spectrum of tensor perturbations are in super-horizon scale
given by

Pr(k;T — 0) = 2”:52 , (2.185)

and we get the scale invariant spectrum.

If the inflation is the de-Sitter expansion, we can see that the power spectrum of
gravitational waves from inflation in Einstein’s general relativity is independent of the
scale, and the amplitude is set by the Hubble parameter during inflation.

In slow-roll inflation the Hubble parameter changes slowly in time. The power
spectrum of tensor perturbations in slow-roll inflation can be calculated by the same
procedure for the curvature perturbations.

At the first order in the slow-roll approximation, we can calculate the term a”/a in

eq. (2.181)) as
a B MQ _ 1/4

a T2

: (2.186)
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2.8 K-inflation

where

Comparing these equations with eq. (2.109) and (2.110)), we find that they are very

similar. We can evaluate the power spectrum of tensor perturbations by using the
results for curvature perturbations with replacing v with p.

Consequently we get

2k H?
Prk) = = ; (2.188)

2
m k=aH

and the spectral index for tensor perturbations as

~ dInPr
= 2. (2.190)

We define the tensor to scalar ratio r by
r=_—. (2.191)
In the first order in slow-roll approximation we get
r = 16¢, (2.192)
and we find the relation
r=—8nr. (2.193)

This is the consistency relation. In the inflation caused by the potential of the single

scalar field which has the canonical kinetic term, this relation usually holds.

2.8 K-inflation

In this section we consider the inflation caused by the kinetic terms of scalar field. The

action is defined by

Sp = / d'zy/=gP(¢, X), (2.194)
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2. INFLATION

where
— 1 uv

The standard inflation models caused by the potential of scalar field can be described

in this Lagrangian as follows
P=X-V(¢). (2.196)

We can consider P(¢, X) as pressure. By varying the action with respect to the

metric g"¥, we get the stress energy tensor as

TV = (p+ P)ut'u, + P oY, (2.197)
where
P
=k 2.198
oVvex (2199)
and the energy density p is given by
p=2XPx — P, (2.199)
where
oP
Px=—. 2.2
X =5y (2.200)

With the Einstein-Hilbert action

1
Sen = 5 /d4:c«/—g7€, (2.201)

we can derive the EOM of backgrounds by varying the action, S = Sgy + Sp, with

respect to the metric,

3k 'H?=2XPx — P, (2.202)
x'H=-XPx, (2.203)

and the EOM for scalar field is given by

(Px +2XPxx)p+3HPx¢+2XPxs—Py=0, (2.204)
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2.8 K-inflation

where
oP
Py=—, 2.205
9*P
Pxx=—— 2.2
AT oxax (2.206)
o*p
Pxy= : 2.207
X0 = 550X (2.207)
It can be expressed as
. . P P
b+ 3HE)+ 22X 258 _ 220 — (2.208)
Px Px
where we define the speed of sound of the perturbations as
P P
2 _ 4,X X
co=—"—F—=—T—. 2.209
* px Px+2XPxx ( )
We can define the slow-roll parameter by
H 3XP
e=— X (2.210)

H? 2XPx-P’
If the condition, XPx < P, is satisfied, the equation of state becomes P ~ —p,
therefore we get the inflationary expansion [22].

In the comoving gauge, the second order action is given by

Sy = /dtdgaz [a?’;éZ —ae(8¢)?| . (2.211)

S
If we assume the variation of ¢, is slow, that is
Cs

Hecg

<1, (2.212)

we can carry on the quantization of ¢ and solve as

G = wak +ujal (2.213)
bei .
up = ——— (1 +ikcgr)e KT 2.214
Finally, we can get the power spectrum as
H2
Pe(k) = ——5—. 2.215
¢(k) 871'2M§lecs ( )
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2. INFLATION

In the K-inflation, the behaviours of the tensor perturbations is the same with those
in the standard Einstein gravity which is written in the previous section. The power
spectrum of tensor perturbations is given by eq. and the tensor to scalar ratio
is given by eq. (2.191)) . The tensor to scalar ratio in K-inflation is given by

r=— = 16¢ge, (2.216)

therefore the consistency relation eq. (2.193]) changes into

r = —8csnr. (2.217)
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Chapter 3

ADM formalism

Here we review the ADM formalism proposed by Arnowitt, Deser and Misner [23] 24] .

3.1 341 decomposition

3.1.1 The quantities on the hypersurface

We consider the curvature of three dimensionnal hypersurface > embedded in the four

dimensional spacetime M. The coordinates and metric on M are defined by 2 and g,,,,

respectively. The coordinates and metric on ¥ are defined by 7* and 7i; respectively.

We define the unit normal vector of ¥ as n*

e=nn,. (3.1)

If n# is timelike vector, € = —1 and if n* is spacelike, ¢ = +1. We set the coordinates

x% related with the coordinates y* on ¥ by

We introduce the vectors

The displacements in > are

2
dSE

% = z%(y"). (3.2)
o 0x°
e = oy (3.3)
9ap dz®dz”?
oz N\ [0xP
o —dy* —dy’
gﬁ(aw y)<aw y)
Vij dyidyj, (3.4)

29



3. ADM FORMALISM

where
Vij = Gap ef‘e?, (3.5)
is the induced metric of the hypersurface. We also have the relation
g°P = vijef‘ef +en®nf. (3.6)

We consider arbitrary tensor fields A% defined on ¥ which are tangent to the

hypersurface. We can decompose them as
AP = ATl (3.7)

We also define the covariant derivative on the hypersurface 3 as

Ay = Aagpeiel . (3.8)
From this definition
Agpp = Aap — TR Ac, (3.9)
where
b =" Tibe, (3.10)
and
Ceap = gweZebﬁeZ‘;B . (3.11)

This connection on the hypersurface ¥ can be expressed as

1
I‘cab = 5 ('VCa,b + Yeb,a — Vab,c) . (312)

The Riemann tensor defined by this connection

a _ 1a a a 1l a I
bed = Ubde = Upea + Tel g — T9al pe (3.13)

gives the intrinsic curvature of hypersurface.
On the one hand, the curvature of hypersurface to four dimensional spacetime is
defined by

Kaup = nap 62‘65 . (3.14)

This K, is called as the extrinsic curvature of the hypersurface . The extrinsic

curvature is symmetric:

Ko = K. (3.15)
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3.1 3+1 decomposition

3.1.2 Gauss-Codazzi equations

Gauss-Codazzi equations are given by
Ragrseleyeled = Ropea + & (KapKpe — KacKpa) | (3.16)
and
Ruaﬁvn“eg‘ebﬁez = Kaple — Kacpp - (3.17)

We can see that some components of Riemann tensor of the four dimensional spacetime
is related with the intrinsic curvature and the extrinsic curvature of the hypersurface.
We can express the four dimensional Ricci scalar by the tensors on the hypersurface

Y with the Gauss-Codazzi eqations
R=R+e (K2 - K“bKab> + 2 (nC}ﬁ nﬂnanﬁ,ﬁ) . (3.18)

3.1.3 Decomposition of spacetime

We decompose four dimensional spacetime to the foliation of spacelike hypersurfaces
as follows: each hypersurfaces are foliated by the time ¢, the scalar t is a function of x®
and no x dut, the unit normal vector to the hypersurfaces, is a future-directed timelike

vector , that is,
nfn, =e=—1. (3.19)

We employ the coordinates y® on the spacelike hypersurfaces ;. Now we consider
the curves v which intersect the spacelike hypersurface 3; but not generally orthogo-
nally. We use the scalar ¢ as a parameter on these curves, and the vector t* is tangent
to the curves.

The coordinates = on the four dimensional spacetime is related by
x* =x%(t,y"), (3.20)

and the tangent vector to the curves +y is given by

ox®
= — . 21
t ( Ot >ya (3:21)
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3. ADM FORMALISM

We define the tangent vectors on the spcelike hypersurface ¥; as

e = <axa>t . (3.22)

oy®

Next we define the unit normal vector to the spacelike hypersurface ¥; by
Ng = —NOyt, (3.23)
where the scalar function IV is called as the lapse function. By definition
neeg =0. (3.24)
We can decompose the vector t“ to the direction of normal and tangent vectors as like
t* = Nn® + Ny, (3.25)

where the three vector N is called the shift.

We can write

dz® = t%dt + el dy”
= Ndtn® + (dy* + N%t)ey , (3.26)
and we have the metric
ds? = —N2dt? + v (dy’ + N'dt)(dy’ + N7dt). (3.27)

The variables in this system are 7;; , N and N i

3.2 Gravitational Hamiltonian

The gravitational action is
167GS,; = /R\/—g d*z
_ / (R + KK — K2) Nyydiz — 2/

a B . a B
- (n;ﬁn n n;ﬁ) dX. ,

(3.28)

where OV is the boundary of integration. When carrying out the variation, we make

the variation of the metric fixed at the boundary. Consequently we have the action

167G S = 1677G/Ldt

— / (R + K K% — KQ) Ny~yd*z. (3.29)
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3.2 Gravitational Hamiltonian

Next we consider the dependency of this action with respect to the variables.

;Vab = £t Yab

where £ is the Lie derivative. From eq.(3.5) and eq.(3.25|

Yo = £y (%56365)

= (ta;p +1ga) eg‘ef
= {(Nna + Nao).g+ (Nng + Nﬁ);a] eg‘ef

= 2NKgu + Na|b + Nb|a’

where we denote N e as N“. Therefore we have

.
Koy = ﬁ (’Yab - Na|b - Nb|a) :

(3.30)

(3.31)

(3.32)

The time derivative of the metric 4, is contained only in the extrinsic curvature K, .

Furthermore N, is the spatial derivative of N, so the time derivative of N and N

are not contained in the K, and the gravitational action. N and N are the gauge

variables.

We define the canonical momentum by

xii= 9L
9 %ij
We calculate the canonical momentum with Lagrangian eq.(3.29))
. o
167Gr = — [(R + KK — K2) N\ﬁ]
0 i

= V7 (K7~ Kv7).
The Hamiltonian density is given by
16rGH = 167G (7% — L)
= N7 (K"Kj—K?*—R)+2y7[(KY = Kh'7) Nj]
~2y7 (K7 = KhV) . N;.

17

As a result, we obtain the gravitational Hamiltonian

16rGH = 167G / Hd3x

= —/(N00+2Nici) :
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3. ADM FORMALISM

where

Co = R+K?— KK,

G = (K- g'K)'j.

Cy is called as the Hamiltonian constraint and C; is the momentum constraint.
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Chapter 4

Suppressing the primordial
tensor amplitude without
changing the scalar sector in

quadratic curvature gravity

The organization of this chapter is as follows. We determine the two possible quadratic
curvature terms satisfying our requirement in the first section. In Sec. 4.2 we evaluate
a modified amplitude and the tilt of primordial tensor modes, and then present the

implications for observations.

4.1 Construction of the Lagrangian
The theory we consider is described by the action

S = Sgn + S¢ + Shigher; (4.1)
where Sgp is the Einstein-Hilbert term,

Sgn = i / d*z\/—gR, (4.2)
Sy is the action of the inflaton field,

S0 [ d'av=gP(6.0"60,0), (43)
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4. SUPPRESSING THE PRIMORDIAL TENSOR AMPLITUDE
WITHOUT CHANGING THE SCALAR SECTOR IN QUADRATIC
CURVATURE GRAVITY

and Shigher Tepresents higher curvature corrections,

1 1
Shigher = " /d4$\/ -9 <WRHVPO'RMVpU + - > . (4.4)

The simplest Lagrangian for the inflaton field would be of the form P = —0"¢0,¢/2 —
V(¢), but here we do not need to specify the concrete form of P.

It is known that typical higher curvature terms like the one presented in Eq.
give rise to new propagating degrees of freedom which are plagued by (ghost) insta-
bilities [25]. In this chapter, we carefully construct higher curvature terms so that the
resultant theory is free from such dangerous degrees of freedom. Among such healthy
theories we are interested in those in which the dynamics of tensor perturbations is
modified while the scalar sector of cosmological perturbations is left unchanged. To
find the higher curvature terms having those properties, we have to go beyond the
familiar curvature invariants such as R0 R*"? and R, R*”, and consider the terms

obtained by contracting with the unit normal to constant ¢ hypersurfaces,

Oud
= —_— 4.5
T T 0700,0 9
and the induced metric,
Yur = Guv T Uply, (46)

e.g., Ruvpo Ry prglfyl‘“/’y” vV PP 74" . This possibility was demonstrated in the context
of Weyl gravity in Ref. [26].

Focusing on quadratic curvature corrections, we are going to identify the terms
in the Lagrangian fulfilling the above requirements in the following way. The basic
idea here is along the same line as taken in Refs. [27, 28]. We start by performing
the Arnowitt-Deser-Misner (ADM) decomposition, taking constant ¢ hypersurfaces as
constant time hypersurfaces, as the dynamics of cosmological perturbations is more
transparent in the ADM language. The metric is written in terms of the ADM variables

as
ds? = —N?dt* + ;5 (da’ + N'dt) (da’ + N7dt) . (4.7)
The possible quadratic curvature terms in the Lagrangian are exhaustively written in
terms of the three-dimensional geometric quantities as
VAN x {K* KjKYK? .-, R* R;RY,
K2R, KK'R;j, -+, D;K;yD'K*, } (4.8)
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4.1 Construction of the Lagrangian

where K;; and R;; are the extrinsic and intrinsic curvature tensors of the constant
¢ hypersurfaces, respectively, D; stands for the covariant derivative with respect to
7vij, and ellipses are used to indicate analogous terms whose indices are contracted
in different ways. We discard from the above candidates the terms containing time
derivatives of the extrinsic curvature, because higher time derivatives of the metric
imply the appearance of additional propagating degrees of freedom other than ¢ and
two tensor modes, signaling instabilitiesﬂ

Let us consider cosmological perturbations,
N =1+6N, N;=08x+xi, 7ij=a’e* <6h>“, (4.9)
ij

where ( is the curvature perturbation on the uniform ¢ hypersurfaces, h;; is the trans-
verse and traceless tensor perturbation, and y; is the transverse vector perturbation.
Let us concentrate on the scalar sector for the moment. To first order in perturbations,

the extrinsic curvature is given by

K/ = Hé) + %51{55 + 0K/, (4.10)

with
0K = —3HON +3(— %a% (4.11)
SR = oy (aiaﬂ' - ;5582> % (4.12)

and the intrinsic curvature is

1

SR7 = _% (aiaj + 5ij32) C. (4.13)

The perturbation of the extrinsic curvature tensor has been decomposed into its trace
and traceless parts. Using those quantities as building blocks, one can construct the
following two combinations of the form listed in Eq. (4.8) for which the scalar-type

variables are canceled out after integration by parts,

20,0 K ;500 K% — 30,0 K* V6 K, (4.14)

If one has only K the theory is not necessarily unstable, as is illustrated by the example of the R?
model. This however adds an extra scalar degree of freedom modifying the scalar sector of cosmological

perturbations. For this reason we avoid any time derivatives of Kj;.
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WITHOUT CHANGING THE SCALAR SECTOR IN QUADRATIC
CURVATURE GRAVITY

and
i B2
OR;j0RY — géR , (4.15)

at quadratic order in perturbations. No other combinations can be found with vanishing

scalar-type variables. Now including vector and tensor perturbations we have

-~ ~ 1 NG 1 9
i k ik 2
200K 00K — 300K 6Ky = 5 (k1) + 15 (070)°, (416)
i S<p2 1 2 2
ORjORY — J0R° = (0%h;)”. (4.17)

Both of the two possible quadratic terms for h;; with four derivatives are obtained,
while we successfully exclude hfj which would cause Ostrogradski ghosts. Since there
is no kinetic term for y; here and in Sgy, the vector perturbation is not dynamical.
We therefore ignore the vector sector in this chapter.

Having thus written the quadratic Lagrangian for perturbations in terms of the
geometric quantities, it is almost straightforward to determine the full nonlinear La-

grangian in the ADM form as

N ~ S~ ~ . D~

= \]\f} . <2DinkDIK7k—3D¢K”“D1Kjk), (4.18)
TN i _ 3

Ly = *\]\52 <R¢jRJ—8R2>, (4.19)

where IN(ij := Kjj — (1/3) Kv;; is the traceless part of the extrinsic curvature. Note that
L is one of the candidates; in fact, we have different choices that reduce to Eq. (4.14])
after integration by parts at the level of the quadratic Lagrangian for perturbations.

Among them we adopt

N ~ L~ ~ . L~ ~ S~
Ly = \/]ZQ (2D; K, D'K?* — D;K* DIK ), — 2D; K, D' K'%) (4.20)

rather than £]. What is particular to £; is that it can be written as a square of some

tensor as
Ly = %Wijkwijk7 (4.21)
where
Wijk = 2D K + DiK . (4.22)
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4.2 The tensor amplitude

It is clear that the scalar perturbations do not participate in Wj;; at first order. This
means that £; does not modify the scalar sector both at quadratic and cubic order.
In other words, the prediction for non-Gaussianity of the curvature perturbation, as
well as that for the power spectrum, remains the same in the presence of £q. This is
however not the case for £} and Ls.

The covariant form of the Lagrangian can be recovered by writing the extrinsic

curvature as K, = v/7,7Vu, and making use of the Gauss-Codazzi relations:

YV VS Rl = R%aﬁ + KJKsp — KBWKO“;, (4.23)
u“’ya”%p%URng = D,K.3— DgKq,. (4.24)

We find
L= M;QgC#,,pgcuzl,fpfolfy”“/ywlfy"’plugugl, (4.25)

where C\,p0 is the Weyl tensor. Thus, it turns out that £; reproduces the theory stud-
ied in Ref. [26]. One can repeat the same procedure also for £y to derive its covariant
form. However, the covariant expression for Lo is messy and not so illuminating, so
that in this case it is better to work in the simpler ADM form. It is worth noting
that the covariant expression for Lo is also constructed by contracting the Riemann
curvature tensor with u* and hence it is Lorentz violating in the same sense that £; is.

In £4 and L5 in the ADM form one may consider time-dependent M. This translates
to the ¢-dependent coupling in the covariant language. However, since ¢ is slowly
rolling, it is reasonable to assume that M is only weakly time dependent. For simplicity

we treat M as constant in the following.

4.2 The tensor amplitude

In the previous section we have identified the two possible quadratic curvature terms
that make no contribution to the scalar sector of cosmological perturbations at least at
linear order. Let us now investigate how the amplitude of primordial tensor modes is
modified due to those terms. For clarity we study each term separately below. Actually,
we will find that a sizable modification from L9 is prohibited because L2 also produces

large non-Gaussianity.
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4. SUPPRESSING THE PRIMORDIAL TENSOR AMPLITUDE
WITHOUT CHANGING THE SCALAR SECTOR IN QUADRATIC
CURVATURE GRAVITY

4.2.1 L4

First we consider

1
Shigher = ; /d4{L‘£1. (426)

The quadratic action for the tensor perturbations is given by [20]

1 L1 4 :
5= /dtd3x a [h?j - g(akhij)Q + W(akhij)ﬂ : (4.27)

Each Fourier mode of two polarization states, hj\(t) (A = +, x), obeys a second-order

evolution equation. We use the canonically normalized variable

N 1 1/2 3/ 4]{72 1/2 \
) = <4ﬁ) o/ <1+M2a2) ), (4.28)

and omit A when unnecessary. We then have

fie+ wi() fi =0, (4.29)

where

1 N k?/a®—2H? - H  AH?k?/M?d?
2. - (g2 2H> - . 4.30
YR < TR T T T (1t 422 (4.30)

We use the WKB solution,

fr =~ \/217kexp [—i / t wk(t’)dt’] : (4.31)

for the short wavelength modes with k2/a? > H? M?. In the short wavelength limit,
Eq. reduces to

M2
4

12

1 (H2 + 2H) . (4.32)

2
Wi 4

From this we see that during inflation the tensor perturbations are stable if
H < M. (4.33)

We assume that the background evolution, which is controlled by the inflaton sector

Sy, satisfies the condition (4.33). Since Eq. (4.32)) gives the estimate

W eH3

~ __ 4.34
w’% (M2 _H2)3/2’ ( )
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4.2 The tensor amplitude

where € := —H /H? < 1 is the slow-roll parameter, the WKB approximation is justified
as long as H is not too close to M.

In the long wavelength limit, k2/a? < H?, M?, we have

Wi~ —%HZ — gH = _@:i;//?'" (4.35)
so that the standard result is recovered on superhorizon scales, hy ~ const.
Let us compute the power spectrum of the tensor modes,
Pr(k) = kfi || . (4.36)
7

In general, Eq. (4.29) cannot be solved analytically, and hence one needs numerical
calculations to evaluate the power spectrum. However, in the special case of the exact
de Sitter background one can solve Eq. (4.29) analytically using the hypergeometric

functions. This was done in Ref. [26], and here we quote their final result:

2kH?
Pr = 5
T

=, (H/M), (4.37)

where

_ cosh(mv/2) coth(rv/2)|T(—1/4 + iv/4)[*
o) = 1287223 ’

with v := v2~2 — 1. Based on this, one may expect that in the case where H is varying

[1]

(4.38)

the power spectrum is given by evaluating the de Sitter result (4.37)) at horizon crossing,

2k H?
Pr(k) = =

S Ei(H/M) , (4.39)
k=aH

as is commonly done in general relativity.

We numerically solved Eq. in the case of power-law inflation, a o tP, using
the initial condition , and verified that Eq. reproduces the numerical results
very accurately, as shown in Fig. We are thus allowed to use the formula for
slow-roll inflation.

The behavior of the function Z;(z) is as follows: £; — 1 as z — 0, and Z; < 1 for
0 < z < 0.95. Thus, the tensor amplitude is suppressed for H < 0.95M. The minimum
of =1 is given by Z1 ~ 0.65, which occurs at x ~ 0.74, and =; diverges as x — 1.

Since the power spectrum of the curvature perturbation remains unchanged in our

theory, the tensor-to-scalar ratio is given by

r = 16€=;. (4.40)

41
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Figure 4.1: The power spectrum Pr of tensor modes from power-law inflation with the
correction from £;. The upper line and points are for a o t°° and the lower for a oc t40°,
respectively. Red points represent the numerical results, while the dashed line indicates
the analytic estimate . The parameters for the upper line and points are given by
VEH |, =107* and H/M|;_,, = 0.16, where tenq is the time at the end of inflation. The

parameters for the lower ones are given by /kH|;, , = 10~* and H/M|;_,, = 0.74.

end end

The tensor tilt, ny := dInPr/dInk, is evaluated as

(4.41)

2e 1 dln= ]
nr = —

—e| © 2dIn(H/M)

k=aH '
We see that dln=;/dlnz < 0 for 0 < z < 0.74 and its minimum value is given by
dInZ=;/dInz ~ —0.46 at « ~ 0.53. This shows that the tensor spectrum is always red.

From Egs. f it is clear that the consistency relation [II] is violated.
The deviation from the standard consistency relation is characterized by the following

function,

14+ (1/2)dInZ;/dInx

D = p—
=1 z=H/M

, (4.42)

as —8np/r ~ Dly—qy. In Fig. we plot D as a function of H/M. We see that the
violation depends on the scale k, and Fig. [£.2] tells us its scale dependence.

Figure [{.3]illustrates the observational implications of the £ correction by compar-
ing the suppressed tensor amplitude with the Planck results. The red stars in the figure
indicate the case of power-law inflation, assuming the maximal suppression (Z; = 0.65)
at the observed scale. Although original power-law inflation (represented by the dashed

line) is ruled out by observations, it can be within the 20 contour with the help of £;.
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4.2 The tensor amplitude

HIM

Figure 4.2: D as a function of H/M.

The same applies to other inflation models such as V o ¢?. Those models originally
predict large tensor modes, but the £ correction can bring such models to the obser-

vationally preferred region in the ng-r plane.

4.2.2 L,

Next let us consider

1
Shigher = _ﬂ /d41‘£2. (443)

Here we added a minus sign so that the tensor perturbations are stable at high momenta.

The quadratic action for the tensor perturbations is

1 . 1
§=+- / dtd*z a? [hfj - g(akhijf

1
- W(OQth)Q : (4.44)
Using the conformal time defined by dn = dt¢/a and the canonically normalized variable

v} = (4k)~Y2ah) in the Fourier space, we obtain

d?v
—dn; + wi(n)vk = 0, (4.45)
where
k4 1d%a
2. 12

This modified dispersion relation has been studied in detail in the literature [29, [30].
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4. SUPPRESSING THE PRIMORDIAL TENSOR AMPLITUDE
WITHOUT CHANGING THE SCALAR SECTOR IN QUADRATIC

CURVATURE GRAVITY

0.25

0.20
T
§"’)
—\,pv
O

0.15
T

Tensor-to-scalar ratio (r¢.002)

0.05
T

0.00

0.94 0.96

Primordial tilt (ns)

0.98

Planck 2013

Planck TT+lowP
Planck TT,TE,EE+lowP
Natural inflation
Hilltop quartic model
« attractors
Power-law inflation
Low scale SB SUSY
R? inflation

V x ¢?

V x ¢?

Vo ¢*/3

Vxo

V x ¢*/3

N,=50

N,=60

1.00

Figure 4.3: Reduced tensor amplitude and the Planck results [7] in the ng-r plane. Red

stars correspond to power-law inflation with the £; correction, assuming the maximal

suppression, =; = 0.65.

The WKB solution

1
V =

g P [—i / ' wk(n')dn’] , (4.47)

may be used for the short wavelength modes, because wk_dek /dn < 11is always satisfied
at large k.

In the case of exact de Sitter inflation for which the scale factor is given by a =
1/H(—n), Eq. can be solved analytically. The solution that matches Eq.
at large k is obtained in terms of the Whittaker function as [30), 31]

e BIWL 4 570 (—1xk2n?)

v = , 4.48
(—2ak2)'/ o
where x = H/M. This yields the power spectrum
2kH? _
Pr = 221 /M), (4.49)
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4.2 The tensor amplitude

where

Eo(z) = % ™/ (42) 1312 |1 (5/4 + i/(4z))|2}71. (4.50)

In the case of slow-roll inflation, one may evaluate the de Sitter result at horizon
crossing, k = aH. This can also be justified by a numerical calculation.

One sees that Zy is a monotonically decreasing function and 22 — 1 as * — 0.
Therefore, also in this case the tensor amplitude is suppressed relative to the standard
result. Since Zp o< 27%/2 for > 1, the tensor amplitude could potentially be sup-
pressed to a very small level. However, as we see below, this possibility is hindered by
the generation of large non-Gaussianity.

In contrast to the case of L1, the cubic action for the curvature perturbation is
affected by Lo. This implies that M must be sufficiently large in order to avoid large

non-Gaussianities in (. Typically, Lo contains terms such as
1 2 2
L2~ <000, (4.51)

The non-Gaussianity generated by this term is estimated as follows, from the power

spectrum of curvature perturbations

K 2
8m2e

Pe = (4.52)

we define the new variables as

(1) = 7?2/2\/%(\_/; (1 - k;) e kT, (4.53)

We expand the curvature perturbations as
C(k,7) = v(r)a(k) + ¢i(r)al (k). (4.54)
We impose the commutation relations as
la(k),al (k)] = (27)%6(k — k'), (4.55)
and we define the vacuum as

a(k)|0) = 0. (4.56)
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We expand the cubic term eq. as
1 1
3.3 2 \2
/d Ta |:/€M2a4<(a <) ]
1 d*q d3qo d3q3 - > >
~ [ , : 2 2
/ xliaM2 |:/ (271')5 / (27_(_)5 / (27_[_)3 C(qlaT)QZ <(q27T)Q3 C(q377-)
% ei(Q1+qz+q3)'X} + sym.
1 d*q d3qo d3qs
~ (27)36
(ﬂ—) (q1+q2+q3)ﬂaM2\/(27_[_)3/(27[_)3/(271_)3
x 43 ¢3((q1,7)C(g2,7) C(g3, 7) + sym.
(4.57)

We can calculate the 3 point correlations with in-in formalism as follows

<<(k1,0)§(k2,0)§(k3,0)>
0
— / at'(0] [k, 0)C ks, 0)C (s, 0), Hine ()] 0)

—00
0

~ (27)36 (k1 + k2 + k3) 1, (0) ¢, (0) %(0)/ dt/ﬁ b, () g, () vF, () k3 k3

+ sym.
(4.58)
As a consequence, we can get
C(K1,0)C(k2,0)C(ks, 0)) ~ 6(ki + ko + k P Foum 4.59
(C(K1,0)C(k2,0)¢(k3,0)) ~ 6(k1 + ko + 3>/@M2 - (4.59)
where
knum =(kTk3 + k3k3 + k3kT) [k + k3 + K3
+4(kiks + k3ky + k3ks + k3ko + k3ki + kiks) + 12kikoks] ,  (4.60)
kqen =k3k3k3 (k1 + ko 4 k3)?, (4.61)
and we obtain the fnp, parameter as
P¢
N~ (4.62)
H2
~ . 4.
eM? (4.63)
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4.2 The tensor amplitude

Requiring that fnr, < 1, we have

H

=<k 4.64

s (164)
Therefore, in fact the suppression factor =» cannot be much smaller than 1. We con-
clude that the second Lagrangian Lo does not provide an efficient way of suppressing
the tensor amplitude.

One may consider a combination of the two Lagrangians, aL; + bLo. Obviously,

this does not change the quadratic Lagrangian for the scalar perturbations, and to
avoid large non-Gaussianities we must require b < 1. Therefore, to suppress the tensor

amplitude most effectively, essentially one can only use L.
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Chapter 5

Discussion

In this thesis, we have studied inflationary predictions of theories with quadratic cur-
vature corrections. We began by looking for ghost-free quadratic curvature terms that
retain the same quadratic action for the curvature perturbation as in general relativity
while modifying the dynamics of tensor perturbations. We have shown that such cur-
vature terms can indeed be constructed, and determined the two possible combinations
(denoted by £ and L3). This was done by using the ADM formalism, and recast in
a covariant form those corrections contain the curvature tensors contracted with the
unit normal u* to hypersurfaces on which the inflaton is homogeneous. It has turned
out that one of the two terms, L4, is in fact identical to the one introduced in so-called
Lorentz-violating Weyl gravity [26]. This term does not change the action of the cur-
vature perturbation even at cubic order. The other term, £, in contrast, modifies the
scalar sector at cubic order.

We have investigated the tensor amplitude in the presence of the quadratic curva-
ture corrections £q and Lo. The analytic results were known only for exact de Sitter
inflation, and we have used the de Sitter formulas evaluated at horizon crossing in the
case of slow-roll inflation for which the Hubble parameter is varying. The validity of
the method has been checked by performing numerical calculations. Both £ and Lo
reduce the amplitude of primordial tensor perturbations. However, we have found that
Lo could generate large non-Gaussianity of the curvature perturbation, which places
a stringent constraint on the amount of the suppression due to Lo. Since £ does
not change the cubic interaction of the curvature perturbation, this evades the non-

Gaussianity constraint. The tensor power spectrum can be as small as 65% of the
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standard result due to £1, which brings many inflation models with large tensor modes
to the observationally preferred region in the ng-r plane. We have seen that the tensor
tilt is also modified, though the spectrum can never be blue.

We will next consider the higher order curvature corrections than quadratic. With
these corrections terms, the theory will become more complex and have much more
variations. We can relate our theory with others which contain higher order terms
of curvature invariants. For example, Hofava-Lifshitz theory [32], ghost condensation

[33, [34] and spatially covariant theory [28] are supposed to be related to our theory.
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Appendix A

Cosmological Perturbation

Theory

A.1 Linear perturbations in Einstein equations

SGH = 8TGST! . (A1)

A.1.1 Perturbations in FRW spacetime

Here we review the cosmological perturbation theory[35] 36l 37, B8, [39]. We consider

cosmological perturbations on the homogeneous and isotropic background.

Juv = Guv + 5.g,u1/ ) (A.2)
where g, is a metric of background and ég,, denotes a perturbed metric.

The background metric g,,,, is given by Friedmann-Robertson-Walker (FRW) metric:

ds? = a*(7) (—d7* + 7;da'da’) | (A.3)
where
dt
dr = — A4
r=2 (A4)

is a conformal time and 74;; is the 3 dimensional metric for homogeneous and isotropic
universe, which is given by
2

1 — kr?

Fidaida? = + 72 (d6? + sin® 0 d¢?) (A.5)
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in spherical polar coordinates. If we define a new radial coordinate as

=
VAR

we can express the homogeneous and isotropic space as
Yijda'da? = dx? + S2(x) (dé?2 + sin? 0d¢2) ,
where

sinhxy (k=-1)
Sk(x) = { x (k= 0)
siny (k=1)

We define the new variables as

Sgo0 = —20°A,  Sgo; = —a’Bi,  dgij = 2a°Cij

(A.6)

(A7)

(A.8)

(A.9)

where A, B;, C;; are perturbations and we use 3-metric 7;; to raise and lower indices.

Then, we get the metric

ds? = a®(1) [~ (1 + 24)d7? — 2Bydrda’ + (5 + 2Cy;)da'da?] .

We concentrate on linear part of perturbations.

We can derive the connections as

1180 = H+ A,

ng‘ = F?o
= A; -MNB;,
Ty = H(—24)%; + %(Bi\j + Bjji) +2HCij + Cyf
vy = AP —B' 4B,
o= WO BBy £y
= T+ HB S+ Cly + Oy — O

where we use the prime as the derivative with respect to the conformal time,

. 1 .
(3)r3.k — 5@” (0591 + Okt — OVjk)
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(A.11)

>
—_
DO

—_
w

~—~ o~ o~ —~
> >

==

(SN
~— — ~— ~—

(A.17)



A.1 Linear perturbations in Einstein equations

H =qaH.

SHEE

The curvature tensor on three dimensional space is given by

Rijii = k (Y ¥ji — YaVjk) -

Next we calculate the Riemann tensor.

R%0i = —H'B;,
R i =0,
RMyo0 =0,

RY%j = [H'(1 — 24) — HA'| 7ij — Ay

+ (Bpy))' + HB ) + Cij" + HCOy' +2H'Cyy,
ROk = H(¥ij Al — Vindyy) + %k('_YijBk: — %k Bj)

+ %(Bkhj = Bjjir) + (Cigy)" — (Cigr)

2 i | ) )
R'ooj = 7—[’5} _ Al 7-(,4/5;. + E(th 4 lej)/

lj
1 . . . .
A B () )
. , ‘ 1 ‘ .
Rlojk = 7‘[((5;14% — (5214‘]) — <2k + H2> ((5;Bk — (5;{3])

1 . . A ,
+ §(Bk|z|j — Bj|l|k) + (C'hpj) = (Cy)
RijOk = H(’T)/jkAli — 5liA|j) + 7'[2(5]23]‘ — ’ijBi) + Hl’?jkBi

5Bl = Bl + (Cly) — (€'
Rl ji = [k +H?(1 = 24)] (6175 — 6%) + H(5L By — 8 Bjiry)

+ %H [’_Yil(Bi\k + Byl — 3B + By)]

+ 2H2(5.C1 — 01C1) + H(0LCj1 — 61Cj1 + 71 Ch — 71 Ch)’

+ Chur = Cur + Cljj = O + Cily = Cil'
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A. COSMOLOGICAL PERTURBATION THEORY

Ricci tensor is given by

Roo = —3H' + AA+3HA' — (B},) — HB|, — (C})" = H(C})',

1 .
_ 2 . ) i i
Roi = 2HA; — (k+H +2H*) B + 5ABz m +(Cy; — Cia)'s

Rij = [2]6‘ + (Hl + 27‘[2)(1 — 2A) — HA/] Yij — AW + (B(ZL]))/
+ QHB(Z‘]) + 'H’%]Bﬁg + 2(27‘[2 + H/)Cij + (Cij)”

+ 2H(Cij) + Hi5(CF) + 2CF 5, — Chiy — AC45,

) | S |
R = 15 {8M(1— 24) — AA— BUA' + (BY + HB}, + (C))" + H(C)) }
1 1 1
o_ - . . — ; J 7.
RY = — {2HA|Z +kB; + AB@ w +(C 5~ G }

1
a2

(A.29)
(A.30)

(A.31)

(A.32)

(A.33)

Ri = { HAl — [k —2H +2H2] B + AB’—foz'Z (Cf - C;’i'i)’} , (A349)

; 1
R: =

= { [2k + (H' +2H?)(1 — 24) — HA'] 5; — A’

g
1 |fL "L 7) A/
+5( L+ By +H (Bl + B + 6B ) + (C})

i | siok i ki ki i
+#1 (203 + 8iCE) — 4k + i, + CHy CkU—ch},

where A is a three dimensional Laplacian, that is, AA = A| JZ

Ricci scalar is given by

R = % {Sk +3(H +H2)(1 - 24) — AA — 3HA' + (Bl,) + 3HB],

+(C})" 4+ 3H(C}) — 2kC) + C;; — AC}}
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We can calculate the Einstein tensor with the above metric up to linear order.

GO = —a2 [3k + 3H?(1 — 24) + 2HB'; + 2H(C",)’

—2kC"; + CY;; — AC}] (A.37)
1 1
Gli=—a” [2’HA|@- +kBi+ SAB; — o B + (Chyx — ckkﬁ)’] : (A.38)
; , 1 o1
T =2 7 2 7 7 ]{;"L
Glo=a [2%4' — (k=2 +2W?) B'+ SAB - -BY,
HCHy -] (A39)

Gy = —a® [+ (2H + H?)(1 - 24) — 2HA' — AA + (B + 2HB",
H(C)" + 2H(CRy) — 2kCHy + CHLyy — ACkk} 5
+ a? {—A i+ 5B+ B +H(B'; + B;l") + ()"

+2H(CLY — 4kCl 4 CM j + CFl1 — OF 1 — Ac;i} (A.40)

A.1.2 Perturbations in stress energy tensor

We consider perturbations about stress energy tensor. The general form of stress energy

tensor in the curved spacetime is
T = (p + p)u*u, + pdt + ott (A.41)

where the u# is the four velocity of the fluid and o7 is an anisotropic stress tensor. An
anisotropic stress tensor is defined as the symmetric traceless tensor which has only

spatial components at the rest frame of fluid, that is,
o"u, =0, guo' =0, o =c"". (A.42)

The four velocity satisfies the normalization condition utu, = —1, so the degrees

of freedom of the velocity is 3. We choose the three spatial components as
vh= — . (A.43)

Because of isotropy, the four velocity on the background contains only the time com-

ponent. Therefore v’ is zero on the background, and it is perturbation. From the

normalization condition u#u, = —1, we can define as
ut = a7t (1- A0, (A.44)
Uu = a(—l — A, V; — Bl) . (A45)
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From the same reason, an anisotropic stress tensor is also the perturbation. We can

get in linear perturbations

In linear perturbation the stress energy tensor is given as

0 = —p, (A.48)
T} = (p+p)(vi—Bi), (A.49)
T, = —(p+pp', (A.50)
Tj? = péé—i—aé. (A.51)

We define the fluctuation of energy density and the fluctuation in pressure as

5 = PP (A.52)

op = p—p, (A.53)

respectively. We also define the dimensionless variable with anisotropic stress tensor

devided by pressure as

IT; =

SERCH

(A.54)

This is the traceless symmetric tensor and perturbation. With equations derived this

subsection we can obtain

0 = —p—po, (A.55)
) = (p+p)(vi—Bi), (A.56)
Ty = —(p+p)', (A.57)
T, = pé&+opss+ pllj. (A.58)

We consider the equation of state as

p:p(p7 S)a (A59)
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A.1 Linear perturbations in Einstein equations

here S is the entropy of matter per comoving volume. We can describe the perturbation

of pressure with § and the perturbation of entropy 6.5 as
Op dp
s = (L) 5 op
r = (&)l ()
dp
= Epo+ | ==
Csp + as

We introduce the dimensionless variable for entropy perturbation as

08
p

5. (A.60)
P

dp 08
r={-— — A.61
(55) s (A6)
and we obtain
— 25
po PGP (A.62)
p
We define the 3-momentum density as
5q¢' = (p+ p)av’. (A.63)

A.1.3 Expansion of Einstein equations in linear perturbation theory

We derive the linearized Einstein equations as
oGH, = 8rGoTH, . (A.64)

For instance, the component of (°;) is derived as

101
HA|; + kB; + ZBWU

— 1Bl + ¢

i) = —4nGa*(p+p)(vi — Bi).  (A.65)

We can also calculate other components straightforwardly.
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A. COSMOLOGICAL PERTURBATION THEORY

A.2 Gauge transformation and decomposition into scalar,

vector and tensor

A.2.1 Gauge transformation

We consider the infinitesimal coordinate transformation as
at — gt =k + H (A.66)

where we suppose that & is as small as the metric perturbation. Under this transfor-

mation, the metric is transformed as

. Iz OxP
guV($) — g;w(x) = W@Qaﬁ("ﬂ) , (A.67)
and we get
g,ul/(m) = g/u/(x) — Jua (x)fa,l/ - gua(x)€a7u - gul/,a(l‘)ga , (A68)

in linear order in perturbations and &. With the transformation of the metric and

considering ¢# = (T, L'), we can calculate as

goo 900 — 2 (900€° 0 + 90i€" 0) — 900,0€° — g00,:€" ,
—a? (1+24) = —a®(1+24 2T - 2HT) | (A.69)
and we can see
A5 A=A-T —HT. (A.70)
In the same way we can derive
Bi— B; =B+ L} — T}, (A.71)
Cij = Cij = Cij — HT%ij — L) - (A.72)

We decompose the perturbations into scalar, vector and tensor by considering the
properties under the coordinate transformation in the three dimensional space. We can

decompose the perturbations as

Cij = V%ij + Ejij + Fajj) + hij (A.74)
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A.2 Gauge transformation and decomposition into scalar, vector and

tensor
where they satisfy the conditions as
Sli=o, (A.75)
Fli=0, (A.76)
hi' =0, (A.77)
hij =0. (A.78)
We also decompose the vector L? as
Li=L®, + LY, (A.79)
and we suppose the condition
LWli=9, (A.80)
is satisfied.
To summarize, we get for scalar perturbations
A A=A-T —HT, (A.81)
B—B=B+LY T, (A.82)
b= =1p—HT, (A.83)
E—-E=E—LY, (A.84)
for vector perturbations
S;i— S =8+ LV, (A.85)
F;— F=F,— L) (A.86)
for tensor perturbations
hij — hij = hij . (A.87)

Similarly we can decompose the perturbations of stress energy tensor. The results

for scalar perturbations are given by

=/

5 = s=0-"rm, (A.88)

p
v Ly 58) = ) 4 L8 (A.89)
op — dp=0dp—pT, (A.90)
s - f® =nu® (A.91)
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A. COSMOLOGICAL PERTURBATION THEORY

for vector perturbations

oV = V) =oW); 4 LWL (A.92)
oV, — [V, =mu"),, (A.93)

for tensor perturbations
@, - A0, =@, (A.94)

The scalar part of the 3-momentum
dq=a(p+p)(® - B), (A.95)
transforms as
6q = 0q=0q+a(p+p)T. (A.96)

Under the gauge transformation eq. (A.66]), an arbitrary scalar perturbation §f

transforms as
65f 5 o6f =6f — [f'T. (A.97)
For scalar perturbations the metric is given by
ds? = a®(7) {—(1 + A)dr? — 2B;drda’ + [(1 + 2¢)7;; + 2E);;] da'da’} . (A.98)

The intrinsic spatial curvature on constant time hypersurface for a flat universe (k = 0)
is given by

4

R= —a—2v2¢. (A.99)

From this fact 1 is often called the curvature perturbation.

A.3 Gauge invariant variables

It is possible to combine the variables to be invariant under the gauge transformation.

For scalar perturbations we can find the gauge invariant combinations as

A-— 2 [a(E'+B)]", (A.100)
= ¢ —H(E + B). (A.101)
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A.3 Gauge invariant variables

Similarly we can define the gauge invariant combinations for scalar perturbations of

the stress energy tensor as

~/
5 = s—Z(B+F), (A.102)
p
& = ) 4 B (A.103)
oplé = sp—p (B+FE), (A.104)

and I1¢9) and T are originally gauge invariant.
We can express the linearized Einstein equations for scalar variables with these

gauge invariants as follows

SH(HD — V') + (A + 3k)¥ = —47Ga?ps @D | (A.105)
HD — U = —4xGa®(p+ p)v'“D, (A.106)
A+ (A+3k)¥ + 3 (H* +2H') &
+3HD — 6HY — 30" = 127Ga?5pED) | (A.107)
®+ U = —81Gapll™) . (A.108)

For vector perturbations we can find the gauge invariant combination as
P = S; + Fj . (A.109)
For the velocity we can choose

(A.110)

We can express the linearized Einstein equations for vector variables with these

gauge invariants as follows

(A + 2k)p; = —167Ga®(p + p)v ) (A.111)

Wi+ 2Hb; = 8nGapi1t") . (A.112)

7

(T)

As for tensor perturbations, h;; and HijT are originally gauge invariant. The lin-

earized Einstein equations for tensor perturbations are given by

R+ 2HR; — (A — 2k)hy; = 8nGa®pIl] ) . (A.113)
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A. COSMOLOGICAL PERTURBATION THEORY

A.4 Gauge fixing

For scalar part in metric perturbations there are 4 variables A, B, v, EF and there are 2
degrees of freedom 7T, L®) in gauge. Therefore the number of the physical degrees of
freedom 1is 2.

A.4.1 Conformal Newtonian gauge

The conditions for the conformal Newtonian gauge are given by

B=0, E=0. (A.114)
From eq. (A.82) and eq. (A.84)
0=B=B+LY —T, (A.115)
0=E=F—-LY, (A.116)
and we get
LY =E, (A.117)
T=B+FE. (A.118)

We can see that the conformal Newtonian gauge is fixed completely. In this gauge we

obtain
A = &, (A.119)
v = U, (A.120)
and the metric becomes
ds® = a*(7) [~ (1 +2®@)dr? + (1 + 2V)7;;dz’da?] . (A.121)
This gauge is also called as the longitudinal gauge.
A.4.2 Comoving gauge
The conditions for the comoving gauge are given by
B =0, (A.122)
E=0. (A.123)
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A.4 Gauge fixing

In this gauge, the spatial components in the four velocity w,, of the fluid disappear. For

scalar field this gauge is ¢ = 0 and then d¢ = 0. We can write the metric as
ds? = a®(7) [—(1 +2A4)dr? — QU(S)“dexi + (14 20)7da’da? | (A.124)

where we use ( instead of .

The comoving curvature perturbation is geven by

¢ =0+ HolED) (A.125)
H
=+ Tﬂ?éq' (A.126)

This quantity is also gauge-independent.

A.4.3 Uniform-density gauge
The condition for the uniform-density gauge is given by
op=0. (A.127)

Under the gauge transformation eq. (A.66)), the perturbation of the energy density

transforms as

Sp—bp=20p—pT, (A.128)
so we get
1)
=2, (A.129)
p
We can construct the gauge independent variable as
X =1 — gép. (A.130)
p

A.4.4 Spatially flat gauge

The conditions for the spatially flat gauge are given by

b=0, E=0. (A.131)
From eq. (A.84) and eq. (A.84)

0=1 =1 —HT, (A.132)

0=E=E—LY, (A.133)
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A. COSMOLOGICAL PERTURBATION THEORY

and we get
Y
T=—, A.134
> (A.134)
LY =F. (A.135)
The metric for scalar perturbations is given by
ds* = a*(7) [-(1 + 2A4)d7* — 2B drda’ + ¥;;dz'da’] . (A.136)

Under the gauge transformation eq. (A.66[), the perturbation of the scalar field trans-

forms as
8¢ — 6 =6 — ¢'T . (A.137)

We can construct the gauge invariant quantity as

Q=0¢— ,}_;1#‘ (A.138)
In this gauge we get
Q=00, (A.139)
(= —z;(g, (A.140)
R = —:{,5}). (A.141)

A.4.5 Synchronous gauge
The conditions for the synchronous gauge are given by
A=B=0. (A.142)

In the synchronous gauge, the gauge is not fixed completely.

A.4.6 Relations between the gauge invariants

We defined the gauge invariants as

H
= —0 A.143
(=9¢+ L ( )
R =) — jjép, (A.144)
Q=06 v. (A.145)
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A.4 Gauge fixing

We can define the new gauge invariant combination as

d0pm = 6p —3Hq. (A.146)
For scalar field ¢ we can get
H
(=v— gé(ﬁ. (A.147)
We can find some relations between the gauge invariants as
=%+ gépm , (A.148)
and
¢/
=——C. A.149
Q=-5¢ (A149)
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